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1. Statement of the problem

1.1 Motivation

The Macroscopic Maxwell Equations must be supplied with
a sound and practical expression of the superconducting
material law

In quasistatic conditions:

E(J) = ρ(J)J

⇓(
µ0
∂

∂t
− ρ(J)∇2

)
H = (∇×H)×∇ρ(J)

? A number of particular choices exist for ρ(J), but FE codes
lack an implementation for general purpose

? ρ(J) is not always a scalar, neither a tensor !!
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1.2. The underlying physical problem

Local Geometry of Ampère’s law (J‖, J⊥)

1 ≡ H/H ; 2 ≡ ∇H/‖∇H‖ ; 3 ≡ 1× 2

⇒ J = H(−∂2θ + ∂3φ)1 + (H∂1θ)2 + (H∂1φ−∂2H
::::::::

)3

Example 1: uniform current density + axial field

1 = (−y, x, 1)/
√

1 + ρ2

2 = (x, y, 0)/ρ

3 = (−y, x,−ρ2)/ρ
√

1 + ρ2

J1 = J0/
√

1 + ρ2 = −H∂2θ

J2 = 0

J3 = −J0ρ
√

1 + ρ2 = −∂2H

http://fmc.unizar.es/people/anabadia
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Example 2: planar sample in rotating field

x

z

y
H0

2d

1

2

3
!

J‖ only comes from the tilt between adjacent layers (−∂2θ)
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The appearance of J‖ . . .
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The disappearance of J‖ . . .

d 0 d
1

0

1

d 0 d
1

0

1

d 0 d
0.5

0

0.5

d 0 d
1

0

1

d 0 d
20

0

20

d 0 d
0.5

0

0.5

d 0 d
1

0

1

d 0 d
50

0

50

d 0 d
0.5

0

0.5

d 0 d
1

0

1

d 0 d

50

0

50

d 0 d
0.5

0

0.5

Ramping up

Hx(  ) , Jy( ) Hy(  ) , Jx( ) J||

http://fmc.unizar.es/people/anabadia


   badía-lópez
4htsMOD

• Statement

• Modelling

• Application

Title

JJ II

J I

Page 8 of 24

Back

Full Screen

Close

Quit

Home Page

Partial conclusions

A) ? Rotations of the magnetic field are shielded by J‖
B) ? In MQS, when rotation ceases J‖ disappears

Here, we have solved: ∇2H = (µ0/ρ0)
∂H

∂t

then

J ·H = 0⇒ ∂(Hx/Hy)

∂t
= 0

In a superconductor

A) is true

B) both Jparallel and J⊥ persist in MQS regime

http://fmc.unizar.es/people/anabadia
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1.3. Material law in type-II superconductors

? Electromagnetic energy of the Vortex Lattice

WSC =
1

µ0

∫
Ω
V ·

(
b1 +

1

2
b2 − µ0H

)

V =
∑

i Φ0δ
2(r− ri)ni: vorticity

b2 flux density of the equilibrium Vortex Lattice

b1 flux related to other sources

H field intensity: ∇×H = J0

? The equilibrium (∂ηWSC = 0
::::::::::::::

) is given by a triangular vor-

tex lattice with a uniform macroscopic field B parallel to H.
Then B = µ0H and ∇×B = 0 well within the sample

http://fmc.unizar.es/people/anabadia
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In non-ideal (practical) superconductors
B may vary in intensity (J⊥) and orientation (J‖)

Then: WFull = WSC +WPinning

Equilibrium: ∂ηWSC + ∂ηWPinning (forces + constraints = 0)

B(z) B(z+dz)

!

Fp⊥

B(z) B(z+dz)

!

!p

J⊥ ∝ F⊥p = Fp
:::

cosα ; J‖ ∝ τp ∝ F
‖
p = Fp

:::

sinα⇒ J2
⊥
a2

+
J2
‖

b2
= 1
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Clarifying E(J): CWDC experiment

Supercond. Sci. Technol. 24 (2011) 062002 Rapid Communication

Figure 10. Comparison of the measured Ey/Ez (open symbols)
versus α0 at 85 K and 1 T (Vc = 60 µV) with theoretical curves for
the OECSM (dot-dashed line, equation (20)) and the BLRM (dotted
line, equation (25)) with tan φc = Jc⊥/Jc‖ = 0.338, the EECSM with
r = ρc/ρf = 0.090 (solid line, equation (24)), and the GDCSM and
BMM with tan φc = Jc⊥/Jc‖ = 0.338 (dashed line, equations (9)
and (10).)

α0 favour the EECSM and the BLRM but do not support the
OECSM, the GDCSM, or the BMM.

Figure 11 shows comparisons of the measurements of
Ey/Ez versus α0 at T = 77.35 K and 8 T (using the
voltage criterion Vc = 60 µV) with the predictions of the
OECSM (dot-dashed curve, equation (20)) and the BLRM
(dotted curve, equation (25)) using the measured tan φc =
Jc⊥/Jc‖ = 0.262, the EECSM using r = ρc/ρf = 0.026
assumed to be independent of α0 (solid curve, equation (24)),
and the GDCSM and the BMM using the measured tan φc =
Jc⊥/Jc‖ = 0.262 (dashed curve, equations (9) and (10)). The
theoretical curve for the EECSM can partially account for the
large values for the magnitude of the measured Ey/Ez , but
the OECSM and the BLRM cannot. The large magnitudes
of the experimental values of Ey/Ez at 77.35 K and 8 T
cannot be understood with any of the proposed models without
modification.

Although we cannot at present provide a justification for
the following assumption, if we assume the following form for
theoretical values of Ey/Ez ,

Ey

Ez
= c

(r − 1) tan α0

r + tan2 α0
, (26)

we obtain a considerably better fit to the data at 77.35 K and
8 T, as shown in figure 12, where the fit parameters were found
to be r = 0.080 and c = 1.936.

9. Conclusions

The purpose of this paper has been to compare five theoretical
models describing the critical state of type-II superconductors
when the current density J is at an arbitrary angle with
respect to the local magnetic flux density B and then to use

Figure 11. Comparison of the measured Ey/Ez (open symbols)
versus α0 at 77.35 K and 8 T (Vc = 60 µV) with theoretical curves
for the OECSM (dot-dashed line, equation (20)) and the BLRM
(dotted line, equation (25)) with tan φc = Jc⊥/Jc‖ = 0.262, the
EECSM with r = ρc/ρf = 0.026 (solid line, equation (24)), and the
GDCSM and BMM with tan φc = Jc⊥/Jc‖ = 0.262 (dashed line,
equations (9) and (10)).

Figure 12. The measured Ey/Ez (open symbols) versus α0 at
77.35 K and 8 T (Vc = 60 µV, Ez = 0.02 V m−1) and the assumed
fit function (solid curve, equation (26)) with the fit parameters
r = ρc/ρf = 0.080 and c = 1.936.

experimental measurements of the angular dependence of the
critical current density Jc and the electric field E (for J just
above Jc) as a test of these theories.

For simplicity, the geometry of an infinite, macroscopi-
cally isotropic type-II superconducting slab of finite thickness
centred on the yz plane was used for calculating the predictions
of the five theories. However, the experiments were performed
using a thin YBCO film subjected to in-plane currents
and magnetic fields, but we assumed that the effects of
finite dimensions and self-fields were small enough that the
experiments would be able to make a clear distinction among
the five theories.

8
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Note that (24) has the same mathematical form as (20),
except that tan φc is replaced by r . According to this extension
of the theory, Ey/Ez does not depend at all upon tan φc =
Jc⊥/Jc‖ but instead depends upon r , the ratio of the effective
flux-cutting resistivity to the effective flux-flow resistivity. If
r is independent of tan α0, Ey/Ez has extrema (a maximum
and a minimum) when tan α0 = ∓√

r , where Ey/Ez =
±|1 − r |/2

√
r . The parameter r thus plays a crucial role in

describing the dynamical properties of the mixed state above
the critical current density Jc. Unfortunately, experiments to
date typically do not report values of ρc and ρf, from which
r = ρc/ρf could be independently measured.

The solid curve in figure 4 shows the behaviour of Ey/Ez

predicted by this EECSM (24) for an assumed value of r =
0.04.

6. Badı́a-Majós, López, and Ruiz model (BLRM)

In [25], Badı́a-Majós et al argued that for J just above Jc(φ),
the direction of the electric field should be perpendicular
to the Jc(φ) curve. Under the same conditions leading to
equations (20) and (24), their model (here called the BLRM)
leads to the expression

Ey

Ez
= 1

Jc(α0)

dJc(α0)

dα0
= (tan2 φc − 1) tan α0

tan2 φc + tan2 α0
, (25)

where the latter equation applies when Jc(φ) is given by the
ellipse of (12) (see figure 5) and tan φc = Jc⊥/Jc‖. The dotted
curve in figure 4 shows the behaviour of Ey/Ez predicted by
the BLRM for an assumed value of tan2 φc = (Jc⊥/Jc‖)2 =
0.02.

7. Experiment

We next report experiments to test the fundamental assump-
tions of the above-described theories. While the predictions
have been made for an infinite superconducting slab, we have
carried out experiments on a current-carrying superconducting
film of finite dimensions subjected to an in-plane magnetic
field. We have assumed that the effects of finite dimensions
and self-fields are small enough that the theoretically predicted
effects dominate and the experiments can determine which of
the proposed theories is correct.

A sketch of the measured device, a YBCO film of
thickness 500 nm, is shown in figure 6. The track is of
width wy = 200 µm, and two sets of voltage taps are
positioned along its length, wz = 3000 µm apart from each
other. The voltage/current taps are labelled A, B, C, D, E,
F, G, H, K, L, A′, B′. A two-axis goniometer [26] was
employed to measure the longitudinal and transverse voltage
simultaneously by a four-terminal technique, using the two
channels of the employed voltmeter, while a magnetic field
was swept in-plane. For all measurements the current I was
injected through the taps A and B and taken out through A′

and B′, such that the current direction was (A, B) → (A′,
B′), i.e. in the positive z direction. The current was applied
in short pulses to minimize sample heating. Longitudinal and

Figure 6. The pattern used. The track is shown in black and the
voltage/current taps in grey with their labels A, B, C, D, E, F, G, H,
K, L, A′, and B′. Voltage measurements were made over the length
wz = 3000 µm and width wy = 200 µm.

transverse voltages were measured using combinations of the
taps C, . . ., L.

The applied field was oriented to be in the plane of the
film, such that angle θ between the applied field and the
film normal (n was as close as possible to 90◦, as described
below. The current density J was constrained to flow in the
z direction, while the angle α = α0 of the applied magnetic
induction B0 was oriented as shown in figure 1, such that the
angle of J relative to B0 was φ = −α0.

In order to align the sample such that B0 ‖ ab,
measurements of Jc(θ) were performed at φ = ±90◦,
corresponding to maximum Lorentz force (B0 ⊥ J). The
angle θ = 90◦ (where B0 ‖ ab) was assumed to be reached
where Jc(θ) reached a maximum, and the following in-plane
scans were performed with this value of θ .

For the reported measurements, Jc was determined from
Vz(I ) curves only, where Vz is the voltage measured along the
length of the track (e.g. by using taps C and G). For each value
of α0, Ic was determined as the current where Vz reaches the
selected voltage criterion Vc. The transverse voltage Vy(I )
was measured simultaneously (e.g. using taps G and H). The
voltages were then converted to electric fields (Ez = Vc/wz

and Ey = Vy(Ic)/wy) in order to obtain Ey/Ez as a function
of α0.

Figure 7 presents plots of Ey/Ez versus α0 obtained at
T = 85 K and µ0 H = 1 T for voltage criteria Vc = 15 µV
(square symbols), 30 µV (dots), 60 µV (triangles), and 150 µV
(inverted triangles). Note that the scatter in the values of
Ey/Ez becomes smaller with increasing values of Vc. In the
raw data, Ey/Ez reached zero at a value of α0 = +3◦. This
could be understood by the fact that the alignment of the in-
plane angle was performed by visual inspection prior to sample
mounting. Consequently, we shifted the curves by −3◦ in
α0, so that Ey/Ez = 0 at α0 = 0◦ in all the plots shown
here and later. The solid curve in figure 7 shows the function

6

θ

H

!

Supercond. Sci. Technol. 24 (2011) 062002: Clem, Weigand, Durrell, Campbell

Badía_López

H

            Campbell, SST 24 (2011) 09001

An elliptic J‖(J⊥) law has been reported
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that postulates a non-functional relation {E,J} ⇒ J ∈ ∆
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2. Numerical Modelling ↪→ E(J)

2.1. Thermodynamic model (SST 2012)

Minimize C ≡ µ0

2

∫
IR3
‖Hn+1 −Hn‖2 + ∆t

∫
Ω

F [J ]

E = ∇JF

http://fmc.unizar.es/people/anabadia
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Academic 1D example: transport along type-II cylinder
with quasi-linear E(J)
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Towards 3D modelling: expanding the yield region

SST 2012, Badía & López
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Expanded yield region: first example

Transport along crossed tapes

x

z
y

I tr

I tr
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Expanded yield region: first example

Transport along crossed tapes
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2.2. The power-law-like F(J ) formulation

In SST 2012 it was shown that

FQLL(J) =
1

2
ρΘΓ(J) (J ± Jc⊥) 2 (Quasi-linear-law)

&

FPL(J) = F0

(
J

Jc⊥

)M

, M � 1 (Power-law)

are equivalent in 1D

? Here, we generalize FPL to 3D

FPL(J) = F0

[(
J‖
Jc‖

)2

+

(
J⊥
Jc⊥

)2
]M
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2.3. The power-law-like E(J) formulation

EPL(J) = ∇JFPL(J)

⇓

e( j ) =
(
j2 + γj2

‖

)M−1 (
j + γj‖

)
with the definitions:

γ ≡ J2
c⊥/J

2
c‖ − 1 ≡ Γ2 − 1

j ≡ J/Jc⊥

e ≡ E/(2MF0Jc⊥)

? Applied to CWDC experiment:

ey
ez

=
γ sinα cosα

1 + γ cos2 α
=

(Γ2 − 1) tanα

Γ2 + tan2 α
X
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3. Application
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3.1. Approximations to the helical problem

y

x

α

Model A

y

x
2α

y

x
2β

Model B

In all cases Itr(t) = I0 sinωt along each layer

and we obtain j(z, t) across the layers
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Model A: influence of the power-law exponent

1

0

1J  

1 0.5 0 0.5 1
1

0

1Jy

 0.5 0 0.5  

J||

1 0.5 0 0.5 1

Jx

M = 100M = 10 M = 50

In this case Γ = 1

http://fmc.unizar.es/people/anabadia


   badía-lópez
4htsMOD

• Statement

• Modelling

• Application

Title

JJ II

J I

Page 22 of 24

Back

Full Screen

Close

Quit

Home Page

Model A: influence of the anisotropy ratio

1 0 1
0.5

0
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h0x

m
x

2 0 2
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0

0.1

0.2

h0y

m
y

1 0 1
h0x

2 0 2
h0y

1 0 1
h0x

2 0 2
h0y

 = 1  = 1/2  = 1/4

In this case M = 10 & α = 67.5◦
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Model B: the current flow (2α = 2β = 45◦)
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 = 1  = 1/2

Anisotropic ⇒ inhomogeneous
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4. Conclusions

? Elliptic yield region of current density J⊥(J‖)

Experimental evidence (CWDC)

The minimal physical model (unique Fp)

? Numerical modelling: the “power-law” E(J)

Equivalent F(J) formulation fully tested

A feasible and sound form of E(J) given

Next: implementation of E(J) in FE codes . . .
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