HIGH DIMENSIONAL RANDOM SECTIONS OF
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ABSTRACT. Let K C R" be a centrally symmetric isotropic convex

body. We provide sharp estimates for the section function |F* N K |:/f k

for random F € G, answering a question raised by V. Milman and
A. Pajor (see [MP]). We also show that every symmetric convex body
has a high dimensional section F' with isotropy constant bounded by
c(log(dimF)) /2 loglog(dimF).

1. INTRODUCTION AND NOTATION

Throughout the paper K C R" will denote a symmetric convex body. K
is called isotropic if it is of volume 1 and its inertia matrix is a multiple of
the identity. Equivalently, there exists a constant Lx > 0 called isotropy
constant of K such that L% = [, (z,0)? dz,V0 € 5" 1.

The relation between the isotropy constant and the size of the central
sections of an isotropic convex appears [H], [B] or [MP] where it is proved
that for every 1 < k < n there exist ¢1(k),co(k) > 0 such that for every
subspace F' € G, (the Grassmann space) and K C R" isotropic

c1(k) K _ ca(k)

D < ptn kR < 28
Ly <| Ik = Ly

where |- |,,, is the Lebesgue measure in the appropiate m dimensional space.

More precisely, it is proved in [MP] that |F+ N K|111/fk ~ Lp, ., (k,r)/ LK,
see Lemma 2.2 below (a ~ b means a-c¢; < b < a- g for some numerical
constans ¢p,ca > 0). From now on the letters ¢, C, ¢;... will denote absolute
numerical constants, whose value may change from line to line. Well known
estimates imply ¢1(k) > ¢1, [H], and co(k) < cok'/4, [KI]. We remark that
these bounds are valid for every subspace F' € G, .

Our first result in the second section of the paper is an improvement of
this general estimate that holds for “most” subspaces. We make use of the
tools developed in [Pal].
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Theorem 2.1 There exist absolute constants c1, co, c3 > 0 with the following
property: If K is an isotropic convex body in R™ and 1 < k < /n then

P{F € Gyt ~L <|KNFHYE < 24 > 1 ek
’ Lk n Ly

In the third section we reach optimal bounds for ¢; (k) and ¢y (k) but for a
worse dependence on k. For that matter, we need to estimate the Lipschitz
constant of the central section function |F+ N K|, . For k = 1 this was
proved in [ABP]. Then, we exploit the concentration of measure on G, j
together with some results from [BB| and [K12]. Precisely, we show
Theorem 3.8. Let K C R" isotropic. For alle > 0,1 <k < (15211%7 the
set A of subspaces F' € G, such that

(1.1)

1—¢
V2L

holds, has probability u(A) > 1 — cje” "
Independently, in a recent paper [EK], the authors proved a multidimen-
sional central limit theorem for convex bodies from which one can deduce
(1.1) for k < ¢(e)nt and pu(A) > 1 — cpe ™.
In the last section we give upper bounds for the isotropic constant of high
dimensional central sections Lgnr. In particular,

1k 1+¢
=k = oLy

0.9

< |[KNF4

Proposition 1.1. For every symmetric convex body K in R™ and k <
(1- @)n, there exists an F' € Gy, such that

Linr < c(log k:)l/2 loglog k

where ¢ > 0 is a universal constant.

We denote by | - | the Euclidean norm in the appropiate space, D,, the
Euclidean ball in R™ and by w,, its Lebesgue measure. The surface area of
the unit sphere is |[S"!| = n w,. For any k-dimensional subspace F' C R"
we denote Sp = S" ! N F, the Haar probability on Sg by o, Dp = D,,NF
and by Pp the orthogonal projection onto F. The Haar probability on
the grassmaniann Gy, ;, is denoted by pu. For T € GL(n), ||T|| denotes the

n 1/2
operator norm and ||T'|| s = <Z |T(ej)\2) , for (any) orthonormal basis
j=1
(ej) of R", its Hilbert-Schmidt norm. K° denotes the polar body of K. For

any convex body L C R™ we will write L = L/ |L]711/ ", We will denote
W(K) := [gu-1 hx(0)do(0), the mean width of the convex body K.

2. FIRST IMPROVEMENT VIA RANDOM SECTIONS

Theorem 2.1. There exist absolute constants ci,co,c3 > 0 with the fol-
lowing property: If K is an isotropic convex body in R™ and 1 < k < v/n
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then

(2.2)  u{F €G- W <

<|KNFt 2>k
K

c1
Ly
Through the section K will be (a symmetric convex body) of volume 1.
Let F' a k-dimensional subspace of R" and denote by E the orthogonal
subspace of F. For every ¢ € Sp we define E(¢) = span{E, ¢}.

K. Ball (see [B]) proved the following theorem: For every ¢ > 0 and ¢ € F,

the function )

gt
— |l T </ |<x,¢>\qd9€>
KNE(9)

is a norm on F. We denote by By(kK, F') the unit ball of this norm.
Under this notation it was proved in [MP] the following

Lemma 2.2. If K is isotropic then Byi1(K, F) is also isotropic for every
FeGyy, and

’1/]“ ~ LBy (k.F)
Ly

A generalization for L, centroid bodies of this approach appeared in [Pal].
For any ¢ > 1 we define the L, centroid body of K, the symmetric convex
body that has support function

1/q
hz,x)(2) </ |(z, 2 |qda:> ,Vze st

The following equality was proved in [Pal]: For every 1 < k < n — 1,
F e Gn’]g and q Z ]-a

(2.3) K NFt VFeG

1/q
20 PeZy() = (530) 7 Busaa (K P 2y Brasgra (K, F)

Proposition 2.3. Let K CR", 1 <k<n—-1, F e Gy and £ = Ft.
Then U "
o1 < |PeZe (KK 0BV <o

where c1,co > 0 are universal constants.
Proof. We choose ¢ = k in (2.4). Then by taking volumes we have that
1/k 1/k
Pr(Zi(K)) [} = kY*| By (K, F) [\ Zi( B (5, )]/
It is known that there exists a universal constant ¢ > 0 such that for any

symmetric convex body K of volume 1 in R* and ¢ > k, ¢cK C ZyK)CK.
(see [Pa2] for a proof). So,

<N Zk(Bop1 (K, F)|/* < 1.

So, it is enough to prove that there exists ¢ > 0 such that
1

2
¥ By 1 (K, F)|f <
|[KNE|'”

(2.5) 1/k S l/k

|KmE|
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The right hand side inequality was proved in [Pal]. The left hand side
inequality follows the same line. We will need the following fact (see [MP]
for a proof):

Let C be a symmetric convex body in R™. If s < r are non-negative
integers and 0 € S™ 1, we have that

r+1 Jo (@, 0)|"da e > (2 +1 Jo Kz, 0)dx 1/(s+1)
2 |ICNOL|n - 2 |CN6L],_,

(2.6)

Writing in polar coordinates we get

1

@7 [Bur (K, F)l = wk /5 ( /K mE((b)|<ac,¢>\2'f1cz9c) do(6)

Applying (2.6) with C = KN E(¢), m =n—k+ 1, r =2k —1 and
s=k—1, we get

_ 1/(2k _ 1/k
(kaﬂE(¢)‘<x’¢>‘2k 1d95) /t )> (kaﬂE(¢)’<mv¢>‘k 1dx> /

‘KﬂE’n,k 2 ‘KﬂE’n,k

It follows that

/ (e, )* e | > (K A Bl 2" / (&, 6) [ da
KNE(¢) 2 JKknE(9)

Then formula (2.7) becomes

_172 k _
Boca (K P > (WK 0 )™ S [ (o) dndoe(0)
Sp JKNE(¢)

N

Observe that (see also [Pal])

kw
K|, = ’“/ / (z, )" Lda dop ().
Sp KﬁE

So we get |Bop_1 (K, F)|p > —=|K N E\‘W that is

1/2 n—k’
1
kl/k‘B% I(K F) 2/k > 71%
|KNE|/”
That proves formula (2.5) and the Proposition. O

We will use the isomorphic version of Dvoretzky theorem proved by V.
Milman (see [M] , [MS2]):

.. ) on w(c)\?
Proposition 2.4. Let C a symmetric convex body in R™. Ifk < cin ROY
(2.8)

W(C) W(C)\2
D C C2W >1- —
W{F € Gy : Dr C Pp(C) C 2W(C)Dp} > 1 exp( ch( R(C)) )
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where c1,c2 > 0 are universal constants, R(C) = max{|z| ; = € C} and

W(C) = [qu_s ho(0) do(8)

- o w(e))?
We will denote k.(C°) :=n (R—C)> . Furthermore, (see [LMS]) we have
that for p < k. (C°),

29) we ~wy= ([ i)

Definition 2.5. Let K be a symmetric convex body of volume 1 in R™ and
let @ € [1,2]. We say that K is a ¥,-body with constant b, if

(/K ’(x,9>\qdq;> 14 < bagt/® </K ‘<5679>|2dq;)1/2

for all ¢ > o and all § € S*~!. Equivalently, if
Zy(K) Cbag/"Zy(K)  forall ¢>a
The following definition appeared in [Pa3]:

Definition 2.6. Let K be a symmetric convex body of volume 1 in R”. We
define

0. (K) = max{g € N k.(Z:(K)) > q)
where Z7(K) = (Z4(K))°.

We will need the following lower bounds for the quantities k.(Z;(K)) and
¢+ (K), (see [Pal]):

Proposition 2.7. Let K be an isotropic 1o-body with constant b, and 1 <
q < n then

ko(Z)(K)) > c1 2_71 and g« (K) = co <\/ﬁ>
q o b ba
Proposition 2.8. Let K C R" isotropic. Then for q < q.(K) we have
(2.10) W(Zy(K)) ~ ViLk

Proof. A direct computation shows that for ¢ <

()"~

It was proved in [Pal] that for every ¢ < ¢.(K) we have

1/q
([ fattar) "~ viiL
K

Also by (2.9) and the definition of ¢,.(K) we have that
W(Zy(K)) ~ We(Z4(K)) Vg < g(K)
By putting these results together we conclude the proof.
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O
A well known application of Brunn-Minkowski inequality implies that every
convex body is 11 body with a constant ¢, where c is universal. So, Theorem
2.1 is a direct consequence of the following;:

Theorem 2.9. Let K be an isotropic 1-body with constant by, and 1 < k <
«
c (‘g) . Then

p{F € Gy, : M

1 €2
<IN < ) 21 - el

}

2—a
a

a
Lk bczx

Proof. Let 1 < k < ¢«(K). We will apply Proposition 2.4 for the symmetric
convex body Zi(K). So, we have that there exists an A C Gy, j, of measure
greater that 1 — e°2#+(Z5(K)) guch that for every F € A

W(Z(K))
2
By taking volumes we get

Dp C Pp(Zy(K)) C 2W(Zy(K))Dp

Pe(ZE L ~ T
1/k 1

where we used Proposition 2.8 and the fact that [Dy|./" ~ T

By Proposition 2.3 we get that for every F' € A,

1/k
n—Fk

C2

C1
— << |KNE <
Lk | | Ly

The result follows by Proposition 2.7.

3. SECOND IMPROVEMENT VIA RANDOM SECTIONS

In the first part we estimate the Lipschitz constant of the function F' — |F+n
K|,—x and also review concentration inequalities with respect to several
natural distances on G, . We start with the latter.

The following lemma constructs a suitable orthonormal basis for two sub-
spaces E and F' and will be very useful for our purposes

Lemma 3.1 ([GM], Lemma 4.1). Let E,F € G,y such that F*1 N E =
0. Then there exists ui,...ug orthonormal basis of E such that the family

V1, ... Vg given by vj = |§§EZ§§| 18 an orthonormal basis of F'. In particular,

(uz, v;) = | Pr(uy)| 8.

The space G, . appears in the literature equipped with a number of different
distances. In the following Proposition, we estimate the equivalence con-
stants between them. It is probably folklore but we include for the reader’s
convenience. The fact that one can move from one distance to another will
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be useful while computing the Lipschitz constant and also when considering
the concentration phenomena on G, j.

The elements of the orthogonal group O(n) will be denoted by U =
(uy ...up) so the columns (u;) form an orthonormal basis in R".

Proposition 3.2. For E, F' € Gy, we consider the following distances
do(E, F) = max{d(z, Sr) | € Sg}, d is the euclidean distance.
di(E,F)=inf{e >0| Sg C Sp+¢eD,,Sp C Sg+¢eD,}

k 1/2
dy(E,F) = inf{(z luj — vj|2> E = (u))§, F = (v;)} orthon. basis}
j=1

n 1/2
dy(E, F) = inf{(Z Ju; — uj|2) E = (u;)f, F = (v;)¥ orthon. basis}
=1

j=
d4(E,F) = ||Pp — Pr|us
d5(E, F) = inf{”U—VHHS | U, Ve O(TL), E = <U1 NN uk), F = <111 NN Uk>}
d(E, F) = ||Pg — Pr||
Then, ds,ds,dys,ds are equivalent with numerical equivalence constants,
do = di, di < dy <2k dy and dg < dy < /2kds.
Proof. dy = dy: dy is the Hausdorff distance between Sg and S which also
reads di(E, F) = max{arjré%)é d(x,Sp),;Ié%)F( d(y,SE)}, so dy < d; < /2 and

it is enough to check that the two inner maxima are equal.
If ENF+ # 0 then do(E, F) = v/2. Suppose EN F+ = 0.
For any x € Sg,y € S, |z —y|> = 2 - 2(x,y) = 2 — 2(Pr(z),y). So,

P
d*(x,SF) = 2 — 2 sup (Pp(z),y) = 2 — 2|Pp(z)| = |z — () ?. Let
YyESE ‘PF(:C)|
xg € Sg that maximizes d(x,Sp) on Sg or equivalently that minimizes

|Pr(x)|. Denote yg = % (observe Pp(xg) # 0). By the arguments

in [GM] Lemma 4.1, Pr(z0) is orthogonal to E N x5 and so PgPr(xo) is
parallel to zg. Write Pr(yo) = Axg. Then A = (Pg(yo), x0) = (Yo, Pe(x0)) =

| Pp(xo)| and % = x9. Therefore, d(yo,Sg) = d(zo,Sr) and so

max{d(y,Sg) | y € Sr} > max{d(z,Sr) | * € Sg}. Exchange E,F and
equality follows.

dy < dy < V/2k dy: Tt is proved in [GM], Lemma 4.1.

\%dz < dy < V2 dy: Let FL1 N E := Ey and write the orthogonal de-
composition E = Ey @ F; with By N F- = 0. By Lemma 3.1, there exists

an orthonormal basis in E1, (u;), such that v; = ;i EZJ ;| is an orthonormal
J

system in F'. Now add vectors to complete an orthonormal basis in E (by
adding vectors in Ey) and in F' that we also denote as u; and v;. Trivially,

k
IPs — Prlfs > Y |(Pe — Pr)(u))[?
j=1
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If uj € Ey then, since (uj,v;) = |Pr(u;)| (Lemma 3.1),
2 2 1 2
(Pe = Pr)(uy)|” = 1 = |Pp(w;)|” 2 1 = |Pp(y;)| = Sluj — v

If uj € Ey and vj € F then |(Pg — Pr)(u;)|? = 1. Also, since (uj,vj) =0
and so |u; —v;|* = 2.

For the second inequality, let (u;), (vj) be orthonormal basis of E, F €
G we write Pp = Z?:l uj ® uj and Pp = Zle v; ® v; and by definition

k

k
HPE—PFHHS—2]§_2Z U, vi) 2 <2 Z (1 = (uy,v5) )322‘%_”]"2
1,j=1 Jj=1 j

since 1 — <Uj,vj>2 < 2(1 - <Uj7vj>) = |uj - Uj| :

dy < d3 < v/Bdy: By definition d2(E, F) = d3(E, F) + d3(E+, F+). Now,
d3(E+, Ft) < 2d3(E+, F1) = 2d3(E, F) < 4d%4(E, F). With similar argu-
ments one proves do < d5 < 3ds.

ds < di < V2kdg: For T € GL(n) [T < ||T s < v/Am(T@®)|T].
O

Proposition 3.3. Let K C R" isotropic. The function given by G, 2
E— |EL N K|,— ts Lipschitz and for all E, F € G, we have the estimate

(cLy)
Lk

K

| |EX N Ko — |[FF N K| < |1Pg — Prllus

where Ly, :=sup{ Ly | M C R¥, conver body isotropic}.

In order to prove it, one more lemma will be used. An equivalent version
of it for kK =1 is due to Busemann.

Lemma 3.4 ([MP]). If K is a convex body and E € G,,j then the function
given by
10

L300 := KNE®)

is a norm on EL.

Proof of Proposition 3.3. Suppose F-NE =0 and let £ = (uy ... u;), F =
(v ...v;) the orthonormal basis in Lemma 3.1. Denote Ey = E-+, EJJ- =

vfﬂ-~-ﬁvjlﬂuj+lﬂ~-ﬂué andEkL:FL. Then

k
| [EY O K = [FE N K] )] E N Klng = |B OV K ]
j=1

Let us estimate (say) the first summand. Set E :_EL Not = B Nuf.
Then, by Lemma 3.1, E+ = E® Py (v1) and Ef- = E® Pp. (u1) so we can



SECTIONS OF ISOTROPIC CONVEX BODIES 9

apply Lemma 3.4 to £
|Ppe(v1)]  [Ppe(ud)l
1Pge (o) [1Pgy ()]
and since |Pg, (u1)| = |(u1,v1)| = |Pg(v1)| and the triangle inequality,
|Pgi(v1)]  1Pga(ud)l | PpL (u1)]
1Pg (o)l 1Pgr(ui)ll| ~ 1Py (wn)ll [ Peo (vr)]

Finally, observe that |PE1J_ (u1) — Pgi(v1)| = (1= (u1,v1))|us —v1| and apply
Lemma 2.2 to conclude with

| |BX N Ky — |EF N Klpg| =

’HPElL(ul) — P (v1)]|

(1 = {u1,v1)) - (cLy)**
(1 = (ur,v1)?)/? L
Since we can also suppose (u1,v1) > 0, the first quotient above is bounded
by 1. So,

| |EX N Kl — |ET N K| <

1/2 (cLy)?
Li

k
| |ES N Ko = [FE 0 Kok < VE(O Juj —vi?)
j=1

k
By the proof of Proposition 3.2, (Z lu; — vj|2)1/2 < V2||Pg — Pr|lgs. In
j=1
the general case, if FLNE := Ey then we can write E = Ey @ E; with
E; N FL = 0. Choose an orthonormal basis of Ey and proceed as in the
previous case. O

Theorem 3.5 (Concentration of measure, [MS]). There exist absolute con-
stants c1,co > 0 such that
i) For every A C G i and every § > 0
c1
p(A)
where As ={E € Gp; I F € A, ds(E,F) <6}

ii) For f: Gpr — R a Lipschitz function with Lipschitz constant o, that
is |f(E) = f(F)| < ods(E, F),

WAE € G| F(E) — E(f)] < a} 21— crexp (—

u(As) >1— exp (—02(5271)

02a2n
2

) Va>0

g

Remark 3.6. If d, d are two distances on G, such that d < Md for some
M > 0 then a concentration inequality for d with bound c¢; exp (—025211)

—c96°%n
M?2
tions. It is then possible to state concentration inequalities for the different

distances (Proposition 3.2) on Gy, .

implies one for d with bound c; exp ( ) Similarly for Lipschitz func-

The last main ingredient of the section is
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Theorem 3.7. [KI2]. Let K C R™ be an isotropic convex body. Then,
(3.11) {z € K : ||z] — v/nLk|| > tv/nLg}|n < cexp(—Cnt?)
forall0 <t <1 and o =0.33,3 = 3.33.

It was proved by [So] (with sharp exponents o and [3) for normalized unit
balls of £;,1 < p and in full generality in [KI2].

As an application of the results in this section we show the announced

Theorem 3.8. Let K C R" isotropic. For alle > 0,1 <k < (kfgllo%, the
set A of subspaces E € G, 1, such that

1- Uk 1+¢
<|EtnK
\/27TLK <| Ik < V21 Ly
0.9

holds, has probability u(A) > 1 — ¢ exp —can

Proof. Consider the function f: G, x — R, f(E) = |[EXNK]|,_k. By Propo-
sition 3.3 and Theorem 3.5 we have

Ck 2k 2 Qn
(B € Guss £(E) B (D] < B (1)} 21 - cvenp (- 2EEEUIER)

On the other hand, Theorem 3.5 in [BB] and Theorem 3.7 readily imply

Fr(t,E)du
Jas FK ()—'S a VE>0

o)

Taking limits as ¢ — 0 (see Corollary 3.6 in [BB]) yields

0 < (<)

= 0.09
(VarLi)F "
By the triangle inequality
E E E E
N P
(V2r L)k (V2rLk)* (V2r L)k
E
So, f‘—1‘<§,then #—1 (1+§);+; < ¢ and conclude,
(V2rL )k
using also £ < ck'/*
1

M{E € Gn,k;

f(E) -

3
VL S Vel
Ck 2n
> 1 {B € Guli(B) - ()] < SE(D} 2 1-cremr (-7
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(loglogn)?

k/2 0,1
Tog n and k%< < n”", so

The hypothesis on k£ implies € >
0.9

1
>1—ciexp(—can”?)

/’L{E € Gn,k; ‘f(E) - (\/%LK)]C‘ < (\/%LK)]C} =

O

4. THE ISOTROPY CONSTANT OF HIGH DIMENSIONAL SECTIONS

The purpose of this section is to show that for any convex body K in R" there
exists a high dimensional section that its isotropic constant is bounded(up
to a logarithmic to the dimension factor). In particular:

Proposition 4.1. For every symmetric convexr body K in R" and k <
(1-— @)n, there exists an F' € Gy, such that

Lgnr < c(log k)% loglog k
where ¢ > 0 18 a universal constant.

Proof. We will make use of the following fact that is a particular version of
a result by Pisier, see [P], Chapter 7:

Let 0 < p < 2. There exists a linear map u: 5 — (R™,| - ||x) and
universal constants ¢, ¢’ > 0 such that for all 1 < k < n,

o cp(ut) < %_p(%)l/p and

p ’
o og N(u(B}), 1K) < (=) 8 V1= =

where cp(u™t) = inf{||u"Ys|; codim(S) < k} are the Gelfand numbers of
u™! and N(K,L) = inf{N € N | Jzq,...25, K C UY (z; + L)} is the
covering number of K by L.

Let K be of volume 1. Define K := |det(u)|"/"u~'(K), also of volume 1,
that is, we take K7 into the so called Milman’s position.

By definition of covering number and ¢ = —5— we have N (u(B%),tK) <e”

and so
C n
n — < n
u(B)l = ldet(u)lo < (=)"e

Thus, by the estimate wgl/” ~\/n,
/
\det ()| < dyn
V2—p

On the other hand, since in particular ci(u=!) < ;_p

n!/P, we have

lu=!(z)] <

or equivalently, u=1(K) C \/%Tpnl/pBg.

Therefore the two estimates above yield

C1
(4.12) K, C
N

1
2—p

+

3=
D=

1,1
nr ZBY  or equivalently R(K;) <

n
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Now, by definition of Gelfand numbers, there exists a subspace S of codi-
mension < k such that

1 c ny 1/p
< —
lu™" (x)] < 2—p(k) Vee KNS

and so it follows (be the definition of K7) that for every 1 < k < n, there
exists a subspace F' € Gy, such that

cov/n s no \Up
413 R(K,NF “ ()
(113) inm) < 20 (1
Also, for any F' € G, ;, we have that (see [Pal])
L
1 < L(K,,F~+)

|Kl ﬂF|ﬁ = L(Bn7k+1(K17FL))

where L*(C) := 1 [5|z[*dz and L*(K,F) := 3 [ |Pp(z)[*dz. We have
that L(C) > L Z Lp, (see [MP]) . So,

L RPr(K) _ | RUK)
T S
‘KlmF":—k \/'I’L-k \/n—k‘

Let k = n% or "T_k = m. Then if F is as before we have
1
|K1 ﬂF|k k JEKINFE
meF || *dx 1

R(K7) ) g F2)

<RYKiNF
1 )<C3m

1

or, using the inequalities (4.12) and (4.13)

2

12 camn ( n )2/p< cin ne )10g<i+z>
KmF\k(Q—p)2 n—k n—k2—p

and the choice of k we have 7 ~ 1, -2 ~ logn
n

By taking p = 2 —
and 2 =14 0(=—

log log

log log n ) SO

Li,r < calogn(loglogn)?

For any T € GL(n) we have TK N F = T(K NT~'F). So we have proved
that for every K in R™ there exists a subspace of dimension (1 — n
such that

1
log (n+2) )

Lgnr < cs(logn)'/?loglogn
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(note that k ~ An). If E € G, \p, and Ky = KNE then there exists F' € G, 1,
such that

Lignr = Lg,nr < c5(log )\n)l/2 loglog An ~ (log k:)l/2 loglog k
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