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ABSTRACT. We prove a sharp version of the Sobolev embedding
theorem using L(co,7) spaces and we compare our result with
embeddings due to Hansson, Brézis-Wainger and Maly-Pick.

1. INTRODUCTION

Sobolev embedding theorems play a fundamental role in PDEs and have been
intensively studied in the literature. In particular, the limiting cases of the Sobolev
embedding theorem have been considered by many authors. Among the extensive
list of contributions we mention here [22], [20], [11], [7], [16], [1], [21], [8],
[15], as well as the references therein.

While the limiting results obtained in [11] and [7] are optimal® (cf. [11], [8]),
it turns out to be possible to improve on these results by means of replacing the
limiting spaces with limiting inequalities ([15]). This idea is, of course, a familiar
one in analysis and, in particular, in interpolation theory (cf. [6], [4], [19]) as well
as extrapolation theory (cf. [13]).

In this paper we introduce a new scale of spaces (conditions) that interpolate
between L™ and the space weak-L*® of Bennett-DeVore-Sharpley [4]. We show
that the L(o0, q) spaces are natural target spaces for sharp endpoint Sobolev em-
bedding theorems, even for domains with infinite measure. Moreover, we show
that when [Q] < o0, L(00,n)(Q) is contained in the Hansson-Brézis-Wainger
space. We also show that L(e0, 1) coincides with the space introduced in [15],
also in the context of extreme Sobolev embeddings.

In what follows given an open domain Q C R™ and a r.i. space X(Q), we

denote by Wy (Q) the closure of C§° (Q) with the seminorm ||Vf||x. We started
our work on sharp limiting Sobolev theorems in [2]? where we observed that (cf.

LAt least within the class of rearrangement invariant spaces.
2However, for editorial reasons, the final version of the paper [3] did not include Sobolev embed-
ding theorems.
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(2, Example 13.12, page 94])
(1.1) Wot ™™ (R™) € L(co, 00) (R™).

Here L(n, ) (R™) is the classical Lorentz space weak-L™ (R™), and L(o, c0) (R™)
is the Bennett-DeVore-Sharpley space weak-L* (R™)? defined by (cf. [4])

L(00, ) (R™) = {f : || fll1(c0,c0) = suptf**(t) = f*(£)} < c0}.
t

More generally, (1.1) also holds if we replace R™ by an open domain Q C R™:

(1.2) WoEm®)(Q) € L(w, ) (Q).

The proof of (1.1)-(1.2) is an easy consequence of the following lemma and well
known properties of symmetric spherical decreasing rearrangements.

Lemma 1.1. (cf. [1]) Suppose that f is a smooth function equal to its symmetric
spherical decreasing rearrangement, and zero at infinity. Then

(1.3) FEE@) = f5(t) < Ba(| VFDF*(0)EH™,

where Bn*> 0 is independent of f .
Proof. See Appendix. O

In this note we show that similar considerations lead to an optimal embedding
theorem for the usual Sobolev space W™ (Q) = Wyt (Q).

2. L(o0,q) SPACES

According to the usual definition of the scale of Lorentz spaces (cf. [6]) we have

{0} ifg+ oo,
L(e0,q) = )
L* ifg=c.

In fact, if g < oo, we readily see that
[E[ >0 = lIXEllw,g = o0

We are thus led to use an idea introduced in [4]: we replace f** (or f*) by the
quantity f** — f* in the definition of the norm of L(, gq).

3L (00, ) is not a linear space and ||+ |/1(c0, ) is nOt a norm.
4In fact Bn = (nyyll/n)’l, where y;, =measure of the unit ball in R™.
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Definition 2.1. Let (Q, 1) be a sigma finite measure space and let g > 0. We
define

1Q] dt 1/a
Wl = [, 5@ - prane @

L0, @) (Q) = {f : | fllL(w.q)i) < 0}

Due to the cancellation afforded by f** — f*, the L(o0,q) spaces defined
in this fashion are nontrivial. For example, if f = xg, then f**(t) — f*(t) =
(IEI/t)X(E|,0) (), and therefore

1/q
IXENL(0,q) = <l> .
oo,q q

Once again we remind the reader that, in general, the L(c0, q) spaces we have just
defined are not linear spaces, and that [|. || (w,q) is not a norm.

The L(, q) spaces form a scale of conditions that interpolate between L™ =
L(o0,1) (see (5.1) below) and weak-L® = L(c0, c0).

Our embedding theorem can be now stated as follows

Theorem 2.2. Let Q) be an open domain in R™. Then
Wy (Q) C L(o0, n)(Q).

Proof. Suppose first that [Q| < . Let f° denote the symmetric spherical
decreasing rearrangement of f. Recall that f° is defined by

(2.1) fox) = f*(yn Ix™),

where y, = measure of the unit ball in R™, and f* is the usual non-decreasing
rearrangement of f°. Suppose first that Q = B is a ball with measure |Q[, and let

fe Wol’"(Q) be such that f = f°. Rewrite (1.3) as

SEE@) - f* (@)

Raising to the power 7, and then integrating, it follows that
(2.2) 2oy < € IVElling) -

Now we dispense with the extra assumptions and prove (2.2) in general. Let Q
be the ball centered at the origin with ’Q) = 1Q|. Let f € W&’”(Q). Since

5For the properties of symmetric spherical rearrangements we refer to [17].
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the operation f — | f| does not increase the Sobolev norm (cf. [16]) we may
assume without loss of generality that f > 0. By the Pélya -Szegé symmetrization

theorem (cf. [17, page 12]) we have that f° € Wol’n(fl), and

(2.3) [[Vfe

@ < IV Fllnq -

Moreover, it is well known, and plain from (2.1), that f° is equimeasurable with

f and therefore
(2.4) (f)* =r*

It follows from the first part of the proof (applied to f°) that
r°

But inserting (2.3) and (2.4) in (2.5) we obtain

(2.5) |

L@ = IVl -

A ooy = I Mm@ = € IVF @y = clIVF Il -

The argument if [Q] = oo is the same; the only change needed is that in this case
Q = R™. Thus (2.2) holds in general concluding the proof. O

Remark 2.3. It is of interest for future applications (cf. Remark 5.5) to
streamline the method of proof of Theorem 2.2 as follows. We note that the
proof of Lemma 1.1 in the Appendix together with the argument of Theorem 2.2
yields the following variant of (1.3): if f € Cy°(Q),

FEE) = fH(t) < Ba(Vf)* ()™,

Morever, using the version of the Pélya -Szego principle one can find in [9, (4.4),
page 66], we get
SR - f (@)

T = BV (D).

Therefore, raising the previous inequality to the power n, integrating, and then
applying Hardy’s inequality, we get

n
L ooy ) < mﬁn VAl -

3. COMPARISON WITH CLASSICAL EMBEDDINGS

Let Q be an open domain in R™ with [Q[ < co. In [11], and independently, and
by different methods in [7], it was shown that

3.1) Wo™(Q) € Hn(Q),



L(co,q) Spaces and Sobolev Embeddings 1219

where®

n 1/n

1Qf * % a
Hn(Q) = {f : || flln, @ = Jo f7(3|22| TS

s

< 0o},
1+ log

Moreover, Hansson [11] (cf. also [8]) has shown that H; (Q) is the optimal target
space in the class of rearrangement invariant spaces.

We now show that if we give up on the requirement that the target space be
a linear space, and frame the limiting Sobolev embeddings in terms of rearrange-
ment invariant inequalities, then the L(e0, q) classes give sharper results’.

Theorem 3.1. L(o,n)(Q) C Hy(Q), n > 1.

Proof. We shall first obtain an 4 priori estimate and prove that, if f is bounded
(which in particular implies that f € H,(Q)),

(3.2) ||f||Hn(Q) = % ||f||L(oo,n)(Q) +c(1Qf,n) ||f||L1(Q) )

where c(]Q],n) > 0 is a constant independent of f. We shall then extend (3.2)
by a limiting argument.

We will integrate by parts. To this end we observe that since f is bounded,
S = ||f|lg=(q) as t — 0. Therefore

(3.3) gg%f**m"( 1|Q|>n_1 =0
1+ log —
t

6The weight w(s) = (1 + log(|Q] /5)) s~ 1 satisfies the Arifio-Muckenhoupt condition: for all

0<t<|Ql,
J’t‘m (E)nw(s)ds < th (E)nw(s)ds.

n 1/n
10l f*(s) ds
HfHH,,(Q)“{J’O (11'9') S} .
+ Og 5

7In Remark 5.3 we give a different proof connected with the use of Hardy operators (cf. [3]).

It follows that (cf. [3])
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Now,

3.4 fll@

JIQ FHE(s) n@
0 1+ log 9] s

N

- % Jolg[f**(S)]nd ((1 + log |SQ|>1—">

1]

-1 * n |Q| o
= m[f (s)] (1+log )

s

0

+L JQl (1 +10g|£52—|>1_nd(f**(3)n) .

1-nJo
We estimate the integrated term first. It follows from (3.3) that

-1 * n |Q| 1-n 10
A (R ey

0

1-n
= lim _—l[f**(S)]n <1 + log |Q|>

s—oll—n s

NN G [ lQl]l‘”
+£1£I&1_n[f ()] 1+logs

1 Kk n 1 1 = * "
ZH[JC (1QDh1 =m<@ . f (S)ds) .

Now, since we obviously have

Ql
frs)yds <c(Ql,m|[|fllg, @

it follows that, (with ¢ representing a different constant at each appearance)

12|

. -1
(3.5) lim —— ~

1-n
n-1
s—lo/l-n ) =c(el,m) 1A llm, @ 1l -

LF** (s)]" (1 + log

To estimate the second term of (3.4) we note that

A (f*¥*()M) = n(f** )N f**(s)) ds
VAL O I Al 5) P

s
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Thus,
(3.6) nuﬂg(1+log——)1_nd(f**8)n)
s Oﬂl(H_1 g___) s =11,
n (n-1)/n U
< I JO'Q ﬁ b (Jom[f**(s)—f*(s)]"%) ,

where in the last step we used Holder’s inequality with exponents n/(n — 1), n.
Inserting (3.5) and (3.6) in (3.4) we find

1AW, 00 = 5= £l @ I lom@ + el W 1A e 111l o

Thus we have proved that for all bounded functions

(3.7) @ < n— Loy o C(|Q| ) || fllL )

To prove the inequality (3.7) in general we use an approximation argument. We
may assume without loss of generality that f > 0, f € L(c0,n)(Q). Let

Sr(x) = f* < )X{f>f* skt + S OOXir<r+a/kn

then fi 1 f a.e.. Moreover, since fi7(t) = min{f*(t), f*(1/k)} we readily see
that

(i) fE@) R ae.,
(i) fr* @) — fF ) < f**(t) — f*(t), and
(ii)) fi(t) < f*(0).
By (i),
”kaL(oo,n)(Q) = HfHL(oo,n)(Q)!
and by (iii)

il < [1f1lE )
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Thus, by the monotone convergence theorem, we get

||f||Hn(Q) = ,lljg ||fk||Hn(Q)
< Ill_{l; Sup{C ||fk||L(OO,‘I/L)(Q) + C(|Q| ’n) ||fk||L1(Q)}

< c|[fll(eomy@ + QL) [ fll1q -

Therefore (3.7) holds in full generality, which concludes the proof of the the-

orem. O

4. COMPARISON WITH THE MALY-PICK CONSTRUCTION

In [15] Maly and Pick consider (nonlinear) spaces defined as follows

dat

MPa(@) = 1 £ (5) - Frw e () o100,

and show that if |Q| < oo, then®
win Q)
11(Q) ¢ MP,(Q).

The connection with the L(o0, q) spaces is given by the following result:?
Theorem 4.1. L(co,n)(Q2) = MPy(Q).

Proof. The result will follow from the following pointwise estimates
t
(4.1) e (5) - <207 @ - £,
forall t € (0,|Q|) and
*k * 1t « (3 * e %
42) FH - A < ?L (f (5) _f (s)) ds + (f (E) _f (t))
forall t € (0, Q). Indeed, from (4.1) it immediately follows that
||f||MPn(Q) <2 ||f||L(oo,n)(Q) .
To prove the opposite inequality note that the Hardy operator

t
Pf(t) = %Jo f(s)ds

8Note that our embedding theorem does not require the measure to be finite.
9For the case g = oo see [19].
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is bounded on L™ (dt/t) (cf. [12, page 246])!°. In terms of the operator P the
inequality (4.2) can be rewritten as

Fro-fro<p (£ () o) o (£ () - r1m)

Thus
Aoy ) < <||P||L"(dt/t)~L"<dt/t) + 1) LA lmpn ) -

It remains to prove (4.1) and (4.2). To prove (4.1) we rewrite it as

(4.3) f*( )+f*(t) < 2f*(1).

Now

t
20750 = 2 | fr(s)ds
L 2 . .
_2[t/2 f (s)ds+t/—2J f (s)ds]
= f(t/2) + f*(b),

and (4.3) follows.
To show (4.2) note that

1 t/2

=7 | freds J F(s) ds

t/2

1 * *
=7, S (s)dS+§f (t/2)

_ 1t * 1y
oo rrsmas s e
gives
1 t
2740 < 1 | 2 ds + £ ),
0
Therefore,

t
PR - fR) < HO FE(s/2) ds — F(8) + F5(£/2) — F*(0)

t
- HO (F*(s/2) — F*(5))ds + F*(£/2) — £*(D),

as we wished to show. O

19 Alternatively note that the weight 1/t satisfies the My, condition of Muckenhoupt (cf. [3]).
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5. FINAL REMARKS

As far as we are aware, the L(o0,q) spaces studied in this paper have not been
considered explicitly or systematically in the literature except in the case g = oo,
cf. [4], and [19] and its references, and the case g = 1, which was considered in
[10]. In this respect we note that in [10] it is claimed!! (cf. Theorem 4.1) that

1
L (F** (1) —f*(t))% < 0= feVMO.

However, since (see the proof of Theorem 3.1)

we see that as sets
(5.1) L(c0,1)(0,1) = L*(0,1).

Remark 5.1. Although our proof of the Sobolev embedding theorem breaks
down at n = 1, the L(, 1) spaces still give the correct embedding spaces in
dimension one. This breakdown occurs because, starting from

SEHEE) — (@)

n < f’**(t)

and integrating, we only get

£l = |

£ =

)L(LogL) :

On the other hand an elementary application of the fundamental theorem of cal-
culus gives
Wyl (0,1) € L(0, 1),

which agrees with (5.1). It should be noted that the equivalence with the Hj,
spaces also breaks down at n = 1.

1'We note in passing that another condition in [10]
VFEx @) — f*(t) dt
o SO t

(o)

can be also be recognized as

1
JO [~ (n F**(1))] < oo

11l )
fn (any(dt) <

This form could be useful in interpolation theory.

which ends up being
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Remark 5.2. Our proof of Theorem 3.1 follows closely the proof of (3.1)
given by one of us many years ago. Since that proof was never published it seems
of interest to present it here since it may also suggest a method to prove Gagliardo-
Nirenberg inequalities in the extreme cases.

Proofof (3.1), n > 1. The arguments given during the course of the proof of
Theorem 2.2 show that it is enough to consider the case where Q is a ball centered
at the origin. Moreover, we may assume that f = f°, and f is bounded. By using
arguments similar to those of theorem 3.1 combined with Holder’s inequality we
obtain

n
JIQ f*(S) @
0 Q] s
1+ log P
n-1
1Q] *
e | fi(sfm (35770 as
nJo 1 +log— s
n—1
n Q| f*(S) d
= —J s =S Sl/n—l (—f*(5)> Sl—l/n ds
1-nlo 1 +log 1Q| ds
K
n-1 'VL/(TL*l (7”,—1)/7’1
- nl JlQ f*(5|)Q| cl/n-1 ds
n- 0 1+1 T

() (o] sy a)

Now observe that f = f° implies that we can write

o, g4 n
IVl = en (JO <—$f*(5)51‘1/"> d5>

Inserting this into our chain of estimates we see that we have shown

1/n

n n (n-1)/n

J\QI f*(S) ds - n . J\QI f*(S) ds

— < — VAl
0 1 +log \Q\ s T n-1 0 \Q\ s

1+ log

and the result follows. O
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Remark 5.3. Using the theory of weights it is possible to give a more con-
ceptual proof of Theorem 3.1 that could be of interest in generalizations involv-
ing weighted spaces. The proof that follows uses the theory of weighted norm

inequalities for the Hardy operator Pf(t) = (1/t) [y f(s)ds and its adjoint
Qf(t) = ftoo f(s)ds/s. It will be convenient to deal with weighted norm in-
equalities in a separate lemma.

Lemma 5.4. Let 1 < p < oo, and suppose thatr (W, V) is a pair of weights
satisfying the following condition: there exists C > 0 such that for all 0 < t < 1,

t 1/p 1 —p'/ 1/p’
(5.2) (L w(x)dx) (L %dx) <C.

Then

1 1/n 1
W en oy s as) < € I = F im0 vis s + (Jo w) Jo .

Proof: Consider the operator Q defined by
1
of = [ L)
arm-| La
From (5.2) it follows that (cf. [16, page 45]),
Q:LP((0,1),v(x)dx) — L¥ ((0,1),w(x) dx).

The connection between Q and f** — f* can be seen from the following easily
verified identity (cf. [2, Lemma 13.9, page 90])

1
P+ QSO =TPLWO) + | fls)ds,
which implies
1
(5.3) PF() = QP - D (L) + L £(s)ds.
If we apply (5.3) to f = f*, we get

1
FED) = PFA(D) = QU — f5) () + jo F*(s) ds.

Thus,

LD (s ds) (J )l/nJ f*(s)ds.

Ilf* ||L” (0,1),w(s)ds) <HQ(f** f)
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It follows that for any pair of weights that satisfies (5.2) for p = n, we have

1 1/n 1
G4 N lenonws as) < I = o visras + (JO w) L A
0

Proof of Theorem 3.1. Without loss of generality we suppose that [Q] = 1.
By computation it is readily verified that the pair of weights

w(s) = (1 +log%>_ s7hov(s)=s7!

satisfies (5.2)'2. Therefore we may apply the previous lemma. In our case (5.4)
takes the form

i = € (WP llimmian + | 1£1),

concluding the proof. O

Remark 5.5. It is interesting to point out the role that the full scale of L(e0, q)
spaces plays in the borderline case of the Sobolev embedding theorem. Using the
method of proof Theorem 2.2 (see also Remark 2.3) we can easily prove!?

(5.5) Wyt (Q) € L(,9)(Q), 1<q < o,

The case g = n corresponds to Theorem 2.2, while g = oo corresponds to (1.2).
We also note that if g = 1, (5.5) gives

Wot "V (Q) € L, D(Q) = L™(Q),
another important borderline case of the Sobolev embedding theorem obtained in

[7] by a different method.

Proof. The only modification to the proof of Theorem 2.2 that is needed
is to observe that the Pdlya -Szegd principle holds for Lorentz spaces (this is a
consequence [9, (4.4), page 66]). Alternatively we can use the proof given in
Remark 2.3 without changes. -

Remark 5.6. Suppose that [Q] < o0, and let 1 < p < g < co. Then,
L(c0,1)(2) C L(oo, p)(Q) C L(c0,q)(Q) C L(0,0)(Q),

and the inclusions are strict.

1
PZnote that [y w < +o.

13We are grateful to Jie Xiao who asked about the validity of (5.5) after the first version of our
paper was circulated.
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Proof. Both end point inclusions are trivial (for example recall that L(0, 1) (Q)
= L*(Q)). The corresponding inclusion for 1 < p < q < o can be seen by ob-
serving that, in view of Theorem 4.1 and [15], we have

Jo (G- rro) = 2 (o () - (G2)

The fact that the inclusions are strict can be seen using the following family of
functions kindly suggested to us by the referee. Let fx(x) = (x log“ %)’,x €
(0,e71),0 < & < 1. Then it is readily seen that f > 0, f§ = fa, and fE*(t) —
Sx) = (Xlog(x_l(l/t). Therefore, for 1 < g < o0, fy € L(o0,q) iff x < 1/4/,
and fi € L(0, o). O

6. APPENDIX

See [1] and also [14]. Since f = f° we can write (using polar coordinates, i.e.,

Vf(s) =Vfsh)

i ) t 1/n 0
fra) =f ((E) = L Uyt |Vf(5)| ds

so that

1 t oo
Kk _ 1
frr) = tJ;) LT - |VF(s)| dsdr

B 1/n
v/ ((7) )
)l/n

(t/yn
=f*(t)+ﬁj0 s V()| ds

y —-1/n
L j 1/n ds
0

nt

—f*(t)+— = L IVio]dy

t 1/n
*(t) + \% 7)
(y) Jl o

1/n t
<f (t)+n(Yn) (tJO(|Vf|) (s)ds).

S~ f5 () = yl/n(lvfl)**(t)

Therefore
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as we wished to show.
Acknowledgment. We are very grateful to the referee for his/her careful review
and for many suggestions to improve our paper.
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