ASYMPTOTIC BEHAVIOUR OF AVERAGES OF
k-DIMENSIONAL MARGINALS OF MEASURES ON R”

JESUS BASTERO AND JULIO BERNUES

ABSTRACT. We study the asymptotic behaviour, as n — oo, of the
Lebesgue measure of the set {x € K ;|Pr(z)| < t} for a random k-
dimensional subspace E C R™ and K C R" in a certain class of isotropic
bodies. For k growing slowly to infinity, we prove it to be close to the
suitably normalised Gaussian measure in R” of a t-dilate of the Euclid-
ean unit ball. Some of the results hold for a wider class of probabilities
on R".

1. PRELIMINARIES AND NOTATION

Let E be a k-dimensional subspace of R, 1 < k < n and denote by Pg
the orthogonal projection onto E. For any Borel probability P on R"™, its
marginal probability on F is defined as Pg(A) := P(A + E+) = P(z € R™ |
Pg(z) € A),A C E . A Borel probability PP is isotropic if [p, 2 dP(z) = 0
and its covariance matrix is a multiple of the identity. A convex body K
of volume 1 is isotropic if the uniform measure on K is. In this case, such
multiple of the identity is denoted by L3

In [K12] the author solved the so called Central limit problem for convex
bodies (posed in [ABP], [BV] for £ = 1 and considered in [BK], [BHVV],
[KL], [MM], [Mi], [Wo]). He showed that every isotropic convex body K
(and more generally, every isotropic log-concave probability measure) has
the property that most of its k-dimensional marginal distributions are ap-
proximately Gaussian, with respect to the total variation metric, provided
that k << ot

In a more general probabilistic setting, the k-dimensional version of the
problem goes back to [W] (see also [DF], [Bo], [Su]). In [NR], the authors
studied proximity of k-marginals to the Gaussian measure with respect to
the (weaker) T-distance, for a class of isotropic probabilities satisfying some
concentration hypothesis. In [M], Gaussian approximation of k-marginals
with respect to the Wasserstein distance is studied for isotropic probabilities
with geometric symmetries.
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2 J.BASTERO AND J. BERNUES

A key tool in all those results is the use of some kind of concentration
property of the Euclidean norm with respect to the probability P.
Let K be an isotropic convex body and consider the distribution function

(1.1) Fi(t,E) :=|{z € K: |Pg(x)| < t}|, t>0

where | - | denotes both the Euclidean norm and the Lebesgue measure
on R™. The function Fk(t,FE) is the marginal measure (of the uniform
measure on K) on E of a t-dilate of the Euclidean unit ball. Denote by
I'%.(t) the k-dimensional Gaussian measure (centred with variance L%) of
{s e RF:|s| <t}

We are interested in studying the closeness between Fi (¢, E) and T'%.(¢).
Estimates |Fg (t, E) — I'5.(t)| are particular cases of the results in [K12]. It
was pointed out to the authors by V. Milman the interest of the (stronger)
Fg(t,E

i
With a concentration assumption on K (see (3.3) below) we will show,
Theorem 3.11. Let K C R" in the family of isotropic convex bodies
satisfying L < ¢ and condition (3.3). Then for every 0 < € < 1 and

1< k< asloen e have
— " = (loglogn)?

comparison ‘ 1! in the spirit of [So] and we will address this question.

Fg(t,F)
Tk (t)
where c1,co depend only on ¢ and on the constants in (3.3).

We follow a somewhat standard procedure: first we show that the average
of Fi(t,E) on the grassmannian G, is close to the Gaussian measure.
Then, by the concentration of measure phenomena on G, ;, we show that
for most subspaces E, Fk(t, E) is close to its average.

It turns out that the average of Fi(t, E) can be written in a way that
admits generalisation to any probability IP. In the second and in the last sec-
tion of the paper we study properties of this averaging, including proximity
to the Gaussian measure in the uniform distance.

The paper is organised as follows:

v {E € G i; sup

t>e

— 1’ < 5} > 1 — exp(—can®?)

In section 2 we introduce an average of k-dimensional marginals for any
probability P on R"™, compute the (radial) density @ﬁ%(s), s € RF of its ab-
solutely continuous part (Proposition 2.1) and explain its geometrical mean-
ing (Proposition 2.3). For P the uniform measure on K, the relation with
our problem is given by the formula:

(1.2) FE(t) == /G Fg(t,E) dv(E) = /{| - oh-(s)ds

where @ (s) = /
O(n)

gration is with respect to the Haar probability on the orthogonal group O(n)
and U = (&,...,&,) € O(n). Moreover, each Fg(t, E) is a certain average
on O(E) of marginal densities, see Remark 2.4.

(Slf1 4+ o+ spér + {51, o ,fk}J‘) NK - dU, inte-
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In section 3.1, we investigate the closeness of the average density go%(s)
to a suitably normalised Gaussian density 7}“((3) and obtain estimates for

‘90’%(8) B 1’
k

Vi ()

(Theorem 3.5.1)). At this stage, it is still possible to state the result for
general probabilities P verifying (3.3) with no extra effort and we do so
(Theorem 3.1). We extend the ideas in [So| (k = 1 in that reference) for the
estimates when s is far from the origin. The study of estimates for s near
the origin lead us to consider the parameter Mp, see definition below.

A simple integration yields to relations between the average of Fi(t, E)
and T'%.(t), that is

’Fz’? (t)
Tk ()
(Theorem 3.5.2)). In section 3.2, the concentration of measure phenomena
on G, will be the key ingredient to show that for “most” subspaces F,
Fk(t,E) is close to its average FL(t). For that matter we estimate the
modulus of continuity of Fi(t, E).

All the results in this section, valid for the uniform probability on isotropic
convex bodies, can be stated and hold true for log-concave probabilities IP.

Finally, in section 4 we return to the study of the average density <p]]f,,(s).
For class of probability measures P, we estimate

sup |op(s) — £ (s) and  sup |Fg(t) — TH(t)
sERk t>0

(Theorem 4.2) and show that such difference tends to 0 (as n — oo) provided
that k = O(—Y%"__) § > 0. We extend the ideas in [BK] and solve the

(loglog n)%+6
difficulties appearing in that paper for s = 0.
When k increases very fast to infinity, k = n— ¢, ¢ fixed and k = (1 — \)n,
0 < A < 1 we cannot expect a Gaussian behaviour. We obtain upper bounds
for the average marginal density (Proposition 4.7) which, for some cases, are
shown to be sharp. Such upper bounds are also needed in the first part of
the section (Lemma 4.5).

Next we shall introduce some notation and definitions. We denote by D,
the Euclidean ball in R” and by w,, its Lebesgue measure. The area measure
of the unit sphere S"~! is |S""!| = n w,. The letters ¢, C, c;... will denote
absolute numerical constants whose value may change from line to line.

The elements of the orthogonal group O(n) are denoted by U = (&1 ...&,)
so the columns (§;) form an orthonormal basis in R and dU is the Haar
probability on O(n). The Haar probability on S"~! is denoted by o,,_1.

Let P be a Borel probability on R™. We introduce the following parameters

1 P{tD
M3z = M2(P) := ) |z|?dP(x) Mp := igg ESDW}
n n
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and

2 ( S L2 dP(z) ) _ Var(iw\Q)
nM; (P)

TF T N\ [2PdP(2))?

When P is the uniform measure on K we change the notation accordingly,
that is, op to ok and so on.

Remark 1.1. op is a concentration parameter. Chebyshev’s inequality im-

plies (see [ABP]),

2
op

P{z € R";

|z|* — nM3 (P)| > enM3(P)}| < e
For P the uniform measure on an isotropic convex body K, the parameter
ok is conjectured to be bounded by an absolute constant (the Variance
Hypothesis).

When P has density f, Mp is the Hardy-Littlewood maximal function of
f at the origin. It is finite, for instance, when this the origin is a regular
Lebesgue point of f (Lebesgue differentiation theorem holds) or when f is
bounded and in such case Mp < ||f|ls (the supremum norm of f). Also
observe that Mp < oo implies P({0}) = 0.

Remark 1.2. For Mp and M (P) finite the parameter MQ(IP’)MI;/TL plays an
important role. In the particular case of P being the uniform measure of an
isotropic convex body K, such constant is Li (= M2(P) and Mp =1). If P

has density f an even log-concave function, the constant MQ(]P))M];/ " is the
isotropy constant of the function since Mp = f(0), (see [B]).

The following fact due to Hensley [H], whose proof follows from the results
in [B], Lemma 6, will be extensively used along the paper:

Lemma 1.3. There exists an absolute constant ¢ > 0 so that for any prob-
ability P on R™, MQ(P)M];/” > c.

We finish this section with some

1.1. Technical preliminaries. Let P be a Borel probability on R" with
Mp < 00, My = M3(P) < co. Denote

1 _1sl?
k)= — — o 2M3 cRF Fkt:/ k(s)ds, >0
’YIP’(S) (zﬂ)k/QMéﬂe ’ 8 IP’( ) |s‘§t VP(S) S, =

In the next three lemmas we state some inequalities that will be useful in
the sequel.
Given g, h: [0,00) — R, write g ~ h for c;h(z) <g(z)<coh(x),Vz > 0.

Lemma 1.4. The following estimates are well known,
i) D(z +1) = 2% "V2rz(1 + 137 + O(%))
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oxn/2

i) |S"7 =nw, = r(z) Wr < nf:;Q, wi/™ ~ % and for k = o(n),
o < Ot
Lemma 1.5.
. tFuwy, *% K thwy,
i) We 2§FP(t)§m, vVt >0
2

i) TE(t) >1—2"2 ¢ 3 vi>0

Proof. i) is straightforward as for i),

+2

k K e M -~ k)2 —
1-Tp(t) = sds</ e M3 g < QF/ce AMy
(1) /| b s | <

i11) follows from

Tkt +6) 1+ Jicisi<ers v (s)ds

TE(t) Jisj<1 7B (5)ds
_ 2
t4 8)k — th) e 2M3 t+ 6)k — ¢k
<1+ wy ((t+9) k)e 2§1+%.
f‘s‘gt'yp(s)ds t

Lemma 1.6. Let n >k + 3. There exists an absolute C > 0 such that

n—k—2

i) (1 — 2u> T
n

- |Sn—k—1| (27T)k/2

ii) ( |Sn—1| pk/2 -1

n—k—2

2 2
iii) |e <1 - “> 1
n

k 2
that £ 4 = < 1/8.

k n
< (—— —1.
_Cn—k’ Vue[0,2]

2
<ot
n

2
<8 <k‘u + u> , Yu € [0, y/n/4], provided
non

Proof. The proof of i) is the same as in [BK]. As for ii), it is a con-

sequence of the formula |S"71| = ?f(g; and the asymptotic formula for
2

the Gamma function in Lemma 1.4. Let us show the proof of iii). Write
Yy = u-+ ”*THlog (1- Qn—“) We use the inequality |e¥ — 1| < 2|y|, pro-
vided |y| < 1 and Taylor’s formula with Lagrange’s error term log(l — z) =

_$_ﬁ,0<g<x§ 1 with = 2u/n. Thus,
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n—k—2
2 —
e“<1—2u> -1 <2|u n-k 210g<1—2u>’
n 2 n
n—k—2 (2u 4o k+2 (n —k —2)u?
<2ju-— — <2
R <n+2n2<1—5>2> = < n (n—2u)? >

2. AVERAGE OF k-DIMENSIONAL MARGINALS

Let P be a Borel probability on R™. For every k € N, 1 < k < n we define
the following average of k-marginals

Ar(P)(B) = /O( )P(U(B+R"—k))dU, B CR*

Ay (P) is a Borel probability on R invariant under the action of the or-
thogonal group in R¥. Clearly, Ax(A,(P)) = A (P).

The following proposition was considered in [BV], [BK] and [So] for the
case k = 1.

Proposition 2.1. Let P be a Borel probability on R™. Then, for all 1 <
k < n and any Borel set B C R* we have,

n—k—2
|Sn—k=1| ( \s|2) 2 dP(x)
Ap(P ({01)do( / 1— ds
k(P)(B) = P({0})do( T8 Soasien ]2 2|

where &g is the Dirac measure at 0. The density function of the absolutely
continuous part is denoted by s € R¥ — k(s).

Proof. Since Ay (A, (P)) = Ag(P) and the function in the inner integral is
radial it is enough to prove it for probabilities P that are invariant under
orthogonal transformations. First we consider the case P = o,_1. It is
enough to prove the equality for dilates of the Euclidean ball, that is, to
show that

n—k—2

|Smh ( |8|2> -2 dop-(2)
Aw(on1)(rD :/ [ i Aon1\T) 4
t(on-1)(r D) vD ST ez |z |2 |z |*

gn—k—1 n—k—2
=|‘5n_1|‘ R (1—1s) = Ap,(s)ds
rDy,

Snfkfl
If r > 1, then Ag(op_1)(rDy) =1= ‘Sn—l‘ (1—1s)
Dy,

n—k—2
2

ds.
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If r < 1, after passing to polar coordinates, the right hand side equals to

‘Sn_k_lHSk_l\ r 9 n—k—2 h1
S| i (1—¢7) 2 " 'dt

On the other hand, Ay (0,_1)(rDy) = 0pn_1(rDy x R"*) and

n—k—1 k 1
o1 (rDy x RFy = IS <r(1 — 2y +/ k(] 2)s dt)
wn, n Vizr2

Now, the derivative of the two expressions are equal and we have the
result. Observe that, by re-scaling, the formula also holds for the Haar
probabilities on AS™ 1, A > 0.

In the general case, we use the fact that any probability P invariant un-
der orthogonal transformations is, up to P({0}), the product measure of a
positive measure on (0, 00) and the Haar measure on S"~! and so, it can be
approximated by convex combinations of Haar probabilities on AS™ 1, A > 0.
For A = 0, the associated probability is dp.

O

Remark 2.2. If P is a probability with density f, that is P(C) = [, f(z) dz,
then Ag(P)(B) = [ ¢h(s)ds where

SOII?D(S) = / / f(si&r + -+ sp&n) dSgy1 - . . ds, dU
O(n) JR—k

and s = (s1,..., Sk).
In the particular case P(C) = |K N C| for K C R™ a Borel set of volume
1 we have Ay(P)(B) = [ ¢4 (s) ds where

hes) = / (51604 -+ 816 + {E0rer o 1) O K|y dU
O(n)

This integral, an average of sections by n — k dimensional subspaces at
distance |s| from the origin is the density function of a certain average of
k-dimensional marginals of K (further applications of this formula appear
in [BBR)).

The following proposition gives a more geometrical interpretation of such
function,

Proposition 2.3. Let K C R"™ be a Borel set of volume 1. Thenif1 <k <mn
and s € R* we have

k _
et = [ ( /| o (5105 DKL, dv(E)) 401 (6)

where G(6+,n — k) is the Grassman manifold of the n — k-dimensional sub-
spaces of the hyperplane 0+ and dv(E) its Haar measure.

That is, consider the sphere |s|S™~1; for any 6 € S"~! we first average
over all the (n — k)-dimensional sections of K at distance |s| from the origin
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in the direction 6, that is inside |s|6 4+ #+ and then we average over the
sphere.

Proof. Since ¢ (s) is radial,

o) = [ .

Next we consider the following consequence of the conditional expectation
theorem as it appears in [Ko] Lemma 1: for any (say) continuous function
F on O(n),

/ F(U) dU—/ / dUnk/ F(U)dUy dv(E)
O(n) G(n,k) karl,...,anEl &1,..,6LEE

where dU,,_j, and dUj, are the Haar measures on O(n — k) and O(k). We
apply this formula for £ = 1 and any continuous function and we have in
particular

/O JRCHSTE /S ( /O PRCECaS ,5n>dU1> 001 (0)

where O(£1) is the orthogonal group in the hyperplane &, dU; its Haar
measure (this formula can also be proved for any (say) continuous function
F directly, by using the uniqueness of the Haar measure on O(n)). Applying
again Koldobsky’s formula in the whole space ff and n — k for the function
F(&1,6,..,6) = |(Isl& +{&1,.. . &} NK|, _, we eventually get the
result. O

(sl& + {&, -, &I NK L dU.

Remark 2.4. Let E be a k-dimensional subspace of R™. We show some
relations between the function Fi (t, E) := [{z € K : |Pg(z)| < t}| (formula
(1.1)) and the average marginal density - (s).

Fix {&1,...,&} C R™ an orthonormal basis of E. By Fubini’s theorem
we have

d81 e dsk .
n—k

k
(Z Sifi + EJ'> NnNK

=1

Fielt £) = /|s|<t

We now integrate when U = (&1,...,&) runs over the orthogonal group
O(F) which allows us to express F (¢, E) as a convenient average of marginal
densities.
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k
FK(t,E)—/ / <Zsi&+EL> NK| dsy...ds,|dU
o(E) \ JIsl<t

i=1 n—k
k
:/ / (Zsi&—kEL) NK|  dU | ds,...dss
|s|<t O(E) i=1 n—k

(by the invariance under the orthogonal group)

_ /|s|<t </O(E) (st + BY) K| dU) dsy ... dsy

(by using the Lemma 1 in [Ko))

_ /Mgt </SE (slo+24) K| daE(G)) dsi ... dsy

(by passing to polar coordinates in F)
t
=181 [ Eyar
0
where Sp = S""!' N E, o its Haar probability and

fK(TaE):/

SE

<’I“9+EJ‘) OK‘ kdUE(Q), r>0.
n—
Finally, observe that we also obtain formula (1.2)

FE(t) = /G Fie(t, B) dv(E) = /{ oy itords

Our last lemma provides bounds for fx(r, F) and Fk(t, F) that will be
useful in the next section.

Lemma 2.5. Let K C R" be an isotropic convex body and E € Gy, .. Denote

Ly =sup{Lys | M C R* isotropic}. There exist an absolute constant c; > 0
such that

i) fi(r.B) < e fre(r', B) < "y p >0 >
K

it) F(t,E)>1—exp(— Lfﬁf/ﬁ) vt > 0.

Proof. i) A result by Fradelizi, see [F], states that

< ek
n—k

, Vr>r >0

‘ (re + EL> NK -

(r/e + EL> NK

and the first inequality follows. As for the second inequality, it is a conse-
quence of the previous one (for 7/ = 0) and a result by Ball and Milman and

Pajor, see [B], [MP], which states that |[E+ N K|,_; < (CZLﬁik’“)k
K
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i1) It is a consequence of a more general result: Let T : R™ — R"” be a
linear map such that dim T'(R™) = k, then

B cit )
Li|T||us

where ||T||zzs denotes the Hilbert-Schmidt norm. Indeed, Borell’s inequality
(see [MS]) states

‘{mEK

|{x€K;|T($)|St}}21—exp( Vt>0

7 T ()|
( fK Tz |? dﬁ)

We can suppose that 7" = Z?:l uj ® ej, where {Uj}§:1 are k vectors in

7 > t}’ < exp(—cit) Vt>0

R™ and {e; }?:1 is an orthonormal basis in the subspace T'(R™). Then

k k
.
/|Tx\2da:=/ Z|<uj,z>|2dx=2|uj12/ ()P de = L2 |T] s
K K3 = K lugl

In our case simply take T' = Pg.
O

3. ESTIMATING THE QUOTIENT.

Fg(t,E)
(1)
E C R™. Some of the steps hold true for more general probabilities P and we

will state them in full generality. The following hypothesis will be imposed
on P throughout the section.

Our aim is to estimate ‘ — 1‘ for a random k-dimensional subspace

Concentration hypothesis ([So]):
(33)  P{z eR":||z| — vVnMy|| > tv/nMs} < Aexp(—Bnt’)

for all 0 <t <1 and for some constants «, 3,4, B >0 .

3.1. Gaussian approximation of the average density and distribu-
tion.

We first consider Gaussian approximation of the average density (k(s).
Theorem 3.1. Let P a probability on R™ satisfying (3.3) and My, Mp < oo.
: a 1 ~ ~
Denote h(n) = RO 52} nd et h(n) such that h(n) < ¢(B, B)h(n) with

c=c(B,p) = min{%,(g)min{l’%}}. Then, if k < a1 i};’&”i\wn)
2Mp

we

have
& ~
| #0) _1‘ < o100
|s\§v/ﬁ(n)M2 ’Y]P’(S) (’Il)

for some constant ¢c; = ¢1(a, A, 3,B) >0
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Proof. Recall that, by Proposition 2.1, ¢k (s) = / 9)s|(|z|) dP(z), where
{lz>1s}

n—k—2

2
) ,m>t>0.

‘S”_k_1| 1 t2
gt<r): ’Sn_l‘ T7k l_ﬁ

Consider the image probability of P under the map = — |z|, that is, the
probability on [0,00) also denoted by P with distribution function P{z €
R™ | |z| < r}. With this notation,

k
o) = [ ) i)
[Is],00)
In order to estimate asymptotic behaviour of f(s) as n — oo we write

(3.4) ¢i(s) = g5 (VM) P{|z| > |8!}+/[ )(g|s|(7“)—g|s|(\/ﬁMz))dP("“)

Isls

Write g)/(r) — 95| (VnMs) = f\;ﬁMz gfsl(u)du. By using Fubini’s theorem
in (3.4), it is easy to see that

ei(s) — g)s) (VnM2) = —gi5(2v/nM2)P{2y/nM, < |z|}

VnMz )
- /| (el < rar

2y/nMs
+ / gl (1) P{Ja| > r}dr
VnMs

4 / 915 (P dP(r)
[2y/nM2,00)

The summands above are estimated with the help of the following three
technical lemmas which extend the ideas in [So] to a general k for |s| far
from the origin. The behaviour at the origin (included in Lemma 3.4) is
estimated via the parameter Mp.

Lemma 3.2. If |s| < \/gMg, then
/ g|5|(7“)

20/ Ms,00) JJs| (/11 M2)

and

g\s\(Q\/ﬁMZ) AGX 37’2_ ne
Sty PV < = i o (=)

Proof. Use the elementary inequalities (1 — 2)~! < €?*,0 < z < 1/2 and
l—z<e™ a2 >0. O
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max{3,1} o
< Bg , we have

2vaMa|gf,)(r)] s> 1 A )
/\/EM2 g|5|(\/ﬁM2) P{|z| > r} dr < max{w,k:} (Bro) 1/

Proof. By straightforward computations and the inequalities (1 — z)~! <
e 0<zr<1/2and1 -z <e * x>0,

Lemma 3.3. If <|]\S/[—|z>
2

/ (n—k=2)|s|?
1974 ()] - 2)|33|2 —hr?| _eotan? 05
951 (VnMz) r
For r € [\/nMa,2\/nMy),
—_9 2 k 2
(= 2fsP 2| e

r3 r M3
—k—2)|s|? —k—4)|s|? —k—4)|s|? M2
On the other hand, ™ %Mysl _ QTQ)‘S‘ <1+ %Mysl (1-232) <
o2 (1 _ nM3
1 M(l B r22 )

After using such bounds, the change of variables r = (1 4+ u)y/nM> and
the inequality 1 — ﬁ < 2u,u > 0 yield

2
[s|

MR |z > (1 + u)v/nMs) du

[ s i< [
————— Pl >rfdr <c e
vty 9 (VniMz) 0

Now use the concentration hypothesis (3.3). The proof finishes by es-
timating the remaining integral with the aid of the following Claim (with

K=bEL and L= Bn®), see [So| Lemma 9.

- M3
Claim. Let K, L > 0 such that K™*>{#} < /2. Then,
1
1.8 < c(B)
/0 exp (Ku — Lu”)du < 718"
U
Lemma 3.4. There exists ¢ > 0 such that whenever |s| < /% My, k < n/2
m\max{18) B
and <8klog(cM2MP )) <5 n

Ve a0l s ) Ae®) 1
/s 951 (VnMz) Pl = dr s max { M3 k} (Bne)Y/8 T on

Proof. Denote A\ := (CMQMI;,/’I)*Q, with ¢ > 0 to be chosen below and split
the integral into two parts

VvnMs max{|s|,A\v/nMz2}
/ +/ =1+ 1
max{|s| \v/nM2}  J]s|
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By Hensley’s Lemma 1.3 we choose ¢ so that A < 1. It is easy to see that

1974 ()] I(n — 2)|s|? — kr?|
<2 (VnMa)*
915/ (vnMa) rk+3
|(n—2)[s[2—knMZu?|

The change of variables r = \/nMsu and the inequality e
2

< max{'&—'z,k}, 0 <wu <1 yield to
2

' P{la| < vnMou}

Kl
= 2max{m b} | g mn ks
2 VMg

Set a = %)}\/\[/QW We have 0 < a < 1. By the change of variables

u =1 — v and the concentration hypothesis (3.3),

2 1-a
L < 2Amax{‘]\j?,k}/ exp(—(k + 3)log(1 — v) — Bn®v?) dv
2 0

Finally, use the inequalities

—1 3
—log(1—v) < . 8%, <log(—) v < 2log(cLp) v, ve€]0,1—al
—a a

and the Claim above.
For the second integral I> we can suppose |s| < A\\/nMs. Proceeding as

before, we have

Av/nMo _ 2 L2
e [ ORI (e < vy ar
|

k+3
s it

By the inequality |(n — 2)|s|?> — kr?| < nr?, the definition of Mp and

k < n/2 we have

I < 2n(y/nMy)* Mp wn/

s

W
Pl ar < 4 (Lp w}/"\/ﬁ )\1/2)"

since A" % < A"/2. Finally, the sequence w}/ "/n is bounded by an absolute
constant and we can choose ¢ > 0 in the definition of A\ so that Iy < 27", O

End of proof of Theorem 3.1:
Notice that the hypothesis of the Lemmas are satisfied and therefore

k 2
(10]1”(8) A (’S‘ a)
————— 1| — exp| —5 — Bn
915 (v/nMy) ‘ 2k—1 M2

c(A, B, ) i 1
+na/ﬁmax{]\422,k +27
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Finally, use the inequality

ep(s) 1’ < sl (VM2) ‘ wB(s) 1' N ‘gp(\/ﬁMz) B 1’
V5(5) vE(s) | gps (VM) V5(5)
By Lemma 1.6 ii), iii) for u = 2‘;‘;2, we have %\/f;\h) < ¢; and
2 p\S
. -
SO]P’(S) 7 « h(n) 1
-1/ < h(n) — B —
18(s) ’ - (exp( ) =) ST
8 (kls* | |s* h(n)  h2(n)
— <
* [n <2M22 T s Wars T )
which finishes the proof. O

For P the uniform measure on an isotropic convex body K we obtain as
a corollary,

Theorem 3.5. Let K C R"™ be an isotropic convex body satisfying the con-
centration hypothesis (3.3). For some c,c1 depending on the constants in

(5.3),

h(n
1) Ifk < clog(l(Jr}/K)’

where I = [0, Liy/h(n)].

9) If k < @)

log®n’

sup

FRO | <0
t>0

L (®) h(n)

“h(n)

Proof. The statement 1) is a consequence Theorem 3.1, since in our case
Mp =1, My = L.
Part 2) follows from 1). Indeed, by the Lemmas 2.5 ii) and 1.5 ii),

|Fict, B) = The ()] = | (1 = Fie(t B)) = (1 = Th(1)| < B IR
Therefore, in the range t > C'lognv/kLg (for suitable C' > 0) we trivially
have ‘F w(t, E) — T (t)‘ < % for every k-dimensional subspace E. For that
Fk(t,E)
Tk ()
Finally, observe that ¢t < C'lognvkLg implies ¢t < LK\/;L(T) and so by
integrating 1) and formula (1.2) we have the result.

C
1< 2
n

range of ¢, Lemma 1.5 ii) gives I'%.(t) > co > 0 and so

0
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Ezample. Tt is proved in [So] that the uniform probability on the unit ball
of £7,p > 1 verifies the concentration hypothesis (3.3) for a = %min{p, 2}

and § = min{p,2}. So, h(n) = /1 and by taking h(n) = o(h(n)), Theorem
3.5.1) i @K(s) - 1‘ — 0 asn — oo for I = [0,0(n'/*)]

Vi (5)

|s|el
and k = o(n'/?) (since in this case Lx is uniformly bounded by a constant
depending only on p).

If we study the behaviour at ¢ = 0 of Theorem 3.1 2), we obtain the
following strong form of reverse Holder’s inequality in the spirit of [V].

Corollary 3.6. Let K C R"™ in the family of isotropic convex bodies satis-

fying (3.8). If k = o(;25L),

(/ |x!2)1/2</ éﬁ)l/k—ﬂ as n — oo
K K

Proof. By Remark 2.4. and L’Hopital’s rule

Fg(t,E ()
lim # = lim Jx(tE) — = (V2rLg)*| BN K,
t—0t FK(t) t—0t _t72
(\/QWLK)_ke Lk
Therefore,
Fr(t)
li vV2nL ENK|,_rd
t_l}%i Tk (t) ( K) /Gnn_k| |n k av

But this is equal to

(V2rLg)F

& i () = (VL 1'/
Wy, Sn 1’ ‘.%"k

by the dual Kubota formula, where Wj,(K) denotes the k-th dual mixed
volume of K (see [BBR]). Since L% = 1 [, |z[*dz, we have

. Fk(t or)k/2 | gn—k-1 k/2 dx
lim 5( ) _( k)/z | - !(/ mz) (/ 7)
t—0+ T%.(1) n |Sm—1 K K |zl

By Lemma 1.6 ii) and Theorem 3.5.2), the result follows. O

3.2. Gaussian behaviour of a typical subspace.

The main tool of this subsection is the concentration of measure phenom-
ena in the space G, ; equipped with its Haar probability and the distance
| Pe, — Pryllas, E1, B2 € Gy i, where Pg is the orthogonal projection onto
E. Recall that the modulus of continuity of a continuous f: Gy — R is

w(a) = sup [f(E1) — f(E2)l,  a>0

|Pe, —PE,yllHs<a
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Theorem 3.7 (Concentration of measure). Denote by v the Haar probabil-
ity on Gy . Let f: Gy — R continuous. There exist absolute constants
c1,c3 > 0 such that for every a > 0,

v {E € G |F(E) ~ E(F(E))] > w(a)} < e1 exp (—cana?)
Proof. The inequality above can stated with G, 1, equipped with the distance

k
d(E1, E2) = min {( Z |uj—vj|2)1/2 | (u;), (vj) orthonormal basis of E, 3}
j=1
for E1, Es € Gy i (see [MS]).
In order finish the proof we show || Pg, — Pg, || zs < V2 d(E1, E3). Indeed,
for any (u;), (v;) orthonormal basis of E, Ey we write Pg, = Z?:l uj @ u;
and Pg, = Zf_l v; ® v; and by definition

k k
|1 PE, — PE2HHS*2k 22 ujyvz S Z U],UJ )SQZ’UJ‘—’U]‘Q
7.] 1 : j

since 1 — (uj,v5)% < 2(1 — (uj,v;)) = u; —v;[*.

O
FK (tvE) .
RAON
Lemma 3.8. Let 0 < e < 1,t >0 and K C R" an isotropic convexr body.
Then for every Er, Es € Gy i, and some universal constant ¢ > 0 we have

FK(t7E1) . FK(t7E2)

We will compute the modulus of continuity of £ —

Tk () Th(t) 1~
provided that | Pg, — Pg,||ns < a where
2262[;‘,5’ Zf t< 2\/ELK ;
a= Kk
w1, otherwise .

Proof. Let 0 < §(< t) to be fixed later. By the triangle inequality,
Fi(t, E2) — Fx(t, Er) < Fr(t +6, Er) — Fg(t, E)+
+ {2 € K, |(Pg, — Pp,)(z)| > 6}

Let us estimate each summand. By Remark 2.4,
t+6
F(t+ 06, Er) — Fi(t, E1) = S’“|/ 5 fic (r, By )dr
t

we can apply Lemma 2.5 i) and

1
Fr(t+6,E)) — Fx(t,Ep) < |SF1 ’“E,fk((t +0)F —tF)
K
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By the mean value theorem, (t +8)* —t* < k(t+6)¥ 1§ < k2F—1tF~1§ so,

Ek
Fr(t+06,E1) — Fi(t, Ey) < S P Zh b1
L
Now we compute the second summand. Repeat the arguments in Lemma,
2.5 ii) with T' = Pg, — Pg, and we have,

c10
v € K,|(Ps, - Pey)(@)] = 6}] < exp (—
|{ ‘( Eq EQ)( )‘ }| p( Lg HPEI—PEQHHS)

Put the estimates together, exchange E; and Es and conclude that

_cd
(3.5) Fr(t, Er) FK(tvEZ)’ < Ein 1‘Ck‘cktk 154+ exp( Lk “)
Iy (t) Uh(t) = LETE@) D (t)
L
If t > 2v/kLk, Lemma 1.5 ii) gives Th.(t) > co > 0. Take § = %

(c > 0 small enough). Substituting in formula (3.5) together with |S*~!| <
k

23 (Lemma 1.4.ii)), £ < c1k'/* ([K12]) and Lg > co, we have

kk/

FK(t,El) FK t E2 ‘

C3 € .
< - +ex (—7) if ||Pg, — P <a
F];((t) Fk p -1 H Eq E2||HS

2

2
c3 €
Finally set a = t:’)’fi—l

If ¢t < 2VkLk, Lemma 1.5 i) implies T%.(¢) > (eﬁzk“;k We substitute

so the second summand reads exp(—1) < £.

this estimate in formula (3.5) and so,

Fx(t,E1) Fg(t, E § L% §
B LB g8, 2, ()
I (t) IS (t) t o wit Lk a
t
We take § = — . Thus the first summand is equal to £. With this
2ck Lk 2

k
choice of ¢, if we also write u = ﬁ € [0, v/k] the second summand becomes

c’f Eu
exp | —————
wyuk P Ek k

for some appropriately chosen ¢ > 1 and substi-

Flnally set a = W

tute in the previous formula,

k 3/2
cy _k: c\
o exp ( . > = h(u)

The maximum value of h is obtained at wuy so that h'(ug) = 0, that is

k _k
_c \/E _ c| € —k 5
ug = X and h(ug) = FC}C e <5

0
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Next, we apply Theorem 3.7. Recall that c; hg"% is the error term in
Theorem 3.5.

Lemma 3.9. Let 0 < e < 1, t > 0, K C R" an isotropic convex body

satisfying the concentration hypothesis (3.3) and k < clgg(?};. Then,

Fr(t, E) ‘ h(n) 2
v B eGhp|l———— 1>+ < cjexp(—cy a“n)
{ TR (0) h(n)
where
e, ift<2VkL ;
0 — Lka
w1, otherwise .
Proof. Theorem 3.5 states
FE(t h
O
% () h(n)
Hence,
Fi(t, E) h
{E ‘Ki—ll >e+ (n)} <
h(n)
Fx(t,E) FE(t
< V{E’; Kk( B) f( )‘ >5} §clexp(—02na2)
g Ti@)
since Lemma 3.8 reads w(a) < ¢ (]

In our last result of the section we pass from Lemma 3.9, valid for any
fixed t, to a statement that holds for every ¢ simultaneously.
Lemma 3.10. Let 0 < ¢ < 2, to > 0, K C R™ an isotropic convex body

satisfying (3.3) and k < ¢35~ (") . Suppose c1 h% < 1. Then

Fk(t, E) ‘ h(n) 2
VS E € Gy |—" — 1| <264 2¢1——=,Vt >ty p > 1—-Nexp(—c A™n)
{ rh (0 h(n)
where
1 L\ 2t k 2 1
N o (Cognﬁfg and A=D1
to kk/2 Ly " Lt (logn)k—1

Proof. By the arguments in the proof of Theorem 3.5 2), we only need to
compute the probability V¢ € [tg, T] with T = C'lognvkL.
Pick 0 < tg < t; <ty <--- <ty =T in the following way

Z—toH<1+>~t0ZC}€6 i=1,...,N
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Write n = 2¢ 4 2¢1 hgng 0 <n < 2. By Lemma 3.9,
N
Fg(ti, B
v {E; % - 1‘ > Q, for some z} <c Zexp—(cznaf)
IS (t:) 2 —~
where
k242
S, if 4 < 2VELk
a; = KQ k
L2 otherwise .
t

2

If ¢t € [ti,tiy1], the fact that
Fg(t,E
71(}5 B) _ 1l >n
% (t)

implies that either
Fre(tiv1, B) > L+ )T (t)  or  Fr(ti, B) < (1= )Tk (tit).

Taking into account the choice of ¢;, Lemma 1.5 iii) (with ¢t = ¢;,6 =
tiy1 — t;) reads

k
) §e5/8§1+2

IR (tir1) < (ti+1>k < (1

£
+—
th(t) ~— \ ¢ 8k(j +1)

and so, by the elementary inequalities (1 + n)(1 + 2)™! > (14 Z) and
(1-n)(1+ %) <1— 2 we have that either

Fic(tivn, B) > (14 Dlk(tien)  or  Fic(ti B) < (1= DTk (t)

2
thus,

F tE

1‘ > 7, for some t € [tO,T]} <
FK tlaE)
(t:)

where A = 1nrunN a;. By definition,
<i<

n

<2 V{E € Gni | ’ 1’ > 5 for some 1} < 1N exp —(canA?)

clogn\/ELK =T = tN ~ to ]\fC1TE
That is,

N <clogn\/ELK)clf ck t2 1

> 2 - -
to and A—kmgmm%kam%m i
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Theorem 3.11. Let K C R” in the family of isotropic convex bodies sat-
isfying Lx < ¢ and condition (3.3). Then, for every 0 < ¢ < 1 and
1<k < aeloen e have

(loglogn)

v {E € Gpk; sup

t>e

FK (tv E)
Tk ()
where c1,co depend only on ¢ and on the constants in (3.3).

- 1‘ < z—:} > 1 — exp(—con®?)

2
Proof. By hypothesis, f < (k;:glll+§;b)2 and ¢ > %. We can clearly

choose h(n) to fulfill the hypothesis of Lemma 3.10 and moreover ¢, % <e.

log log* n

ey
= —nloglogn and the
log®n

<3
Now, direct computation N < nlbelen and A% >

result follows.
O

4. ASYMPTOTIC RESULTS ON THE AVERAGE DENSITY AND DISTRIBUTION

4.1. Gaussian approximation of the average density and distribu-
tion. In this section we show that, for a range of k£ and a class of prob-
abilities P, the average density is uniformly close to the Gaussian den-
sity. Furthermore, if P has exponential tails on half spaces (see defini-
tion below), we can also approximate the average distribution. Recall that
Fp(t,E) =P{x € R": |Pg(z)| < t}.

Definition 4.1. Let ¢ > 0. Denote by P., the set of Borel probabilities
such that op, Ms, MI;/n <c

Theorem 4.2. Let k < —SY 198" 5~ (0. Then there exist ¢, > 0 (de-

(loglog n)%+6 ’
pending only on ¢ and ¢) such that VP € P, p,
1)
c’f kk/2

k k
sup |@p(s) — 71?(5)‘ S S

sERF
Furthermore, if P satisfies P{z € R™ ; |(0,z)| >t} < coexp —%, for some
ca,c3 >0 and allt >0, 0 € S"! then

2
) k k cf kA2 k
iglg Fr(t) - FP<t)‘ < W(log n)

for some ¢4 > 0 depending only on the constants.

Proof. Observe, by straightforward computation, that the bound on £ in-
sures that the error terms in parts 1) and 2) tend to 0 as n — oo.

The proof of 1) will be done in 3 steps. Step 3 takes care of very large
values of |s|, Step 2 of values of |s| near, and including, the origin and Step
1 of the remaining case. Fix ¢y > 0 small enough that will be chosen below.
co is used to separate these three steps.



AVERAGES OF k-DIMENSIONAL MARGINALS 21

Step 1. Let k = o(n). There exists a constant C' > 0 such that for

0<|sl < ;ﬁ’[}ﬁ and every Borel probability P we have
P

O’]pMQ 1 )

k k k/2
ep(s) —p(s)| <Ck i %/n
‘ ‘ <\/ﬁ|s| n M]P’/

Proof of Step 1. By formula (3.4),
PB(s) = 1(s) = (95 (VnMa) — 75(5)) + g1 (VMo ) P{|z| < |s]}+
+/[I | )(93(7”) - g|s|(\/ﬁM2))dP(7“)

We compute the second and third summand with the aid of the following
lemmas,

Lemma 4.3. Let k = o(n). There exists an absolute constant C' > 0 such
that

, 1 C kk2

i) sggt(r) < ne)7?’

- ) 1 C k,(kz-i—B)/?
ii) sup |g;(r)| < N ST

|Sn_k_1‘ nkz/2

<C Proceed as in [BK]. O

Proof. By Lemma 1.4, |1 = Y (2m)k2”

Lemma 4.4. Let k = o(n). There exists C > 0 such that Vs € R* with
0 < |s| </nMs

. C kk/Q n—k
Ck‘k/2 G]}DMQ
ii 915/ (1) — g5 (VM) )dP(r) < ————F =
) /{7‘2|8}( 151 () = 913/ ( 2)) (r) NG

Proof. i) By Lemma 4.3, g, (\/ﬁMg) < % (2i2;i/2 and, by definition of Mp,
P{lo] < |sl} < Mp w |s|"

ii) By the mean value theorem

/{|x2|s\€s(wl) — 95 (VD) | dB(2) < sip 1915 (") /Rnl\ﬂfl — /nMs| dP(z)

Now use Lemma 4.3 and the inequality [, |[z] — v/RMa| dP(z) < opMs
(see [BK]).
(]
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cov/n
My
|s| < +/nMs, by Hensley’s Lemma 1.3 and b) the second error term in the
previous Lemma absorbs the first one.

It remains to estimate the first summand, |y&(s) — 9)s|(\/nM3)| where

Observe that, by suitably choosing ¢y we have: a) |s| < implies

n—k—2

V3T AP i T N PN S
n = —
Ils 2T 1S k2 E nAM3

Write |s|? = 2MZu. Then, 0 < |s| < /nMs is equivalent to 0 < u < n/2
and so, for such a values of u we need to estimate

1 STR (2m)2 (2 =
- — —e
(2m)k/2ME |SPY pk/2 n
1 N
By Lemma 1.3 we have —————— < C¥ MH’,f/ . Finally add the value

(2m)F/2Mf =
‘Sn—k—l | (27r)k/2

+ |Sn71‘ nk/Q

e " and use Lemma 1.6 to conclude the proof of Step 1.

Step 2. LetP e P, and k = o(n). Then

gk /2
k k ck
ep(s) —B(s)| < V(D)

for all |s| < coyn (c1 depending only on c).

M
Proof of Step 2. By Lemma 1.3 we also have Mo, MI;/" >co > 0.
1
Let (s,) be a sequence such that /n|s,|**! = n#3, or equivalently,

1
|sn| =n 2GF3) . For |s| > |s,| we have

M, 1
koo Ak < C kF2 op M2
() =) < 0 W (Tt + - YT

1
) < clfkk/znfm

If 0 < |s] < sy, write

[eh(s) = 95 ()| < [iob(s) = Phsn)| + 6B (5n) = B ()| + | () = 2B (5)].

The second summand was estimated above. As for the third one, the in-

equality |e™® — e Y| < |z|,z > y > 0 implies

|sul® .l
1

2 (2m)k2MET2 T s

For the first summand, we use the following lemma

e (s) — 7B (sn)] <

Lemma 4.5. Let n > 2k. There exists co,c1 > 0 such that for all s € R*

with |s| < CO\/E
| | M];/ )

k42

oh(s) = oE(0)] < o (W2 Mp wo |5 + M [5]?)).
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This finishes the proof of Step 2 since the estimate of the remaining first
summand readily follows from

< |eb(sn) = ¢(0)] + k() - wh(O)]

b (s) — ik (sn)
Proof of the Lemma. k(s) — ¢§,(O)| equals

n—k—1 P n—k—1 1 2 n=k=2
] aP() 5" (- 1)) o

ISP Jai<gsy 1218 1S Jyjagz sl l® |22

We estimate the first summand. By Fubini’s theorem,

1
dP > 1 Ts)F &0
/ (f):/ P{|z| < |s|, —— > t}dt = /k+/
(el<)sly 17 0 |z| 0 1

Is|®

The first integral is equal to / o P{|z| < |s|} dt and by definition of Mp,
it follows that this integral is bounded by |s|**Mp w,,.

The second integral is equal to

/ ]P{H >t}dt</ Mp w, ™k dt = MPwniylnk
1 1 -

|s|k

Therefore, by Lemma, 1.4

|Sn—h=1] dP(z) _ ¢ nk/?
ISP Sal<gsy 12l T (2m)R/2
Next we compute the second summand. Use in the integrand the elemen-
tary inequality |aP — bP| < pla—b|, a,b € [0,1] with p = "=5=2 and conclude
that the second summand is bounded by

P Wnn% S’n_kS Cknk/2M]p wn‘s‘n—k

|

Bl n—k—Q/ El§ (n—k=2)[S" 1 5 o
——dP(z) = 0
1571 B (> s} [2FF2 x) 2 |Sn—F=3]| |s|"p"(0)
By Proposition 4.7. below we have, for |s| < ¢ (w,Mp) Y™ ~ ;\;}ﬁ,

P

k+2)/nWn—k—2 k+2)/n
P2(0) < M2 < ey

Wn

Ei r(==2)

=r(n—k)——2~
’Sn k— 3| F(an)
and putting the estimates together, the second summand is bounded by

c]f|s|2M[§>k+2)/ " which finishes the proof of the lemma. O

Finally, (n — k — 2)———=+ < ¢ by Lemma 1.4
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Step 3. For every probability P with Mﬂl/n <egc, |s| > ;;T‘/Z and k < 2
P

logn’

ky.k/2
k crk
ep(s) — ()| < k2

where ¢1 > 0 depends only on c.
Proof of Step 3. By Lemma 1.3, My > c¢o > 0 (depending on ¢) and
trivially

k
c
1E(s) < cfexp(—ezn) < Lo
On the other hand, by Lemma 4.3
k.k/2 Ckkk/2
k(s) < x| > < 1

This finishes the proof of 1).

Now we prove 2). Let t < C'lognvkM; (for suitable C' > 0). By inte-
grating f|s|<t ds the result in 1) and using the identity (1.2) and Lemma 1.4

we have y
k k1.k/2

k k gl k cok k

P = THO)| < St < i logn)

In the range t > C'log nv/kMa, we proceed as in Theorem 3.5 2). Observe
that if we write Pg(z) = Zle@,ui}ui for some (u;) orthonormal basis of
E then

k
2 42
— = ) < )
1— Fp(t,E) =P{ ; [z, u)|* > t°} < ]P’{\/%lnglfxéck |{(z,u;)| >t}
. C3t
And so, by the hypothesis, 1 — Fp(t, F) < cokexp ————
y yp p(t, E) < cokexp ik

By this estimate and Lemma 1.5 ii)
+2

_ cgt __tT
Fo(t, B) ~ TE()| = |(1= Fe(t, E) — (1 = TE())| < cobe 72vF 4 28/2¢” 073

2
and we conclude, as in Theorem 3.5 2), that ‘Fp(t, E) —Fﬁ%(t)‘ < — for every
n

k-dimensional subspace FE.
O

Remark 4.6. The hypothesis on Mp, My and op are necessary due to
the behaviour at s = 0. Indeed, consider the probability given by P =
%Jn,l + %5'”,1 where &,_1 is the Haar probability on 25"~ !. Straightfor-
ward computations show that Mo ~ cn_l/Q,M];/n ~ en'/? and op ~ c\/n
and |k (0) — +E(0)| ~ ¢ n*/2 and so, it tends to +oc as n — oo.

Ezxamples. We give some examples with op, Mo, MI;/ " uniformly bounded.
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1. Let P be uniform measure on K, the normalised unit ball of the
space £;,p > 0. Clearly Mp = 1. The parameters Ma(= L) and o are
uniformly bounded on n as it appears in [ABP]. (In that paper for p > 1,
but by similar arguments also for 0 < p < 1).

2. Let P be a Borel probability on R with finite forth moment. Consider
the product measure P=P®---® P on R" and suppose Mz = 1. A simple

computation show that Mz (P) = My(IP) and op = op.
3. Consider the density function on R"™ given by f(|z|) where f: R —

[0,00) is an even log-concave function. Then, we have that Mp = f(0) and,
by Lemma 2.6 in [Kl], op, M2 are bounded by an absolute constant.

4. Let f(z) = exp —aP|z|P,0 < p < 1 be a density function on R™. Then,
Mp =1 and op, M> are bounded by constants depending only on p.

4.2. Upper bounds for a fast growth of k. A Gaussian behaviour for

_1
large k is not expected: Consider the case K = wy, ™ D,,. We have

n—k

k—n 2\ —

k=n 2 1
oh(s) =4 Wn-rwn” (1 - \s|2w{[) * for |s| <wp ™
0 otherwise

For k =n—¢,0 fixed or k = (1—\)n,0 < X\ < 1 the asymptotic behaviour
of ok (s) is
k_
-If k = n — £,/ fixed, then the equivalence w,_ wy t o nt/2(2me) /2
implies @7 (s)n =42 — wy(2me) /2.

k_
-tk =(1-MXMn,0 < X <1, we have w,,_ wy ! A2

implies (pg_)\)n(s))\)‘n/Qn(l_A)/Q N )\(27-[-))\/26—7%)\\5\2.

~ W 2,(1-N72 which

For general probabilities we find the following upper bounds of ¢&(s).

Proposition 4.7. Let P be a probability measure on R™ with Mp < oo.
Then there exist numerical constants ¢,C > 0 so that

) Ifl<k<n-—2

k/m Wn—k k sk
wh(s) < OMp/" == (1 - ||k_1>
Wn n n(wnMP)n

whenever |s| < (k)l/(n_k) (wn Mp) ™™,

ii) If k=n—1 and P has bounded density f,

05 (s) <Ol flloo

whenever |s| < c\/ﬁHfH;ol/n.
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Proof. i) Case 1 <k <n — 2. Recall

n—k—2
K i < |5|2> 2 dP(x)
p(s) = e 1—-—
b(e) 1S™ Jysi<aly ]2 |2z [F
B dP(x)
=S Jysigheny el

Let A > |s| to be chosen later.

! i / dP(x) / dP(x)
Ppls S Tlon—11 +
b(e) |51 Is|<|zj<a  |[F A<|g| |z|*

_ s / dP(z) L L
s s|<|zj<a lz[F AP

A
Fix I > 1 and let Ny be a natural number such that TN < |s|] < TN

Since / dP(z) < Mp t"w, for all t > 0, we have
tDn

N. N E
dP(z) / dP(z) (mﬂ) /
< < dP(z
Amm ] 2 ) <tal< |2I* z_: A ) < @

m=0" 7m+1 m=0
Ik Ns . A n X k N 1 m
m _ n
<EZI (Im> wnMp = IFA wnM]pZ (In_k)
m=0 m=0

We choose I = (n/k)""=*) and we get

dP(z) koo n\n/tn=k) Is\" " &
< - AR Mp (1 — (2 =
/S|S|ZSA ‘$|k _n—k'(k‘) W P( (A n

We now optimize by taking A = (k/n)Y/ (k) (wnMp)_l/”, whenever |s| <

(k/n)/ (n=k) (wnMp)_l/", and we arrive at the result taking also into account
that |S™ 1 = m wy,.
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it) Case k =n — 1.
2 f(x)dx
n—1
ep (8) = 7g— <
: 1S S st <taly [2]n=2y/J2]? — [s]2

=(/ /
< e + <
|5 < |s|<|z|<|s|+A4 |s|+A<x|>

2 1
< S f s|+ A2 —|s]2 +
= |Sn-1 <‘ Al Hoo\/(‘ | ) 5] (1| + A)n—2 WS’ ] 12)

Assume |s| < A then

o) < o (197 e vBA + i

n—1 1/n
We optimise by taking A = ( > and then
V3151 || flloo
n—1 n—1 _ 1\1/n
P716) < o (15711 V) <<n s () )

<2V3||f s

whenever |s| < Cv/n || fllco /™ for some absolute constant C' > 0.
U

Remark 4.8. Our result i) gives (assume Mp = 1 for simplicity) an upper
bound in the range |s| < (& )1/(n ")y 2 /"(< ey/n). By looking at the trivial

estimate given by
k 1
k 1
<[|[1l——=|w 73 Jpr—
¢IF’(S) = < ) n—kWn |S|k

we conclude that in the range |s| > Cw,, 1/n( Cy/n),

k( )S (1_5) Wn—k

wp\S Ck _k

The computations in the beginning of this section show that for k =
(1—=XNnork=mn-—4{ 2 </ the function k(s) is bounded in the range
|s| > C'/n by c1e~“". Therefore, in both cases the distribution of &(s) is
concentrated on |s| < ¢y/n (constants depending only on A or £ respectively).

Corollary 4.9. Under the hypothesis of Proposition 4.7 we have in partic-
ular,

i) if k = (1—X)n, then go(l An () A2 (1=N/2 < C()\)MI;_)‘, for all s € R*
and for some constant C'(\) > 0 depending on A,
ii) if k =n—{, 2 </ fized, then cpg_e( =< oM for all s € R¥
and for some constant C(¢) > 0 depending on ¢.
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By comparing with the case of the Euclidean ball, we see that the bounds
are sharp for all s in the case ii) and also in the range |s| < 1 (say) for all
values of k.

Remark 4.10. We can improve the numerical constants for central sections
of star-shaped bodies: Let 1 < k <n — 2 and let K C R"™ be a star-shaped

body of volume |K| = 1. Let rD,, be the Euclidean ball of volume 1 (of

radius r = wgl/"). Then,

kE=n
P (s) <@k (0) < @bp (0) =wnpwn™ , Vs eRF
Indeed,

n—k—1 2, n=k=2
k S ! E 2 dz
hls) = S (1-25) 7 ok
K 1S S ke s} |z [? |2 |F

| Skl dr 4 Wik 5
= |Sn—1‘ K |x]k = ¢k (0) = o Wk(K)

Where Wy (K) denotes the k-th dual mixed volume of K (see [BBR]). Now,
k

by the dual Minkowski inequality Wj,(K) < w/, since | K| = 1 and the result
follows.

We aknowledge M. Romance for useful discussions in the preparation of
the paper.
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