FROM JOHN TO GAUSS-JOHN POSITIONS VIA DUAL
MIXED VOLUMES

JESUS BASTERO, JULIO BERNUES, AND MIGUEL ROMANCE

ABSTRACT. We investigate the optimization of the dual mixed volumes
{Wi(SK),O € SK C D, where K C R" is a convex body, D, the
euclidian ball and SK runs over all positions of K. When S is linear we
give necessary and sufficient conditions for K to be in extremal position
in terms of a decomposition of the identity. We consider affine problems
and we also present an approach involving parallel sections of K which
can be understood as a dual fractional Kubota formula.

1. INTRODUCTION AND NOTATION

A large number of relevant positions of convex bodies can be characterized
as the solution of suitable defined optimization programs. These special
positions have been used in different areas of mathematics and have been
proven to be very useful tools for applications. Perhaps the first example is
the classical F. John Theorem [J] which, for a convex body K in R™ and D,,
the euclidian ball, characterizes the affine position SK that maximizes the
function vol(SK) = |SK| with the constraint SK C D,,.

In [GM], important positions of convex bodies such as, the ¢-position,
M-position, minimal surface area position and others, appear as solutions
of optimization problems. For instance, problems involving mixed volumes
such as min{W;(TK) | T € GL(n)} with constraint det(7") = 1, were inves-
tigated. In this type of results, necessary and sufficient conditions are given
in terms of either a decomposition of the identity or of isotropic properties
of certain Borel measures.

More recently, in [LYZ] the extremal problem of minimizing the total L,-
curvature was considered and it was showed that some classic problems can
be reformulated in this context. In [BR1] and [BR2], the authors started
the study of optimization programs involving dual mixed volumes with con-
straint det(7") = 1. They obtained a complete characterization of the M M*-
position and also of the solution of min{W;(TK) | T € GL(n),detT = 1}
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for i € (—00,0) U (n,00), where W;(K) is the dual mixed volume defined as

W) =+ [ At

n

for any i € R, K containing the origin (see [L1], [BR2|, [Ga]) and px is the
radial function given by

pr(z) =max{\>0:\z € K}

for x € R™ \ {0}. In this mixed dual volume framework, John’s theorem
can be understood as an optimization problem for Wo (TK) with constraint
TK C D,.

In [GMR] the authors introduced the Gauss-John position which corre-
sponds to the solution of the optimization problem Wn+1(TK ) with con-
straint TK C D,. This is in fact the origin of this research since in that
paper the authors give necessary conditions for a centrally symmetric convex
body K to be in Gauss-John position.

In the second section of this paper we consider the optimization program

{Wi(TK),0€ TK C D,,T € GL(n)}, i€R

and we investigate necessary and sufficient conditions for I, the identity, to
be the optimal solution.

By using a general optimization theorem by F. John [J], our first result
(Theorem 2.1) gives, for all indices i € R, a necessary condition for K to
be in extremal position. Next, for a range of indexes we obtain sufficient
conditions and uniqueness up to orthogonal transformations (Theorem 2.4).
Depending on the index we are considering, the methods we use vary from
the simpler Lagrange multipliers technique to more delicate estimates in-
volving the Laplace-Beltrami operator.

In particular, we deduce from our results that the necessary condition
obtained in [GMR] for the Gauss-John position (i = n + 1) for a symmetric
convex body, is necessary and sufficient for general convex bodies containing
the origin.

In the third section we study the role of translations and consider, for
centrally symmetric convex bodies, the optimization of

{(Wila+TK), 0€a+TK C Dy, a€R", TeGL(n)}.

Note that since the dual mixed volumes are not affine invariants of K and
there is no explicit formula that relates the radial functions of K and a+ K,
these affine optimization problems are different from the linear ones above.
We show that affine optimization and linear optimization are equivalent
for centrally symmetric convex bodies and for a certain range of indexes.
Furthermore, we develop an alternative geometrical approach and we state
a new formula for W;(L) in terms of its parallel sections (see Theorem 3.4
below) with the aid of some ideas by Koldobsky in [K]. The formula is also
proved to be and extension of dual Kubota recursion formula and it is of
independent interest.
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In the last section we consider two questions that measure the distance
from the extremal positions to the euclidian ball. For K centrally symmetric,

Wi(Dy,) ) nl,i‘

we estimate their geometric distance and the parameter ( =

Wi(TK)
We denote by |- | the k-dimensional Lebesgue measure of a subset in R”
and for k = n we put |- |, = |-|. Notice that |- | may also represent the

euclidian norm, but the context will avoid any confusion. The rest of the
notation is standard and can be seen in [Gal, [L1] or [Sc].

2. NECESSARY AND SUFFICIENT CONDITIONS

For any ¢ € R we consider the optimization of
{Wi(TK),0€ TK C D,,T € GL(n)}.

It is easy to see that a solution exists and that our problem is to maximize
Wi(TK) if i < n and to minimize it for ¢ > n. Note that for i = n,
Wi(TK) = |D,| and there is nothing to prove.

Since W;(UK) = W;(K) for any U € O(n) and any regular matrix T’ can
be decomposed as T'= S1U = V' Sy with U,V € O(n) and 51, S2 symmetric
and positive definite, we can suppose that the matrix 7" is symmetric and
positive definite and identified with an element in R™(+1)/2,

Observe that 0 must actually belong to the interior of K when i > n.
Indeed, if 0 € OK then pg(u) = 0 at least for all u in a half sphere and so

Wi(K) = oo.

Theorem 2.1 (Necessary condition). Let K be a convex body such that
0 e K C D, and let i be a real number. If K is in extremal position for the
problem {W;(TK),TK C D,,,T € GL(n)} then, there exist contact points
wi,...,wy € OK NS 1 with N < n(n+1)/2 and \i,..., A\n > 0 with
Z;VZI X = 1, such that

N
(2.1) I—i/s _1u®udui(u)+(n—i)z/\jwj®wj
j=1

where du;(u) is the probability on S™~' with normalized density

) = dysge(w) = pi o)/ [ i ) ()

and do(u) denotes the Lebesque measure on S™ 1.

Proof. By using polar coordinates it is easy to check that

~ 7 d
Wi(rK) = "= detT/ o
n ki |Tx|*

K, if i <mn,

i
where K' = { R™\ K, otherwise
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Assume that K is in extremal position. It is clear that the compact
W = 0K N S™ ! must be not empty. The result can be obtained as a direct
consequence of a well known theorem of John (see [J]).

Theorem 2.2 (John). Let Q C R™, Q; C R! be (non empty) open sets and
S C Q compact. Let F: Q — R and G: Q x Q; — R be CY functions. Let
A={x e Q| Gy >0,Vy € S}. If F attains its minimum value at
xo € A, then there exist y1,...,ys € S and Ao, A1, ..., s € R such that

e 0<s<mand g >0, Ai,..., s > 0.

° G(@"O,yl) == G<37073/s) =0.
o The function ®(x) = A F(x)—>__1 \jG(z,y;) verifies V&(xo) = 0.

Let 9y =R” and S = K. Let Q C R"("+1)/2 be defined by

Q= {TeR”"“/?/ < o0}

|Tafi

and G: Q x 3 — R be the function given by G(T,z) = 1 — |T(z)|>. The
set A={T€ Q| G(T,z) >0,Vx € K} is just the set of elements T" € 2
such that TK C D,,. A is a compact convex set.

In the case i > n, we want to find necessary conditions for the identity I
to be an minimum of F(T') = W;(TK) on A (the case i < n is the same by
just considering the function —F).

By direct computation, it is easy to show that

o w([,x) = 2(zx®x).

OF(T) .~ i—n [ (=)
* 5T (I) = Wi(K)I + - /K’ |x’i+2(x®x)dx.

So, by John’s theorem there exist yq,...,ys € OK N S™ ! and Ay > 0,
Al,--.,As > 0 such that

Ao (Wi(K)I+ Z;n/ A é}g(:ﬂ@x)dm) + ) Ak @y = 0.
K k=1

By taking trace in the equation, \o(n — i)W;(K) + Z Ax = 0 and so, if we
k=1

S
write ¢, = m, we have that Ztk = 1 with ¢t; > 0 for all k¥ and
k=1

I 7 r®xr dr u
PR~ n/;<i|w|”2Wi(K)+§ EYE @ Yk

If we finally take polar coordinates the result in the statement of the theorem
holds. O

An alternative proof of Theorem 2.1 could have been made using separa-
tion theorems techniques in the spirit of [Ba].
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Remark 2.3. Recall that a Borel measure p on S"! is isotropic if there
exists ¢ > 0 such that its inertial matrix is multiple of the identity, that is

/ u@udp(u) =cl.
Sn—1

Now, condition (2.1) can be seen as the isotropy of a (real) measure whose
absolutely continuous part (with respect to the Lebesgue measure on S™~1)
is idp; and its singular part is concentrated on contact points. For ¢ = 0
(John’s theorem) we only have singular part.

Theorem 2.4 (Sufficient condition). Assume that a convex body 0 € K C
D,, satisfies the condition (2.1). Then,
(1) Ifi e [-2,00]U[n+1,400), K is in extremal position.

(2) If i € (—o0,—2) U (0,n) and the measure du; is isotropic, K is in
extremal position.

Moreover, the position of K is unique up to orthogonal transformations.

Proof. For simplicity, we express the necessary condition (2.1) as

I:i/ u®ud,ui(u)+(n—z')/ w Q@ wdv(w)
Sn—1 Sn—1

where dv is a probability measure concentrated on W = 9K N S™~ 1.

This implies that, for every diagonal matrix D,

(2.2) tr(D) = z/ (u, Du) dpi(u) + (n — z)/ (w, Dw) dv(w).
Sn—1 Sn—1
Let T be a symmetric positive definite matrix such that TK C D,,. Write
T = U*DU where U € O(n) and D a diagonal matrix D = (d;) with d; > 0.
Denote UK = K7 and observe that DKy, C D,, and, moreover, that it also
verifies (2.1) and (2.2) with measures dji; = du; x, and do supported on
OK1 N S™ ! (the image measure of dv under U).

Casei>n+ 1.

We want to show that Wi(DK;) > W;(K)).

By using Laplace-Beltrami operator the following identity was stated in
[BR2] (Proposition 2.2)

(n—1) / (Vhics (u), DVl () dor(u) =
Sn—l
= tr(D_l) /Sn_l p}l{:i(u)da(u) —i/sn_l p?{:%u)(u,D_lu)da(U),

where K7 is the polar set of K1 and hgo () its support function.
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Now, Holder’s inequality for the conjugate indexes p = i—n and ¢ = ii;ﬁl

yields (the case i = n + 1 is a trivial equality),

L hwsee ™ ot
1 i—m—1

= ( /S héB%no(“)dU(“)) - ( /S . p}%ji(u)da(u)> L

- 1 ~ 1 _¢1 n—i
Wi(DKy)™=r = Wi(Ky)ir 1/3 ok ()P, T (w)do(u).

n

By the inequality h(pg,)o(u) > <VhKf(u),D_1u> (see [Sc], p. 40) and
formula above we have

T L T L g1 - n—i
Wi(DKy)=n > Wi(Ky) = 1”/5 _l(thf(u),D 1u)pK1 () do(u) =

7

= Wl(Kl)ﬁ [ .t’r’(D_l) —

n—1 n—1

/ (u, D= ) dfis(w) |
Snfl

On the other hand, by the necessary condition (2.2),

~ 1

W1<DK1) i—n

1

> Wi(K,)en /Sn_1<w,D_1w> dv(w).

Observe that for any D € GL(n) diagonal (w,w)? < (w, Dw)(w, D~'w). So,

— Zdﬁ w w, Dw) {(w Dilw dv(w
1 /S”_1<CU,CU> ( )S /Sn—1< ) > < ) > ( )
w 1w v(w
< /Sn1< ,D >d ( ),

and since DK C D,,, we have (w, Dw) < 1. Therefore, W;(DK;) > W;i(K;).

Case i € [—2,0].

Clearly,

W;(DK))

AN det(D) /Sn_l |Du|™" dji;(u) < det(D) (/S

Wl

IDuP dii) )

n—1

z
2

—aet(D) ([ 0 D%00) (o)
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On the other hand, by the necessary condition (2.2) and DK C D,,

[t D) diste = S 22 g ) avfe)
Snfl Snfl

2 1

_ D7) _n—i /S D) di(w)

7 7

L er(D?) = (n — 1)) < det(DY2/.

<-
i

The last inequality is a consequence of a linealization of Holder’s inequality
for negative exponents. Indeed, let aj,...,a, > 0 and p > 0. The two
following facts are elementary

1 “ N\~ i 1/n 1 -
(n;ajp> pg <j1;[1aj) and 1_§($—1)§x Ur. x>0

As a consequence we have that

G ) = (fle)”

Jj=1 Jj=1

and the result follows by taking p = —i/n, aj = 2.n/i, 1<7<n.

Case i € (00, —2) U (0,n).

We use once again the fact that if a Borel measure du on S™~ ! is isotropic,
then U(dp), its image measure under U € O(n) is also isotropic. This
implies that, as in the previous cases, we can restrict ourselves to D diagonal
matrices such that DK C D,,.
If DK C D,, then / |Dw|? dv(w) < 1 and so, by the necessary condi-
-1

Sn
tion (2.2) and since dp; is isotropic, it is enough to show

Wi(DE) _ (T -
WiK) <j1;[1dj> /Sn_1 | Du| ™" dp;(u) < 1

n

under the (weaker) constraint Zd? < n. This function has a maximum
=1

value but, by differentiating, it cannot be attained at interior point.

Wi(DK <
It remains to study max{ f( )} under the constraint Z d? = n. By

Wi(K) =1

the AM-GM inequality, (H d?) ! < —( E d?) < 1so, H d; < 1. Hence,
n
i=1 i=1 =1

it suffices to show g(D) = / |Du|"*dp;(u) < 1 under the constraint
Sn—1
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n
Z djz- = n. By using Lagrange multipliers we get that every extreme point
j=1
satisfies

—i/ \Du|_i_2u§dui(u) =2\
Sn—1

for all j =1,...,n and some A € R. Therefore,

—1 . i 2\n
oD) = [ ADul ) =3 [ Dul ) = 2
Sn—1 = Sn—1 2
Hence,
/Sn_l |Du|~*dp;(u) = n/sn—l \Du|7i72u]2~dui(u) (for each j)
- /s [Du| ™72 Y wfdpi (u)

j=1

= /Sn1 | Du| = 2dp; (u).

If i < —2 by Holder’s inequality (p = —i/(—i —2) > 1) we get that

' ' 1+2/i
[ 1Dl ) < ( / |Du—’duz-<u>)
Snfl Snfl

‘ 142/
= </Sn1 |Du’2duz(u)> R

' —i/2
which implies (/ ]Du\_’_zd,ui(u)> <1 and therefore g(D) < 1.
Sn—1

If i € (0,n) we take p = (—i — 2)/(—i) > 1 and we use again Holder
inequality to obtain that

' ‘ —i/(=i=2)
[t < ([ 10 )

| —i/(—i-2)
([ o)

which implies g(D) = / | Du|~tdp;(u) < 1.
Sn—1

The uniqueness (up to orthogonal transformations) is obvious in all cases
due to the consequences of having an equality in the corresponding inequal-
ities. ([

Remark 2.5. In the particular case when K is the unit ball of a 1-symmetric
norm, both the absolutely continuous and the singular parts are isotropic,
it verifies the necessary condition (2.1) for all ¢ and so K is in extremal
position for all indexes in theorem 2.4.
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3. FROM THE LINEAR PROBLEM TO THE AFFINE PROBLEM FOR
CENTRALLY SYMMETRIC CONVEX BODIES

The results in the previous section characterize, for a range of indexes,
the position of a convex body that is the solution of certain linear problem.
Since the dual mixed volumes are not affine invariant one can wonder if we
can also characterize the solution of a affine extremal problem of the type

max{Wi(a+TK); 0ca+TK C Dy,a € R*, T € GL(n)} (i <n),
min{Wi(a+TK); 0€ a+TK C D,,a € R",T € GL(n)} (i > n).

By making use of John’s theorem it is possible to state some necessary
conditions of the extremal positions but, in general, we can’t prove that they
are sufficient. Despite this inconvenience, if K is centrally symmetric we go
further and prove that, for positive indexes, the linear extremal problem and
the affine one have the same solution.

We start with a simple observation that shows that the origin plays an
special role for symmetric convex bodies.

Lemma 3.1. Let L C D,,, symmetric with respect to a point a € R™. Then,
(i) L—aC D,
(i) (L — a) N S™~1 £ () implies that a = 0.

Proof. Let x € L. Since 2a — x € L, by the convexity and symmetry of D,
we have x —a =x/2 4 (x — 2a)/2 € D,,.
Let z € L such that x —a € (L — a) N S" L. Then,

z T —2a
1=|z—a| < H <1
|z —a| < 5 + 5 <
and so this forces x — 2a = Az, for some A > 0 and |z| = |x — 2a| = 1 which
means A =1 and a = 0. (]

In the next proposition the first assertion in the previous lemma will
allow us to reduce the affine problem to the comparison of W;(TK) and

Wi(a+TK). The second one will imply that the extreme values are attained
only when a = 0.

Proposition 3.2. Let K C R" be a centrally symmetric convex body. Then,
(i) If i > n,
min{W;(TK); TK C D,}
=min{Wi(a + TK); 0€a+TK C D,}.
(i) If 0 < i <n,
max{W;(TK); TK C D,}
=max{W;(a+TK); 0€a+TK C D,}.
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Proof. (i) If we let 0 € a + TK C D, in order to prove that
Wila+ TK) > min{W;(TK); TK C D,,, T € GL(n)}

it is enough to show Wi(cH—TK) > Wi(TK), since, by Lemma 3.1., a+TK C
D,, implies TK C D,,. ~ .
If 0 is not an interior point of a + TK, Wi(a + TK) = 400 > W;(TK),

while if 0 is an interior point, since f(x) = 2™ " is a convex function on
(0, +00),

T 1 1 n—i 1 n—i
Wila+ TK) = /S ) P~ do(u)

1 1 1 e
> — 7:0a+TK(u> + 7pa+TK(_u) da(u),
n Sn—1 2 2

but if we denote by E, the 1-dimensional subspace given by u € S*~!, then
ParTi (W) + parTr (—u) = (a + TK) N E,,. Therefore, since TK is centrally
symmetric and by the 1-dimensional Brunn-Minkowski inequality, we get

that
Wi(a +TK) > 1/ (’(HTK)“E“‘> do(u)
n Sn—l 2

1 TKNE,|\""
/ <’m“> do(u)
n Snfl 2

v

(ii) As before, it is enough to prove that if 0 € a + TK C D, then
(3.3) Wila+TK) < Wi(TK).

Recall that
dx

K |$—a|i

Wi(a+TK) = ";Z/
T

so the inequality (3.3) is a direct consequence of the following lemma, since
du(x) = xrr(z)dr is symmetric and log-concave and the function |- |7 is
quasiconcave (and so unimodal, see [Bh]).

Lemma 3.3. Let p be a symmetric log-concave measure on R™ and let f
be a unimodal function on R™ (i.e. a function which is an increasing point-
wise limit of positive linear combinations of indicator functions on centrally
symmetric convez in R™, see [Bh]), then

flx —a)du(z) < [ f(z)du(z)
R Rn

for all a € R™.



FROM JOHN TO GAUSS-JOHN POSITIONS VIA DUAL MIXED VOLUMES 11

Proof of the Lemma. It is well known that p(a + D) < p(D) for any
a € R"™ and D a centrally symmetric bounded convex set in R™. Since f is
unimodal we have

Zam,JXDmJ T f(z)

for all z € R", where a,, ; > 0, DmJ are symmetric bounded convex sets for
m=1,2,... and j =1,2,..., N,,. It is now clear that

fm(@ —a)dp(z) < [ fr(2)dp(z)
R" R®

and therefore the monotone convergence theorem gives the result.
O

3.1. A geometric tomography approach. Taking into account the proof
of the case i > n in proposition 3.2, we wonder if an alternative geometrical
argument involving sections (in the spirit of the geometric tomography)
could be used for proving (3.3) in the range 0 < i < n.

The answer is affirmative when i € (n —1,n) and ¢ =1,...,n — 1 simply
by computing central sections while for the other values of ¢ > 0 we need to
deal with averages of parallel sections. Let us describe this approach in this
subsection.

Since the function f(z) = ™" is concave we could proceed for i € [n —
1,n) as in the case (i) in proposition 3.2.

Let i = 1,...,n — 1. If du denotes the Haar measure on the Grassman
manifold G(n,n — i) of all (n — i)-dimensional subspaces of R" and dug the
Haar measure on the Sphere in the subspace £ C R", it is easy to check
(see, for example [Ga], [L2], [GV]) that

Wila+TK) = C, / / pa;;K(u) dpg(u) du(E)
(ny,n—i) JS"—INE

n—i

:C'n/ (a+ TK) N Bls du(E),
n,n—1i)

where C), is a renorming constant. This formula is known as the dual Kubota
formula. By Brunn-Minkowski inequality and since K is centrally symmet-
ric, [(a+TK)NE|,—; < |TK N E|,—; and so this fact would directly imply
that

Wila+TK) < C, / ITK N El|,_i du(E) = Wi(TK).
TL n— Z

In order to go further with other indexes we first prove the formula (3.4)

that relates the dual mixed volumes W;(L) and the parallel sections of L.

This is shown to be an extension of dual Kubota formula for the range ¢ < n
and it has an independent interest.

We need to introduce some notation. Consider the orthogonal group

O(n) equipped with its normalized Haar measure dv. We identify each
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U € O(n) with the n-tuple (§1,...,&,) of orthonormal vectors in R™ such
that Uej = ¢j,7 = 1...n, where (e;) is the canonical basis in R”. We denote
by Ux = (&1, -+, &) the n x k matrix composed by the k first columns of U.
For 1 <k <n, L C R" a star body, U € O(n) and s = (s1,...,S), we
denote,
AL, ’Lﬂ s1€1+ - oskr +{& - Gk e
For k = n this definition should be understood as a characteristic function,
that is, A{jn (s)=1if Zsj§j € L and A{}n (s) = 0 otherwise.

Theorem 3.4. Let L C R"™ be a star body and let © € R and k € N with
i1 <k<n,keN. Then

(3.4) Wi(L) = e(n, k, ) /R k ( oy A du(m) o

where c(n, k,i) =

Proof. Observe that, since the function Agk is of bounded support and ¢ < k,
the right hand side integral is finite.
Assume that U € O(n). By Fubini’s theorem is clear that

/ Ak (9% / (@ 0), - (o 60) ] (@) da
Rk |S| n

Now, again by Fubini’s theorem,

/ /Rk |S|’ / /\ (@,60), ., (2,6)) " dz dv(U)
/L]a:| /O(n) ( ‘m’,& 7<’x|7§k>>

By the orthogonal invariance of dv and (-, -), the inner integral is independent

of z, that is, / (e, &1), - -, (e,&))| " dv(U) is constant on e € S*~1. Tf

O(n
we denote this integral as I(k,n) we have thus proved so far that

I(k,n)n’iim(L) :/Rk ( 5 )Agk(s) du(U)) fj

Since the formula above holds for any L we consider L = D,,. Clearly,
Wi(D,,) = |Dy|. On the other hand, Ag: (s) is independent of &1, ..., & and

n—k
ADM(s) = XD, ()(1 = |s[*) "2 [ Dy

dI/(U).
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Therefore,

/Rk</0(n)‘4 (s)d <>> o =10kl [ (=)

And, by integrating in polar coordinates and ¢ being normalized, this is

equal to
1
k| D) | Dy </ P — r2)”z’“dr> :
0

1 . n— ]_ *k k* )
By direct computation,/ rkil*’(l—TQ)deT=§ﬂ(n2 +1, 5 Z)and
0
- . E|Dg||Dp—k| , n—k k—1
1 n
ki) = 1 .
so, ¢, i) = S P 1, B
m/2 ['(a)T(b)
T a
Finall Il that |D,,| = ————= and ((a,b) = =———=,a,b
inally, recall that | D,y,| I+ (m)2)) and fB(a,b) T(a+b) a,b>0
to simplify ¢(n, k, 7). O

The following corollary shows that, as ¢ — k™, we recover the formula
for Wi(L) in terms of the central sections of L, that is, the dual Kubota
formula (see [L2], [GV]).

Corollary 3.5. Let L C R” be a star body, i <k <n—1,k,n € N. Then,

lim ¢(n,k,i / / A (U) ds = Cn,k/ |E N L|p—r dp(E)
i—k~ Rk ’ "L G(n,n—k)

Proof. Let ¢ be CY-function of compact support on R¥. Then, by integrating
in polar coordinates,

1 ¢(s) 1

ds— — [ ppr 0) do(0) dr.
i fo TP =y ) T L e e @ar

Denote ®(r / #(r0) do(6) which is also CY-function of compact sup-
port on R. By mtegra‘mon by parts we have

1 % k1o R Oork—i ' dr
I‘(k;’)/o r q)(r)dr_(k—z)F(%)/o ®'(r) dr.

Now, since lim (k —4)I'(
1—k— 2

lim 1 qﬁ(sA) ds = 1

i—k— I ( ) Rk |S|Z 2

o (55 1)¢(0).

And so, by an approximation argument we have that

lim / Ap, (s)dv(U = nk/ At (0)dv(U).
i—k~ JRk O(n) ’ ’Z
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Now, by the integration formula in [K] Lemma 1 which is consequence of
the conditional expectation theorem,

A Ovv) = [ au(E) A, (0)dv(Uy)

O(n) G(n,k) &1,..,rEE

where dv(Uy) is the Haar measure in O(k). Finally, since Aﬁk(O) = |LN

{&1,. .., &} n—r and the uniqueness properties of dp
[ aboar= [ pnEtadeE) = [ Lo H|odu)
O(n) G(n,k) G(n,n—k)

O

Remark 3.6. Let f be a (say) continuous non-negative function on S"~!. Let
i €R, k€N asin 3.4. Consider the set L = {x € R"; f(z) > 1}, where f
denotes the (i—n)-homogeneous extension of f on R™\{0}. L is clearly a star
shaped body and its corresponding radial function is pyp(u) = f(u)/ (=9,
for all w € S™~!'. Then, by the same arguments as in the proof of theorem

3.4,
p(u) =c(n, k, 1 LU s)dv(U —ds..
/Snl f(u)dp(u) (n, k, )/Rk (/(n) Ap, (s)dv( )> |s|?

Moreover, by taking limits as in 3.5 and integrating in polar coordinates we
recover the formula

| f@dnte) = s [ L0 H]adu()
Snfl

G(n,n—k)

- / du(H) f(@) dpp (),
G(n,n—k) Sn—1nH

which in particular also implies the recursion dual Kubota formula ([Gal,
[L2], [GV]).

We return to the inequality (3.3). Let 0 < i < k <n — 1. Now it is clear
that Wi(a + TK) < W;(TK) since

Wi(a +TK) = anz/ </ A?]JFTK(s)dS) dv(U)
Oo(n) \JRx F

|s[*

ds
= Cp ki ATKS.>dVU
N /O(n)(/m H o)) )

where by = ((a,&1),...,(a,&)) for any U(&1,...,&,) € O(n). Since the
function Agf (s) is even and log-concave by Brunn-Minkowski inequality,
we easily deduce (3.3).
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4. FURTHER REMARKS.

The results in section 2 allow us estimate two parameters that measure
the distance between the extremal positions and the euclidian ball.
For K, L C R", their geometric distance is defined as

1
de(K, L) = inf{ab | aK C L CbK,a,b> 0}.

Theorem 4.1. Let K C Dy, be a centrally symmetric convex body and i # n
and assume that K is in extremal position for the functional Wi(TK). Then

an,iDn C K C D,,

where
1

n—i

1/1;". for 0 <i <1,

(2

§ n i—n41 1/(i—n)
ﬁ <F(2)F(.2)> for i € (n,0).

for i <0,
(45) an,i =

Vvl (3)
Proof. By Theorem 2.1, K verifies
N

In:i/ u®ud,ui(u)—f—(n—i)g Ajwj @ wj.
Snfl B
J=1

Let y € K°. Then [(y,w;)] <1, forall 1 <j < N and so

N
1 )
P = i) P) dista) < 32 = 1
n-—1 Sn—1 ]:1
1—i al
If 0 <i < 1, we have / ly|?dpi(u) < Z)\j = 1, which implies
n-—1i Sn—1 le

n—1
|y|§\/1_i and so

If i < 0, we have in this case 1 >

1—1

n—1

D, C K CD,.

1 2
Pt = W an
Snfl n—1

n—1

1
D, CK CD,.
Vn—i "o

If i > n, use the inequality |(y,w;)| < |y, for all 1 < j < N and so

N
1 .
o (P = 1)) dista) < 2 S A = 1o
i=1

n—1

or equivalently, (i —n + 1)\2/|2 > 2/ ](u,y)|2d,u,-(u).
Snfl
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Since pr(u) ™' = [Jullx > |(u,y)| we have

/ [, ) Porc (w)™ o (u) > / (u, )" 2do (u)
S‘lL*l

Snfl
27F”T*1 T (ifn+3)

2
» |y
r(“2)

Assume that K is John position for K. Then = D,, € K; C D,, and
N
1/vn < pk, (u) < 1, for all w € S"1. Thus

|i—n+2'

Wi(K) < Wi(Ky) < (;5) D,

and therefore

o
2, (V)" "2z T (=55 i—n+2
o o) Pat) 2 S S
_ P —n+ DT (5) T (S5 -,
) wir (3

vl (3)

L) (=5

1/(i—n)
Hence, |y| < v/n ( )> and the result follows.

O

W;(Dy) \ 7t
Finally, the second parameter is (M) , a natural extension of
Wi(TK)
the volume ratio (i = 0), for the extremal position of K. It turns out that
the estimate using John’s position provides sharp upper bound, being the

reason that for unit balls of 1-symmetric norms all positions coincide.

Proposition 4.2. Let K C R" a centrally symmetric convex body and i # n.
There exists position TK C D,, such that
i < <W1(Dn) >1/<m>

Wi(TK) sV

Proof. We consider TK C D,, the maximal volume (i = 0) position of

K contained in D,,. It is well known that %Dn C TK C D,, which is

equivalent to ﬁppn (x) < prr(z) < pp,(z)Vz € R™\ {0} and so,
Wi(Dy) \ 1/ (n=)
1 < - < .
B <Wi(TK)> v
(]

Remark 4.3. For a range of indexes we can prove that these bounds are
sharp for K = BT the ¢}-ball. Indeed, it is clear that B} C D, satisfies
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(2.1) and a standard computation gives

) 21‘* 0 i—n
Wi(K) = |Dn I—2 Zgaey
j=1

—

i)
2 1

where the g;’s are i.i.d. normalized Gaussian variables. Fix p =i —n > 1.
By Holder’s inequality,

Now,

p

n
> giei| = n? (Elgi])?

by using Stirling’s formula it is easy to see that, asymptotically in n,

Wi(K) > CPnP/?|D,y|,

which this gives the result.

[Ba]
[Bh]
[BR1]
[BR2]
[Gal

(GM]
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