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ELEMENTARY REVERSE HOLDER TYPE
INEQUALITIES WITH APPLICATION TO
OPERATOR INTERPOLATION THEORY
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ABSTRACT. We give a very elementary proof of the reverse Holder type in-
equality for the classes of weights which characterize the boundedness on LP
of the Hardy operator for nonincreasing functions. The same technique is ap-
plied to Calderén operator involved in the theory of interpolation for general
Lorentz spaces. This allows us to obtain further consequences for intermediate
interpolation spaces.

0. INTRODUCTION

Arino and Muckenhoupt characterized the class of weights, w, such that the
Hardy operator is bounded on LP(w) for nonnegative and nonincreasing functions
(see [AM]). This class, say (AM),, is composed of those weights for which there is
a constant C' > 0 such that for every ¢ > 0

/too de < ¢ tw(x)dw

P RZ

(see also [L] for an earlier version of this formula). A crucial step in their proof is
the following reverse inequality: if w € (AM),, then w € (AM),_. for some € > 0.

In this note we will see that this fact, the reverse type inequality, has a very
elementary proof by means of some reiteration procedure. Furthermore, we will
show how similar ideas can be applied in the context of operator interpolation
theory for Lorentz spaces, in order to prove that weak type interpolation spaces
are the same as restricted weak type interpolation ones. These concepts require
some notations which will be introduced below but, briefly, in a very particular
case, we say that a rearrangement invariant Banach space, X, is a weak (p, q)-type
interpolation space, if every operator bounded from L? into LP>*° and from L? into
L% is also bounded on X. It is a restricted weak (p,q)-type interpolation space,
if every operator bounded from LP'! into LP»* and from L%! into L% is also
bounded on X.
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As usual, a Banach space (X, | - ||) of real-valued, locally integrable, Lebesgue
measurable functions on I (I = [0, 1] or [0,00)) is said to be a r.i. space if it satisfies
the following conditions:

i) If g* < f* and f € X, then ¢ € X with ||g||x < ||fllx (f* denotes the
nonincreasing rearrangement of the function f).
ii) If A is a Lebesgue measurable set of finite measure, then y4 € X.
i) 0 < fu T, sup,en[[fullx < M, imply that f = sup f, € X and [|f][x =
sup,en || fnllx (this property is called by some authors the Fatou property;
see [LT]).

Let A = (A, A1) and B = (By, B1) be two compatible couples of Banach spaces
(see [BL] and [BS]). Let A and B be intermediate spaces with respect to A, respec-
tively B. We say that A and B are relative interpolation spaces with respect to A
and B if every linear operator T satisfying T : A — B (i.e., T : Ag+A; — Bo+ By
and |||l z_5 = max{||T|| ap—Bo, |T|l 4,5, } < 00) maps boundedly A into B.

We are concerned in this paper with the case of couples A and M (A), when A
is a couple of compatible r.i. spaces and M(A) = (M(Ap), M(A1)) is the couple
of the corresponding weak type spaces. For the definition of these spaces we begin
by recalling that the fundamental function of a r.i. Banach space, X, is defined
by ®x(t) = |[x[0,4llx, t € I. There is no loss of generality if we assume ®x to be
positive, nondecreasing, absolutely continuous far from the origin, concave and to
satisfy ®x (t)®x-(t) =t for all t € I.

We denote by M (X) the r.i. space of all measurable functions f for which there
exists f** and

I7lasce) = sup ®x(2)7(6) < o
€

(recall that f** is defined by f**(t) = %fg ).
We will denote by M*(X) the space of all measurable functions for which

1£llar- ) = sup ®x (8) F7 (£) < oo

The function || - |57+ (x) is a quasinorm on M*(X) and it is equivalent to || - || ar(x)
if and only if é € M(X). In this case M(X) = M*(X).

Since i is a decreasing function, it belongs to M (X) if and only if it is in the
Aj-class of Muckenhoupt (see [AM], [M]).

Let w be an a.e. positive locally integrable weight defined on I = [0, 00) and let
W (t) be defined by W (t) = fg w < 00, Vit < co. We assume that lim;_,o, W (t) = oo.
We recall that the classical Lorentz space A(W,p), 0 < p < oo, is the class of all
real valued measurable functions on I such that

s = (f, F*(Paw ()" < 00 it 0 < p < oo,

AW T Suppag FEOW(E) <00 ifp=o0.
The space A(W,p), 1 < p < oo, is normable if and only if w € (AM), (see [AM],
and [R], [S] for other equivalent conditions).

The letter C' denotes a numerical constant which may change in different occur-
rences.
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1. REVERSE TYPE INEQUALITIES
We introduce the operators

0 -1 | Co@de, (1) = | et (3) de

xT xT

In this framework, the condition (AM), can be reformulated as: there exists a
constant C' > 0 so that Jyw < C Hw, a.e.

Theorem 1.1. Let 1 < p < oo. If Jow < C Hw, a.e., then J,_.w < C Hw, a.e.,
for some € > 0.

Proof. A simple application of Fubini’s theorem shows that
JyHw = HJyw = p  (Hw + J,w)

and that the reiteration of .J, is

(L.1) TP () = ﬁ /toow(x) (%)p_l tog* (%) df

The hypothesis implies that

JPw < CJ,Hw < C(Hw+ Jyw) < (14 C)? Ho.
Therefore, by induction for almost all points
(1.2) JFw < (1+C)* Ho.

We take € > 0 such that e(C' + 1) < 1. We calculate the sum » |° ek_lJék)w by
(1.1) and then we estimate it by using (1.2) to obtain

/too () (é)p_l (%) df <(C+1) i::(e(c +1)*Hw < CHuw,

that is, condition (AM)p—e.

(See also [N] for a different approach to this result).

The same kind of ideas work when one is concerned with Calderén’s operators
involved in the theory of interpolation for r.i. spaces.

Let w be a weight as quoted before. We introduce the operators P, Q defined
for measurable functions on [0, c0) by

PF(t) = W1r(1) ( / t f*(x)”dW(x)) " s,

and

) 1/p
ar=wro ([ parava) L o>
(these operators appear also in [Mal]).

Theorem 1.2. Let 1 < p < oo and let X be a r.i. space. If the operator P is
defined and bounded in X, then there exists € > 0 such that the operator P, defined
by

t 1/p
Pio = (ot [ rarweare)
0
is well defined and bounded from X into X.
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Proof. Suppose that |Pf|x < C| f|lx for f € X. It is very easy to compute that
(Pf)* = Pf and so, the reiteration of the operator P has the expression

t o )71

We consider € > 0 such that eC < 1 and define

N . 1/p
Sn(f)(t) = (Z (P (£(2) ) .

n=0

It is very easy to check that the sequence of functions {Sn (f)}%%_, is nondecreasing
and converges almost everywhere to the function P f. Since

ISn(Dlla < S enCm < oo,

n=0
we conclude from the Fatou property that Pf € X and || Pf||x < C1]/f|/x, and the

theorem is proved.

The analogous result, with similar proof, for the operator @ is

Theorem 1.3. If Q is defined and bounded in X, then there exists € > 0 such that
the operator @, defined by

Q) = (W(trf—l | f*(x)pW(deW(x)) "

is well defined and bounded from X into X.

2. THEORY OF INTERPOLATION OF OPERATORS

In order to see how Theorems 1.2 and 1.3 can be applied in the theory of inter-
polation of operators we should state some previous results.

Let Ag and A; be two r.i. Banach spaces and let ®q, ®; be their fundamental
functions. We suppose that the following conditions are satisfied:

i) For i =0,1,

(C.0) @LA. € M(A).

ii) There exists a constant C' such that, for all ¢ > 0

Dy (t) HX[Ot]
C1 AT L] < C,
(@1 ) | o |, =
C.2 . < C.
(©2) ®1(2) Qo la, —




ELEMENTARY REVERSE HOLDER INEQUALITIES 3187

Condition i) is used in order to obtain the corresponding results for the space M (A4;)
instead of M*(A;). Note that this condition, for i = 1, follows from condition (C'.1).
In fact (let ©f = ®y4; )

1 t dS _ 1 ) X[O,t] (S)
?Aqwﬁ_%m%ml By (s) Xloa(o)ds

< 1 X[0,1] [Ix70,1 /45

= /
(IJO(t) 1 |4, o)

_ H X[0,t] c
(I)O Ao N (I)l(t)'

Conditions appearing in ii) actually mean equivalence conditions between the two
members appearing in the corresponding inequalities. They are really significant
and are satisfied for a lot of couples of classical function spaces (see [Ma2]).

The first consequence of (C.1) and (C.2) is that the peak (flat) part of functions
are in Ay (A1) (it would also be a consequence of Theorem 1 in [Ma2]):

Lemma 2.1. Let f be a function in Ag + A1. Then
I"X0,4 € Ao, " X[t,00) € A1

Proof. In order to obtain the first part, by using standard arguments, we only
have to suppose that f € A; and show that f*xjo, € Ao. Let h be an arbitrary
decreasing function in the dual space Aj with ||h[4, = 1. We have

| remmatones < Il [ s <1l

Lo(t)

Pq(t)’

where we have used Holder’s inequality and the fact that f € A1 = f*(s)®1(s) <
[I/*| 4, Now, taking the supremum in h’s we have

[0}
(2.1) nﬁmm%scmmg%§

For the second part, let f be in Ay and show that f*x[; ) € A1. Let t > 0 be
a fixed real number. It is clear that (f*xjt,00))* < f*(t)X[0,) + f*X[t,00)- S0, if h
is an arbitrary decreasing function in the dual space A}, with [|h[|4; = 1, by using
condition (C.2) we have

/Ooo(f*x[tm))*h < /Ot f*(t)h(s)ds+/tm F*(s)h(s)ds

< FHE)P1() + || f]] a0 /too q}:(f(ss))ds

D1(t) | |[Xit00) @4 (t)
ﬂﬂ%<%@+H®OAJSC%®UMm

and taking the supremum on h’s we get

(2.2) 1f*X(t,00) 40 = C

Ag

< C”f”Al

D (1)
Do (1)

/1l 4

and the lemma is proved.
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We introduce the operator S, which could be named Calderdn operator associated
to our scheme, by

1 1
= ——|/" —||f* t .
Sf(t) (I)()(t> Hf X[O,t]”Ao + (I)l(t> Hf X[t,OO)HAl? vt >0

This operator is well defined for functions in Ag + A;. The following result shows
that the Calderén operator S is equivalent to the K-functional of interpolation
relative to A.

Lemma 2.2. There exist constants C1,Cy > 0 such that if f € Ag + A1, then

a%mﬂﬁmSK(§8jA)g@%mﬂﬁm,W>a

Proof. Let t > 0 be a fixed real number. If we take the decomposition
g=(f—-f(t)senf)xe, h=f-g,

where the set E satisfies {z;|f(x)] > f*(t)} € E C {z : |f(x)] > f*(t)} and

m(E) = t, we have that K (g;g;g : f) is bounded by

/" X0, 40 + i?_g”f*X[t,oo)”A1 < @o(1)S(f)(1)-

On the other hand, let f € Ay + A;. For any decomposition f =g+ h, g € Ay,
h € Ay, since

(9+h)"(s)xp0,1(s) < (97(s/2) + B (s/2))x10,61(5/2)
for all s > 0, by using (2.1) and (2.2) we have

n@+mwmm<c@mm Qﬁﬂw&)

(the constant C' depends on the norm of the dilation operator Ds on Ag and Aj;).
In a similar way

(9 + h)"()X[t,00) (8) < (97(5/2) + B*(5/2))X[t/2,00) (5/2)
for all s > 0, and hence
®4()

o+ 17w s < € (gl + e,

(the constant C' also depends on the norm of the dilation operator D2 on Ag and
Py (t
SO0 < € (lallas + 520

Al). Then
®4(1) )

and, taking the infimum over all possible decompositions, we get

ﬂﬁ@%U<CK< 8J>

The following result characterizes the pairs of spaces which are of interpolation
with respect to the couples A and M (A). The authors are indebted to Mieczyslaw
Mastylo for showing them the reference [DK].
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Theorem 2.3. A pair A, B of intermediate spaces with respect to A and M (A) is
a pair of relative interpolation spaces with respect to A and M (A) if and only if the
Calderon operator S is bounded from A into B.

Proof. The “if part” of the proof is a consequence of the preceding lemma and
Lemma 1 of [DK]. For the other part we use the same lemma and Theorem 3
of [DK]. Note that in our case, since the condition (C.0) is fulfilled, the weak
interpolation (®q, ®1)-property is exactly what we need.

Remarks. 1) As a consequence of the same results of [DK] we obtain that the couples
A and M (A) are relative Calderén pairs (see [C]).

ii) In a very recent paper Kalton (see Theorem 5.3 of [K]) obtained the following
result: Suppose Ag and A; is a pair of r.i. spaces whose Boyd indices satisfy p; > qo-
Then A is a Calderén couple if and only if Ag is stretchable and A; is compressible.

Let us assume now that p; > qp, where

- ~ i log s
P1=Pm(ay) = ML log ||Ds||M(A1)
and
log s
qo = M (Ao) =

m ———
s—0 log HDs“M(AO)

are the corresponding Boyd indices, where Dy is the dilation operator defined by
D,f(t) = f(t/s). Hence

1 Dy Dy,
lim og(H HM(Al)H 1/ HM(AO))

<0
500 log s

and so, there exists a constant C' > 0 such that for every s > 1

| Dsllarcan | Drysliaray < C.
Therefore, if s < ¢,

Do(s) _ 1DsyiX10.0llnrca0)
Dy (s) Dy (s)
1 Ds /el ar(ag) Po(t)
= IDtslarcan 1Pessx10,) Iarcan)

Do (t)
<C30;

Now if M (Ay) is convexifiable, then so is M (A;). Furthermore, the couple M (A)
is a Calderén couple, or in our notation the couples M(A) and M(A) are relative
Calderén couples, and we do not need to assume extra conditions about Boyd

indices. Indeed, it is clear that

X[0,t]

03]

P
= sup o(s)

<C
M(Ag)  0<s<t 03] (5)

which implies condition (C.1), and in a similar way

H — o ) ®a()
) M(Ay) 0<s<oo (I)O(S + t) (I)O(t)

implies condition (C'.2).

X[t,00)
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As a consequence by using the notations in [K] we obtain the following results:

Corollary 2.4. Suppose that X is a r.i. Banach space.
i) If M*(X) is convezifiable and the Boyd index qprxy < oo, then M(X) is
stretchable.
i) If par(x) > 1, then M*(X) is convexifiable and M(X) is compressible, in the
sense of [K].

Proof. We only have to consider Ag = M(X) and A; = LML for i), and
Ag = LP=e®, Ay = M(X) for ii).

3. APPLICATION TO LORENTZ SPACES

We apply the results of the preceding section to classical Lorentz spaces. Let
w;, t = 0,1, be two weights and 1 < p; < oo two real numbers. We will suppose
that the weights satisfy the corresponding conditions (AM,,), ¢ = 0,1, quoted in
the introduction.

In the sequel let A; = A(W;,p;), i = 0,1, the corresponding Lorentz spaces.
Since ®;(t) = W;(t)*/?:, condition (C.0) is satisfied if and only if the nonincreasing
weights Wi_l/ Pi satisfy

l/t dv_ _
t Jo I/VZ(;[;)l/Pz - Wi(t>1/Pi

for some constant C' > 0 and for all ¢ > 0.
In order to ensure that conditions (C.1) and (C.2) are fullfilled we suppose that
there exists a real o, 0 < a < 1 and a C > 0 such that

(Ca) CTIWEP (1) < WP (1) < CWERPO(1).
Indeed
1/
Wll/pl () || X0, < CWéO‘_l)/”l ® ( t dWo(x)> Po e
wo'Po ) Wi, o Wile)) =
and
1/po 00 1/p1
WO (t) X[t,o0) < CW(I—a)/pla(t) dWl(J?)
1/p1 1/po - 1 1/a
WP () | W Ay o Wy (z+t)
t oo 1/p1
< W / LGN / SLEICA N s
o W, (t) t W, (z)

It is worth noting that condition (C,) and the fact that Wo_l/ P> helongs to the

A;-class of Muckenhoupt imply that Wl_l/ P1 also belongs to the A;-class.

We are going to prove that the Calderén operator associated to this scheme is
equivalent to P + @), where

Pro =wi o ( | t i) s
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and

1/q1
Qf(t) =W, P ¢ (/ F*(2)PrdWy (2 )) q,t>0.

Lemma 3.1. There exists a constant C > 0 such that
CTUSF(t) < P(t) + Q(1) < SF(1).

Proof. Tt is clear that Pf(t) + Qf(t) < Sf(t), for all ¢t > 0. For the converse

inequality

o) 1/P1
WTMWMmemWMZWTMWﬂ<A ﬁu+wmamuﬂ

<0W“M>V<WW1 (/f‘pwmmfm]

1/po S 1/p1
PO ]/V 1 * p1
ﬂ’ol/po </ fr(@)rd 0) + H,11/;)1 0 (/t f*(x) dW1> ] .

Sf(t) < C(Pf(t) +Qf (1))

<C

Hence

and the lemma holds.

Next we are going to prove that relative interpolation spaces with respect to
relative Calderén couples of Lorentz spaces coincide. This result extends previous
results in [BR].

Proposition 3.2. Let A be a r.i. space. The following are equivalent:

3.2.4) The pair A, A is of relative interpolation with respect to the couples A,
M(A),

3.2.i1) There exists € > 0, small enough, such that the pair A, A is of relative
interpolation with respect to the relative Calderén couples B, M(B), where By =
AWy, po) and By = AW, py).

3.2.iii) The pair A, A is of relative interpolation with respect to the relative Cal-
derén couples C', M(C), where C; = A(W, 1/1” ,1),i=0,1.

Proof. We remark that M (A;) = M(C;), i =0,1.

3.2.i)) = 3.2.ii). As a conclusion of Theorems 1.2 and 1.3, we can choose € > 0,
small enough, such that the operator P + @ is bounded in A and besides that the
couple B satisfies condition (Cg) for 3 = a(1+¢€)(1—¢€)~! < 1. We apply Theorem
2.3 and so we obtain 3.2.ii), since P + Q is equivalent to the Calderén operator
associated to the couples B, M (B).

3.2.ii) = 3.2.iii). We only need to check that the Calderén operator associated
to the couples C' and M (C) is bounded in A, when py > 1,p; > 1. This fact is an
inmediate consequence of Holder’s inequality

t t 1/po t e 1/pp
/ f*dwol/PO S C (/ f*POWO—EdWO> </ WO— +(Epo)/p0dWO>
0 0 0

< CWy(t) /™ Pf(t)
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and

o oo 1/p1 L) , 1/}
/ f*dwll/Pl S C </ f*PlWOEdW1> </ Wl_l_(ﬁpl)/PldW0>
t t t

< CWA()YPQf ().

3.2.iii) = 3.2.i). This part is well known since each space C;, i = 0,1, is the
corresponding Lorentz space A(A;) (see for instance [BS], Theorem 5.13).

As a corollary we get

Corollary 3.3. Let A be a r.i. space and 1 < pg < p1 < 00 and 1 < qg,q1 < 0.
The following assertions are equivalent:

3.5.1) The pair A, A is of relative interpolation with respect to the couples
(Lpo)17Lp171) and (LPo:%° | [P1:°9),

3.5.ii) The pair A, A is of relative interpolation with respect to the couples
(LP07¢10,LP1,Q1) and (LPmOO7 LPI:OO).

3.5.il1) The Boyd indices of A satisfy pa > po and ga < p1.
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