THE VARIANCE CONJECTURE ON HYPERPLANE
PROJECTIONS OF THE ¢} BALLS

DAVID ALONSO-GUTIERREZ AND JESUS BASTERO

ABSTRACT. We show that for any 1 < p < oo, the family of random vectors
uniformly distributed on hyperplane projections of the unit ball of £7 verify
the variance conjecture

Var | X|?2 < C max E(X,¢)%E|X|?,
gesn—1

where C' depends on p but not on the dimension n or the hyperplane. We will
also show a general result relating the variance conjecture for a random vector
uniformly distributed on an isotropic convex body and the variance conjecture
for a random vector uniformly distributed on any Steiner symmetrization of
it. As a consequence we will have that the class of random vectors uniformly
distributed on any Steiner symmetrization of an £p-ball verify the variance
conjecture.

1. INTRODUCTION AND NOTATIONS

A probability measure g on R™ is said to be log-concave if it has a density with
respect to the Lebesgue measure

du(z) = eV @ dg,

where V : R” — (—00, 0] is a convex function. For instance, the uniform probabil-
ity measure on a convex body and the Gaussian measure are examples of log-concave
probabilities on R™. A log-concave random vector X is a random vector in R” dis-
tributed according to a log-concave probability measure. A log-concave random
vector X is called isotropic if the following two conditions hold:

e The barycenter is at the origin, i.e., EX =0,

e The covariance matrix is the identity I,,, i.e. E(X,e;)(X,e;) = d; 5,
where {e;}?"_; denotes the canonical basis in R", §; ; is the Kronecker delta, (-,-) is
the usual scalar product in R™, and E denotes the expectation. We will also denote
by Var the variance. It is well known that for any log-concave random vector X
there exists an affine map 7', with non-zero determinant, such that T'X is isotropic.
If X is centered then T is non-degenerate linear map T' € GL(n).

Given a centered log-concave random vector X, we will denote by A% the largest

eigenvalue of its covariance matrix Mx

2 _ _ 2
Ax = [Mxlleg ey = max, B (X6,
where S"~! denotes the Euclidean unit sphere in R™.
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The variance conjecture was considered by Bobkov and Koldobsky in the context
of the Central Limit Problem for isotropic convex bodies (see [BK]) and it states
the following;:

Conjecture 1.1. There exists an absolute constant C' such that for every isotropic
log-concave random vector X

Var|X|? < CE|X|? = Cn.

It was conjectured before by Antilla, Ball, and Perissinaki (see [ABP]) that for
an isotropic log-concave random vector X, |X| is highly concentrated in a “thin
shell” more than the trivial bound Var|X| < E |X|? suggests.

The variance conjecture is a particular case of a stronger conjecture, due to
Kannan, Lovédsz, and Simonovits (see [KLS]), concerning the spectral gap of log-
concave probability measures. This conjecture can be stated in the following way
due to the work of Cheeger, Maz’ya and Ledoux, among others:

Conjecture 1.2. There exists an absolute constant C' such that for any centered
log-concave random vector X and for any locally Lipschitz function g : R™ — R
such that the random variable g(X) has finite variance

Varg(X) < CAXE |Vg(X)[2

Notice that Conjecture 1.1 is the particular case of Conjecture 1.2 when g(X) =
|X|? and X is isotropic. One can also consider the particular case in which g(X) =
|X|? but X is not necessarily isotropic. This gives the following general variance
conjecture

Conjecture 1.3. There exists an absolute constant C such that for every centered
log-concave random vector X

Var|X|? < CAYE | X2

This general variance conjecture was considered before in [AB1], where it was
shown that uniform probability measures on hyperplane projections of B and BY
(the unit balls of ¢} and (7)) verify it. In the particular case that we consider X
isotropic this conjecture becomes Conjecture 1.1. However, it is not clear whether
these conjectures are equivalent since the general case is not deduced from the
isotropic case because we are considering only the function g(X) = |X|?. Some
estimates for the constant in Conjecture 1.3, when considering linear deformations
of isotropic random vectors verifying Conjecture 1.1 were given in [AB1] and [AB2].

Not many examples are known to verify these conjectures. Conjecture 1.2 is
known to be true for a Gaussian random vector and random vectors uniformly dis-
tributed on the KZ—balls, some revolution bodies, the simplex, and, with an extra
log n factor, on unconditional bodies and log-concave probabilities with many sym-
metries (see [BaC], [BaW], [B], [H], [K], [LW], [S]). The best general known result in
Conjecture 1.2 adds a factor ni (logn)? and is due to Guédon-Milman, who proved
the best known estimate in Conjecture 1.1 with an extra factor n3 (see [GM]),
and Eldan, who proved that the variance conjecture implies the Kannan-Lovasz-
Simonovits conjecture, up to a logarithmic factor (see [E]). Besides, Conjecture 1.3
(and thus, 1.1) is true for random vectors uniformly distributed on unconditional
bodies [K]| and, as mentioned before, hyperplane projections of BY and BZ (see
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[AB1]), and increments of log-concave martingales (see [CG]). For more informa-
tion on these conjectures and their relation with some other problems in asymptotic
convex geometry we also refer the reader to the monographs [BGVV] and [AB2].

In this paper we approach the study of the general variance conjecture for the
class of random vectors uniformly distributed on projections of By, the unit balls
of £;; 1 < p < oo, onto (n— 1)-dimensional subspaces H = 6+, extending the results
obtained for p = 1, 00 in [AB1]. Namely, we will prove the following

Theorem 1.1. There exists an absolute constant C such that for any hyperplane
H =0+, with € S, if X is a random vector uniformly distributed on Py (By)
we have that if p <n

Var|X|? < Clog(1 + p)AXE|X|?
and if p>mn
Var|X|? < CAYE | X2
Furthermore, if 1 < p < n the set of vectors § € S"~' such that

Var|X|* < CAXE|X|?

has Haar probability measure greater than 1 — 2%

Notice that the value of the constant in the theorem depends on p if p < n and
does not depend on p if p > n. The reason for this discontinuity in the value of the
constant is just technical. Our proof gives a constant C'log(1 + p) for every value
of p € [1,00] and, using a different method we were able to give a better estimate,
independent of p, that holds for values of p greater than n.

We would like to remark that we are considering a random vectors uniformly dis-
tributed on projections of Bj and not the projections of random vectors uniformly
distributed on B. When considering the projections of the random vectors the
situation is much simpler. Even though it is probably straightforward for special-
ists, for the sake of completeness we will give in Section 5 a general result showing
that an isotropic log-concave random vector verifies the variance conjecture if and
only if any of its hyperplane projections does.

A convex body K is called isotropic if it has volume 1, | K| = 1, and for any vector
0 € S~ we have E(X,0) = 0 and E(X,6)? = L2, where X is a random vector
uniformly distributed on K and Ly does not depend on # and is called the isotropic
constant of K. Thus, K is isotropic if and only if the random vector uniformly
distributed on L;(lK is isotropic. Given a convex body K and a hyperplane H =
6+, with § € S~ 1, the Steiner symmetrization of K with respect to H is the convex
body defined as

Sy(K) = {x+t9 CxePpLK, |t < %|Kﬂ(x+ (6)) |}7

where () denotes the one-dimensional subspace spanned by 6. We will also study
the relation between the variance conjecture for a random vector uniformly dis-
tributed on an isotropic convex body and a random vector uniformly distributed on
the Steiner symmetrization of it with respect to any hyperplane. We will show the
following general result, which shows that a random vector uniformly distributed
on an isotropic body verifies the variance conjecture if and only if a random vector
uniformly distributed on any of its Steiner symmetrizations does. As a consequence,
if a random vector uniformly distributed on an isotropic convex body K verifies
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the variance conjecture, then the class of random vectors uniformly distributed on
any of its Steiner symmetrizations also verify the variance conjecture.

Theorem 1.2. Let K be an isotropic convex body and 6 € S"~'. Let us denote
by X a random vector uniformly distributed on K and by Yy a random vector
uniformly distributed on Sy(K), the Steiner symmetrization of K with respect to
H = 0+. Then the following are equivalent

o There exists a constant Cq such that
Var|X|? < CiOXE|X 2

e There exists a constant Co such that
Var|Yy|* < CoAY E |Yo|?

for some § € S"1L.
e There exists a constant C3 such that

Var|Yy|* < C3)3,E |Yy|?

for every 0 € S"1,

where
Cy<C3<2(C1+C) and C; < Cy+ C,

with C' an absolute constant.

The paper is organized as follows: We will prove Theorem 1.1 in Section 4. In
Section 2 we will present some known results that we will use and in Section 3
we will prove some technical lemmas we will need to prove Theorem 1.1. Finally,
in Section 5 we will show the general results concerning the variance conjecture
for projections of isotropic log-concave random vectors and for random vectors
uniformly distributed on the Steiner symmetrizations of an isotropic convex body.
We will always use the letters ¢, C,C’ to denote absolute constants and will use
a ~ b to denote the existence of two positive absolute constants ¢, C' such that
ca<b<Ca.

2. PRELIMINARIES

In this Section we present the tools we use to prove the aforementioned results.
We will use the techniques developed in [BaN]. We will denote by o, the uniform
area measure (Hausdorff measure) on 0B}, the boundary of B, and by uj the
cone probability measure on 0B, defined by

_ HtaeR"aec A,0<t <1}
1By |

ty (A) ACOoBy.
A relation between these two measures was proved in [NR]. For the sake of com-
pleteness we include a short proof of it in the following lemma:

Lemma 2.1. Let 0, and p; be the uniform area measure and the cone probability

measure on aB;L. Then

=n|By [ V([ - [lp) (@)l

for almost every point x € OB,;.
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Proof. Let g : B — R be an integrable function with respect to j;. Denoting by

OtoBy the uniform area measure on t0B; and using the co-area formula, we have
that

1 €T
oty = = [ g () dz
/83;; b |Bp| By [zl

1! 9 (sznp)
551y fomy 01 s

L HY N B () B
1B, oy O
1

_ 9(y) o
- /aBg ABE V0 - I )

(]

Consequently, by using Cauchy’s formula, if H = 6+, X is a random vector
uniformly distributed on K = Py B} and f: K — R is a Borel integrable function

Ef(X) = % IRCE
faBg FPr @)KV 1) (y), 0)|dpy,
faB;} KV ) (), 0) | dpsy
Joy F(Pr(y)) 321y yil?~" sgn(y:)6i] dpsp ()
Sy lyilP=t sgn(yi)0i| dpp (y)

f@B;;

We will use the following probabilistic description of the measure u; (see, for
instance, [SZ1], [BaN], [NR]): Let g1,..., g, be independent copies of a random
variable g with density with respect to the Lebesgue measure

e~ Itl?
2T (1 +1/p)

for every t € R and denote by

" 1

s=(3wr)

i=1

Then
G L g1 gn .
e The random vector g = <§, ceey g) and the random variable S are

independent.

G
) ] is distributed on 9B according to the cone measure p;.
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Hence

Ef (PH (971 ’% ‘Zz 1 ‘?SZP 1 Sgn(.gz)ez
‘Zz 1 ‘%LP 1 Sgn(gz) [

By the independence of % and S, we have

Ef(X) =

 Ef(Pu (%, %)) [0 lgilP " sen(g:)6i]
EfX) = E[>7 [gilP~1 sgn(gs)0s]
_ Ef(Pu(§)) v
Eg ’

where 1)y is defined as

Z |gi [P~ " sgn(g:)0;

i=1

(1) g =

We will sometimes use the notation ¢ instead of ¢y when there is no possibility of
confusion.

The following theorem, which will be used to obtain some estimates for the
expected value of ¢, was proved in [ACCP]:

Theorem 2.1. Let 1 < q < o0, Xq,..., X, be independent identically distributed
integrable random variables. For every s > 0 define

q S
Mle) = q_il </|X1

Then, for every x € R™,

1971 X, |7 P+ / X, |dP | dt
| X1]>1/t

H-‘D—‘

n i
c1(qg — 1)1/qu”M <E (Z |177;X7:|q> < callz||m,s

i=1

where c1, c2, are positive absolute constants and ||x| pr denotes the Luzemburg norm
giwen by the Orlicz function M, which is defined by

lz|lar = 1nf{p>0 ZM('?') < 1}.

=1

We will also make use of the following theorem, which was proved in [KS]:

Theorem 2.2. Let 1 < g < oo and a € R"*"™. Then

1 5 :
n q 1 n X 1 n i}
e (Slaor ) ~ 23 (5 3w
=1 k=1 k=n+1

where af ; € R" s the decreasing rearrangement of a and w runs over all the
permutations of {1,...,n}.

In the same paper the authors showed that when ¢ = 2 this estimate can be
estimated by using an Orlicz function.
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3. SOME PROBABILISTIC ESTIMATES

In this section we will prove several technical lemmas we will need in order to
prove Theorem 1.1. The following lemma is well known:

Lemma 3.1. Let a« > 0 and let g1,...,9, be independent copies of a random

P
variable g, with density with respect to the Lebesgue measure QFE( v and S =

1 ST
(0 1gilP) 7. Then
L)
E|g| _I‘é
e T(52)
r(s)

Proof. The value of E|g|® can be computed directly. Let us compute ES®.

N—

and

a/p
n —llzllp
e p
ES® — ail? :/ o — .
(Z;") e 0 T 17p)

Changing to polar coordinates

’I’L|Bn| e o] "
ES® = ———% / prtele=r" gy
@I +1/p)" Jo
and this expression implies the result. ([l

This lemma implies the following:

Lemma 3.2. Let X1,...,X, be independent copies of X = g> — g*, where § is an
independent copy of g, defined as before. Then, for any 2 < a < eP we have
<E

zn:XZ- ) ) < Cvan.
=1

Proof. By the triangle inequality
T 142« @
1 i
(B|X|*)= <2 (Elg[**)~ =2 Ep) -

Using Stirling’s formula
(E|X|*)* < Ca¥ <C,

since a < eP. Now, since the random variables X; are symmetric, taking 1,...,¢&,
independent Bernoulli random variables, which are also independent of the random

variables X;, we have
«

= EE.

(03

E

>x
i=1

n
E € X;
i=1
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and, by Khintchine’s inequality (see [HA] for the best value of the constant in
Khintchine’s inequality)

" a
€ § X
=1

R

(zw) (Ot S

Hence

n

S

i=1

> S 0102\/0571.

(E

Let us recall that for every § € S"~1, 1)y was defined like

= Z |gi[P~ " sgn(g:)0;
i=1

We will also call

b0 = <Z|gz-|2p20$>
=1

Notice that since the random variables g; are symmetric with respect to the origin,
for any choice of signs ¢; = £1 we have

Z |g:|P~ sgn(g:)0

Thus, taking €1,...,€, independent Bernoulli random variables, by Khintchine’s
inequality we have

E% Z |Ezgz|p Sgn( zgz)ez

Eyy = E.E, =EgE: |> eilgil’ " sgn(g:)0;

=1

> leigil? " sgn(eigi)6;

i=1

1
n 2
E (Z gz-|2“6?> — Edy.
=1

The following lemma gives estimates for the value of Eiy, independent of the di-
rection 6, in terms of the ||f||1, or in terms of the value of Ei)y,, where g is the
diagonal direction.

Lemma 3.3. Let 0y = (ﬁ, ceey %) Then
a) There exist absolute constants C1,Cy such that for any 1 < p < oo and

6ec st c &
L <Eypy< 2
p v

Furthermore, for any 1 <p < 0o and § € S*~!
G E7 < G
p

b) There exist two absolute constants Cy,Cy such that for any 1 < p < oo
&

IE¢90||9II1 < Eypp < *||9||1
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¢) There exists an absolute constant C' such that

Evg < CEapg,.
Furthermore, there exists an absolute constant ¢ such that
1
0{9 e S ey > CELZJQO} >1-— on"
Proof. Let us first prove a):
By Jensen’s inequality we have
- 1 11 1
Egg ~ Ego>EY |gP'07 =Elgl"™" = - ~ 2.
) i)

On the other hand, by Holder’s inequality

DN
i
P
N———
ol

n % 1 T
Eypg  ~ Edy < (EZ |gi|2p_29i2> = (Elg|*7?)* = lg(p)
i=1

1

2p—1 2
(a5 1
pr(1+11—)) VP

In the same way, taking independent Bernoulli random variables and using

Khintchine’s inequality
2p—1 2p—1
Pt _ar() o

Eyj ~ E¢}=E|g> 2= _ 1 ~ L
T ey

Let us now prove b):
Notice that if p = 1, by Khintchine’s inequality Eiy ~ 1 for every § € S"~! and
then the result follows. Assume that p > 1. On the one hand, by Lemma 3.1

n _ C
Eyp <E <Z lgiP~ |9i|> < ;2”9”1-

i=1
On the other hand,
Eipg ~ Egg = El|(|gil"~6:)7_1[lo-
Thus, applying Theorem 2.1 with X; = |g;[P~! and ¢ = 2, we have that
Eapg ~ 10| as,

with

_1_

s t p—1 — P oo —x
M(s) = 2/ / t:ﬂzpﬁeid:ch/ 1 o " Y I
o \Jo F(1+%) 71 F(1+§>

—p* 0o
5 e dr —|—/ e_rdr> dt,
o

—-P
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where p* = P is the dual exponent of p. Let By be the unit ball of [|-[|5;. Taking
into account that the norm || - || is 1-symmetric we have that
n

M C BT
(L, Dl

Thus, for any 6 € S*~!

7]
0]y > 1ollar %Mwnl

—= By, [10]]1.

and so

Evpg > \f

Finally, we prove c):
Since for any permutation 7 of {1,...,n}

1
n 2 n
Byo ~ By = E (Z lgkl2p‘29i> s (Z Wﬂei(m)
k=1 k=1

we have that this expectation equals

1
n 2
phver (Z lgkl2p-29i<k>)

k=1

2

which, by Theorem 2.2 applied to a; ; = |g;|P~10;, is equivalent to

D=

2

1 & PR 1 ¢ gy
E ;Zﬂgilp 0t | > (alP~26);
k=1 k=n+1

Now, since by Hélder’s inequality

- 1
Z |gz|p 16 (
n i~ n

1
2

NE

(Igiz”‘QG?)Z>

~
Il
-

we have that

Lo L n2 2
- p 1 - 2p—2p2
n Z |gl 9 n Z |g ‘ 9
k=1 k=n+1
1 _ 1 —2.2\%
< <n (. 29;‘?>2> 3 X (aPre;
k=1 k=n+1
1 & 2
- 9:7P7207 | = V24,
ij=1

and taking expectation and using Khintchine’s inequality again we obtain

Evy < coEapg,.
Besides, by Markov’s inequality for any A > 0

|BT| / 1 1 1
Ll —do(0) > —off e 5™ ¢ ||6], < A}
1Bz Jen-1 0]l Ar
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Thus, since (IE;:D < T taking A = zc\f we obtain that
1 1
gecs |0 < —
€ 5™ 6lh < g} < 5
and, by part b) in this lemma, there exists an absolute constant ¢ such that
1
{6 € "1 Eapg > cRapg,} > 1 — >
which finishes the proof. U

In both parts b) and ¢) in Lemma 3.3 we have related Evy with Eqg,. In the
following lemma we are going to estimate the value of Ey,.

Lemma 3.4. Let 6y = (ﬁ,,%) Then, if 1 <p<n
1

Ep ~ —
o, 7

and, if p=n" with v > 1,

EW% 1—L °
p

Proof. By Lemma 3.3 Evp, < %. Let us prove Eig, > ﬁ. We have seen that,

Vi 1
p

by Khintchine’s inequality,

1
Etg, ~ %H(Igz\p il

Thus, applying Theorem 2.1 with X; = |g;|P~! and ¢ = 2, we have that

1
Etg, ~ %”(17"'71)”1\4’

1

p— P

s t P oo
M(s) = 2/ / tm2p72€7dx+/ AP ———dx | dt
0 0 r (1_|_ %) t =1 T (1 + l)

P

S t " [e'e]
= 72 / / tro= e " dr —|—/ e "dr | dt
pI’ (1 + l) 0 t=p”
1 p 1
/ / r-re” "drdt,
pF 1 +
p

where the last identity follows from integration by parts and p* = —*5 is the dual
P
exponent of p.
On the one hand, since

2 s
7// tre= e "drdt
pr(1+4) /5 Jo

s s—P"
L// ro* e drdt
pll (1—1—%) s Jo

M(s)

v

v
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2 1 o]
S A (1" (2 - > —/ rpl*e_rdr> ,
2pl’ (1 + %) p 57"

2
2

n with a > 1

ar”

we have that if p = c\/% and p < =

o) sy D) Lo
P c2nl (1 + %) p pP*
> - <F( — 1) 7/ re*e Tdr)
nl (1 n %) r) Ja
1 1 °
ST
2nl (1 + %) p a

1

ey () o)

Taking a a constant big enough and then ¢ a constant small enough we have that
if p < Cn for some absolute constant C < 1,

M|} >1
C\/E n
P
and so
n
L., )|l > c\/7.
( »
Consequently,
c
Evpg, > —.
9] \/23

On the other hand, since

M(s) 2<1;)> /os 75/(:10* rve " drdt

1

2(1-1) o
P 1
> 7/ t/ tr—1e "drdt
pr(1+5) JoJo
2(1-1) o .
= 7”1 /t”ﬁ(l—e*t )dt
pr (14 3) Jo
2(1-1) o i
> 71/&*?1(1—@—5 ) at
pr (1+1) Jo

2 (1 _ l) §2t 5T
= P ) (1 — 6_87;‘)*) .

1 1
p(2+ﬁ>F(l+5
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we have that if Cn <p <n, p= a\/% with o < 1, there is an absolute constant ¢

such that
1
2p—2 *
V0 (R I L — (1=e")
P 2+p 1n1+2p 2

C 2p 2 __p*
> —1p . (176 @ )
2+ 5=
C

r—1ln
Z —
an
since p ~ n. If we take a a constant small enough,

NER
o fn n
p
and so
[
IR M = O —.
p
Consequently,
c
Eypg, > —
R/

also if Cn < p <n.
By Lemma 3.3,

Co Co/ M
B, < 260 = 2

p p
Consequently, if p =n? with v > 1,

Epg, < c2vn = 1%#'
p

On the other hand, since p > n, if n > 2

1 - = = .
M(s) = / / r-re” "drdt
pI‘ 1 —i—

2 (1 - 5) s i
> / t rre”t T drdt
pl’ (1 + l) 0 0
p
2 S
= ; / et dt
> 2 ; / L eft_p* dt
pr (14 1) S
> 25 (1 - 21%*) e 27"
1
p (1 + 5)
> 2 (1-277 ) e
p (1 + }))
> \/5(\/5 _ 1)8 —2s~ P
ol (1+ %)
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and then

M <1> > V2V2ZD) e,
s ps
Thus, if p = n" and we take s = an! ™7, with a < 1
M ( 1 ) V2(V2 - 1) gt , S

anl—"

n
2(v2 -1 T
Z \f(\[ )67201 1
n
2(v2 -1
Z \[(\[ )e—2a
n
1
Z —
n

if we take a < %log (\@(\/ﬁ — 1)) Consequently,
c/n ¢

1_
Evg, > cn2 727 —
p Y

Hence, we obtain the following

Corollary 3.1. If1 <p <n. Then,

1 1
n-1 . ~—_—s>1 - —
U{HGS : Eabg \[} 1 o

If p > n, then for every 6 € S"1
1
Evpo ~ —|16]1.
p

Proof. The first estimate is a consequence of part ¢) in Lemma 3.3 and Lemma 3.4.
The second estimate is a consequence of part b) in Lemma 3.3 and Lemma 3.4. O

Remark. Actually, it can be proved that for any n € N and any fixed § € S"!,
limy, o0 pEtbg = [|0]]1.
Lemma 3.5. Let I C {1,...,n} be any set of indices and 0 € S"~1. Then,

E|YicrlgilP~" sgn(g:)éi| <1
E[320 lgiP~" sgn(g:)0i] ~

and

M

E (Xieslgil*~207)
E (i1 lgil?P=267)*

where C is an absolute constant.

<C,
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Proof. By the triangle inequality, we have that

2|3 1g:lP sen(ga)0i| < D lgalP sen(ga)0s + Y lgilP " sen(g:)6s
iel i€l iele
+ 1D lgil? " sen(gi)i — > lgilP sen(gi)8i -
iel i€lC

Since the random variables g; are symmetric, the expected value of the second term
equals the expected value of the first term and then

Z |g:|P~ sgn(g:)6:

i=1

2E < 2E

Z |g:[P~ sgn(g:)6:

i€l

= 2Eqy,

which proves the first inequality. The second inequality is a consequence of the first
one and Khintchine’s inequality. O

4. THE VARIANCE CONJECTURE ON HYPERPLANE PROJECTIONS OF.B;
In this section we prove Theorem 1.1.

Proof. First of all, notice that, by Proposition 4 in [AB1], for any £ € S""! N H we
have that if X is a random vector uniformly distributed on Py (B)))

E(|Bp| % X,&)” ~ Ly ~ 1.
Thus,
E(X,€)? ~ B+ ~

S
3 [0 =

and so
AYE X2 ~nl 5.

Now, using the probabilistic representation of X mentioned in Section 2, we have

that
9 \ 2
w)

Var | X2 E|X|* - (E|X]*)

1 G\ 1 G
= BT \PH (s) U B (E ’PH (s)
1 (1cl /a \%\’
- EwEQs ‘<s79>> v

o ([ e (Y}

1 lalt 1 a)r \’
« - (2o

1 G \* 1 G2 G \?
* EwE<S’9> “%wﬂz\s ¢E<s”> v

(et (1Y
- Z(m% ‘(wEs>>

i=1
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919 1 ¢ g
! Z(Ew s (m)?ESWESw)

i#j
1 G 2 G|? G \?
* EwE< > U Eop ’S <S"’> v

We are going to bound from above each one of the four summands in the last
expression. The upper bound of the first, third, and fourth term will be of the order
that would give an absolute constant in the variance conjecture. The estimate we
obtain for the second term will be the one that will cause the constant to depend
on p if p < n.

4.1. Upper bound for the last term.

By the independence of % and S we have that for any § € 7!

2| n g
1 ]E<G 9>21/’ E<Q 0) i=1 ‘%L — sgn(gi)b;
Ew E‘Zz 1 ‘%p 1 Sgn(gl)ez
. ESP~ I]E(Z —19i0:) |Zl 1 lgilP~ 1sgn(gl)92|
ESpH E |Ei:1 |g: P~ sgn(g:)0i|
Taking €1, ...,€, independent Bernoulli random variables also independent with

respect to the g;’s we have that
ESP~! E(ZZ 1 9i0 i) |Zz 1 lgi [P~ sgn(gi)92-|

S g T ol Lsen(a 0]
_ ESsp—1 EEEQ(E zgz z ’Zz 1 |gz|p 1Sgn gz eit; ‘
ESPH Eg > "ie1 gilP~" sgn(g:)0i] )
n 3 n _ 2\ 2
. Esr! Ey (E-(30is, i9i0i)*) (EE 300 1gilP~ " sgn(gi)eibi] )
- EseH Eq [3251 lgilP~" sgn(g:)6i
By Khintchine’s inequality, Lemma 3.1, Lemma 3.3 and Lemma 3.5
1
Ly 2 Bgp1 By (X1, 9262) (S lgs262)
—E 0y v < C
Eq ESp+1 E,

i1 lgi [P~ sgn(g;)0;
1
n _ 2
ESP-1 Zz 19121[59912 (23:1 ‘gj|2p 2932')
+1 " -
ESPTE [T lgsle sen(9)0)

1
ESP—1 Yo 07 g7 (|gz‘|p1|9i| + (Zj;éi |gj‘2p729J2’) )

= Eorm By [T ol sem(s,)0,]

ESP—1 i b (E |gs[P163] + EggiEg (Zj#i |gj|2p2‘9]2)2>
= Egm E, \Z;ll |gj|pflsgn<gj>9j\
=
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-1
By Lemma 3.1 we have % ~ . Thus
nkr

G \? C
EwE< 9>7’” S

|
V)

Also, as before,

1 G 2 ESP-1 1 O ,
JEi/J]E v = W@;Egiw
C " ) 3
: S Z E|gi‘p+l|9i|+Eggi2Eg Z|9j|2p 2932'
nrEy ;5 o
C
< — (10l +n)
ne
< Cn'™»
and so 2 2
1 G G -
_ wlEl url(E 0 - s
(Ev)2 ‘ Y <Sa>1/iCn

4.2. Upper bound for the first and third term.
Similarly, by the independence of % and S, Holder’s inequality, Khintchine’s in-
equality, Lemma 3.1 and Lemma 3.5 we have

1 /G \" ESP—!
E¢E< > Y= m <Zgzsgn 9i )i 9) Z|9 P~ sen(g;)e;6;
2\ 2

8\ 2
MEQ Ee (291‘ Sgn(gi)5i9i> Ec |> 195" " sen(g;)e;0;

Jj=1

IN

ESP~! 292 2 225
~ ME<Z 7 Z‘gf'p g

1
2

< ESr—1 Ezn: 402 zn:| _|2p7292_
= ESPPE( L 931
1
ESP 1 n n 2
_ o 12p—2p2
- SP+3]E¢ ZQ Eg 2_: 7] I 03
ESP—1 & :
2 4 -1 2p—2p2
< IESP+3]E1/;ZQ Eg; | lg:[P~710:] + §|gj|p 0;
VE)
1
ESP1 & ’
— 2 (P3|, 4 12p—2p2
= m;@ Elg:[P710:] + Eg; E ;L‘Jﬂ P05
ESP~t N o
< ES]H&CZQ
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_a
< Cn™»

since, by Lemma 3.1, £ ESP+3 ~ n~ 7. This bounds the third term. Besides, this
estimate implies the following bound on the first term:

Z(Ew glw (Ew & )) Z—]Eg”/)<0n1_’.

4.3. Upper bound for the second term.
It remains to bound the second term

1 gz 9 97
Z(Ew stV Eep EW‘”ESW)‘

i#]

S0

For any i # j we have

1 gz 1 gl 92 ¢7ESP*1 Egig3v  (ESP~1\?Eg¢Eg;
m S4 (Eqp)? T ESPt3 Ey ESp+1 (Ev)?
. (ESpfl) (ESP+T)2 2 2
= ST 2 (E) \ ESr-1ESr i 9,9, VB ~EgiyRgjy ).

By Holder’s inequality, (ESPT1)? < ESP~'ESP+3. Then, we have

1 gl 1 _ g g (ESP~1)2
B 5 VT Bt EeY S EerEey

Note that if {gl *_, are independent copies of g, independent of {g;}?_;, and ¢ =
|Zl:1 |g:|P~1 sgn(g;)0; | we have that

(Eg? g7V EY — EgiYEg;Y) -

Eg;g7vEip — EgiyEgip = Eg@ggi (97 — gj)ww
= Egeg8;(3; — 9700

Thus,
1 -
Bg? By — BgfuBgjv = 3Fasslof — 0)(0] — )00
and so,
1 gz gl (ESP—1)2 B
—E . 2
;Ew (¢) (ESP1)2(Ey))? W/’; )97 - 33)

ESP)? (N2 o ’ n"v - 2 ’
< MEww (Z(gi —9; )) ~ (]El/}) WP (Z( —G; )) .

i=1 i=1

Now, for any « > 1, this is bounded by

2a x 1 da i
_4 EZMP E?: ( 1'2_71‘2) ° —4 EQpQ ° . 2 -2
n ( ( (Iéwg)Q g ) > <n p()i E (Z:(gi _gi)> .

'ti

IN
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N
By Lemma 3.3, (?Ew)) < C’pa and, taking o ~ logp we have by Lemma 3.2 that
n 4o\ 2a
E (Z(gf —§3)> ~nlogp
i=1
and so

Z( ! gz Eg?wg?z/;) < Cn'" 7 log(1 + p).
—\Ep 51 (E)2 8277827 ) =

Besides, by Corollary 3.1, if 1 < p < n, 50y 2 < C for a set of directions of
measure greater than 1 — i Taking o = 2 when 0 belongs to this set we obtain
1 gz
> zmr«: ¢) ~5.
E 54
2 ( v G
This finishes the proof in the case p < n.

In the case that p > n we take into account that, since the random variables g;
are independent and identically distributed

n 2 n n 2
Eyy (Z(gﬁ - g?)) = Eyp¢ (Z(gf —Eg}) + Y (Eg} — g?))

i=1 i=1 i=1

n 2 n 2
< VaEyG ( <92—ng>> + <z<g3—Eg§>>
zzi , =1
= 2V2EyEy (Z — Eg? )
i=1
2
< 2fle1EZ|ggl” 1161 <Z(93—Eg?)>
=1
n 2
= 2V2[|0],E¢E|g [P~ (Z(Q? —Eg?)>
i=1
= 2V2/0\EYE[g: [P > (g7 — Eg})?
=1
. CnlolhEs
p

Since by part b) in Lemma 3.3
¢
Eapg > ;nEw(go”aHl?

we have that

4 n 2
nv _ =2 Vn 1-2
Er Y (2}( gn) <Coppe™

and, since p > n, by Lemma 3.4 Et)g, ~ g and we obtain the result. g



20 D.ALONSO AND J. BASTERO

5. HYPERPLANE PROJECTIONS OF ISOTROPIC RANDOM VECTORS AND STEINER
SYMMETRIZATION

In this section we will show how the variance conjecture for an isotropic log-
concave random vector relates to the variance conjecture for its hyperplane projec-
tions or for its Steiner symmetrizations (when the vector is uniformly distributed
on an isotropic body).

Proposition 5.1. Let p be a log-concave probability on R™ and X a random vector
distributed according to . Then for any linear subspace E

)\/Var|X|2 - \/Var|PEX|2‘ < /Var| Py X 2.
Proof. For any linear subspace F,
| X[* = |Pp(X)* + | Ppx (X)),
Thus,

Var| X |2 Var|Pp X | 4+ Var|Pg1 X|?

2 (E|PpX|?*|Pg. X|* — E|PpX |°E|Pg. X|?)

Var|Pg X|? 4 Var| Pz X|?

2 (E|[PeX*(|X[* — |PpX|?) — E|PEXE(|X]* — |PpX|*))
Var|Pg X|? 4 Var| Pz X|?

2E|PpX|?(|X|? — E|X|?) — 2Var| Pp X |?

Var|Pg1 X |* — Var| Pp X |?

2E(|PpX |2 — E|Pp X |*)(|X|* - EIX]?)

Var|Pg1 X |* — Var| Pg X |?

2v/Var| Pp X |2/ Var| X |2.

+ |l

+ I

+ AN+ I+

Consequently,
Var|X|? — 2¢/Var| Pp X |[2\/Var|X |2 — Var|Pg. X|* + Var|PpX|? < 0.

Since the roots of the polyomial
p(z) = 2% — 2¢/Var|Pg X |2z — Var|Pg. X|? + Var|Pp X |?

are

V/Var|Pp X |2 4+ /Var|Pg. X |2,
we obtain the result. O
As a consequence, we have the following

Theorem 5.1. Let X be an isotropic log-concave random vector. Then the follow-
ing are equivalent

e There exists a constant Cy such that
Var|X|* < Cin.
e There exists a constant Co such that
Var|PeX|* < Cy(n —1)
for some hyperplane E.
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e There exists a constant C3 such that
Var|PeX|* < C3(n —1)
for every hyperplane E,

where
C C
Cy<(C3<4 Cl+g and C1 <2 CQ‘FE s
with C' an absolute constant.

Proof. Let E = 6+ be a hyperplane and X an isotropic log-concave random vec-
tor. Since X is isotropic, also PgpX is isotropic. Thus, if X verifies the variance
conjecture with constant C then, for every hyperplane £ = 6+

\/Var| Pz X | V/Var| X|2 + /Var(X, 6)2
VCin 4 VE(X, 0)

V2y/Cin + E(X, 6)4.

VASVANNVAN

By Borell’s inequality

C
VVar|PpX |2 < V2,/Cin+C'=2,/C, + gﬁ.
Thus, there exists an absolute constant C' such that
C C
Var|PpX|? < 2 <Cl + n> n<4 (Cl + n) (n—1).

In the same way, if there exists a hyperplane £ = 6+ such that Var |PpX|? <
Cy(n —1) , then

V/Var|X 2

< /Var|PeX|? + \/Var(X, 6)2
< VCi(n—1) + VE(X, )
< V2(/Ca(n—1) +E(X,0)!

and, by Borell’s inequality,

VVarX 2 < v2y/Con+ C = V2 C’2+%\/ﬁ.

Thus, there exists an absolute constant C' such that

Var| X |2 <2 <02 + C) n.
n

Now we will prove Theorem 1.2. It will be a consequence of the following

Proposition 5.2. Let K be an isotropic conver body, § € S"~! and Syp(K) its
Steiner symmetrization with respect to the hyperplane H = 0. Let Y be a random
vector uniformly distributed on Sg(K) and X a random vector uniformly distributed
on K. Then there ezists an absolute constant C' such that

| VarlY|* — Var|X|?| < CnLj.
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Proof. Without loss of generality we can assume that 8 = e,,. We have that

n

VarlY [ = 3 (B(Y,e)! = (B(Y, e)?)?)
+ iﬁwanx@f—Em@fwxqﬂ-
Notice that if i # n Z#]
E(Y )t — LWJ%@%MMH@+@MM

= (y, e 1K N (y + (en))|dy = E(X, e3)*.
Py (K)

If i = n and for every y € Py(K) we have that K N (y + (e,)) is the segment
[a(y), b(y)]en, which has length 2I(y)

U(y) b(y)
E(Y,e,)* = / / thdtdy < / / ttdtdy
PH(K) 1(y) Py (K) Ja(y)

= E(X, en
In the same way, if i #n
(Y, e;)? = E(X, e;)?
and if i =n
E(Y,e,)? <E(X, e,)>.
Besides, if i, #n
E(Y,e:)*(Y,e)” = E(X, e;)*(X, e5)”
and if i #n

1(y) b(y)
Bl ee)? = [ wep [ fadys [ g [y
Py (K) —U(y) Py (K) a(y)
= E(X,e)* (X, en)2

Thus,
Var|Y)? = Var| X|? + E(Y,e,)* —E(X,e,)?
+ (E(X,en)?)? — (B(Y, €;)%)?
n—1
+ 2) E(Y,e)X (Y en)? — E(X, e)%(X, €,)?
1= 1
+ 221@ (X, e)2(E(X, e,)? — E(Y, en)?).
Consequently

Var|Y|? Var| X |2

<
+ (E<X en)?)? = (E(Y, e:)?)?
+

QZE (X,e)2(E(X, e,)? —E(Y, e,)?).

Now, if K is isotropic
Var|Y]? < Var|X|?



THE VARIANCE CONJECTURE ON HYPERPLANE PROJECTIONS OF THE é; BALLS 23

+ Ly — (E(Y,e;)?)?
+ 2(n - DLE (L% —E(Y.en)?)
< Var|X|*+(2n - 1)L%.

On the other hand, by Holder’s inequality and Borell’s lemma
Var|Y[? > Var|X|* —E(X,e,)*
n—1

— 2) E(X,e)*(X,en)’

1=1

> Var| X2 —E(X,e,)*
n—1

— 23 E((X,e))PE(X, e,) ")
=1

> Var|X|* — C(E(X, e,)?)?

n—1
— C) E(X,e)’E(X,e,)?
i=1

Thus, if K is isotropic
Var|Y'|? > Var| X |> — OnLj.

As a consequence, we have Theorem 1.2:

Proof of Theorem 1.2. Let K be an isotropic convex body and let Yy be a random
vector on Sy(K). Then
Ay, = Lk
and
E[Yp|* = (n — 1)L% + E(Yp,0)°.
Thus (n — 1)L% < E|Yy|? < nL?% and so, by the previous proposition, if X verifies
the variance conjecture with constant C; then for any § € S"~1

Var |[Yy|* < Var |X|* + CnLj < (C1 + C)nLy < 2(Cy + C)AYE|Y|?

and if for some 6 € S"~1 Y} verifies the variance conjecture with constant Cs then
Var | X|? < Var |Yy|> + CnL}; < (Cy 4+ C)nLi = (Cy + C)NYE|X |2

O
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