On the Artin formalism for triple product p-adic L-functions:
Chow—Heegner points vs. Heegner points

KAZIM BUYUKBODUK, DANIELE CASAZZA, APRAMEYO PAL, AND CARLOS DE VERA-PIQUERO

ABsTrACT. Our main objective in this paper (which is expository for the most part) is to study the necessary
steps to prove a factorization formula for a certain triple product p-adic L-function guided by the Artin
formalism. The key ingredients are
a) the explicit reciprocity laws governing the relationship of diagonal cycles and generalized Heegner
cycles to p-adic L-functions;
b) a careful comparison of Chow—Heegner points and twisted Heegner points in Hida families, via formulae
of Gross—Zagier type.

1. INTRODUCTION

The purpose of the present article (which is largely a survey) is to partially execute the strategy outlined
in [BCS, §2.5] to study the p-adic Artin formalism for a certain triple product p-adic L-function (where p
is an odd prime that we fix forever), and in that sense, it should be thought of as a continuation of this
work. We will therefore use the conventions and notation of op. cit. whenever we can, indicating where
these objects were defined in [BCS].

To be able to spell out our goals in more precise wording, let f, g be a pair of Hida families (cf. §2.1 in op.
cit. for the hypotheses on these families) over the respective weight spaces Wr and We, and let g© denote the
Hida family that is conjugate to g (cf. §2.1.7 in op. cit.). We put Wi := WgXx Wy x Wy (which we think of as
the weight space for the 3-parameter family f®@ g ® g° of triple products of cusp forms) and Wy := We X W.

Note that we have a natural injection W, 23 Wy (cf. §2.1.8 in op. cit.) given by (K, A) — (&, A, A).

We will explain in this article that a stronger form of the results of [YZZ10, YZZ12, YZZ23] (the proof of
the Gross—Kudla conjecture for the central derivatives of triple product L-functions) would imply that the
g-dominant triple product p-adic L-function LE(f® g ® gc)|2W (cf. Theorem 3.4 in [BCS] for its definition)

2
factors in accord with the Artin formalism. Note that the p-adic L-function L&(f® g ® gc)fW has empty
2

range of interpolation. Therefore, the factorization predicted by Conjecture 1.1 below, formulated in [BCS]
as Conjecture 2.2, does not follow directly from the Artin formalism for complex L-series via the interpolation
properties of p-adic L-functions.

Conjecture 1.1. Suppose that e(f) = —1 = " (f @ g @ g°). We then have the following factorization of
p-adic L-functions:

(1.1) LE(fog®g)?, =€ L(fwad’g)- Log,, (BK}),

lwy

where € € Frac(R) is a meromorphic function in 2 variables with an explicit algebraicity property at crys-
talline specializations (k,A) (cf. Theorem 8.11 in op. cit.).

In the statement of Conjecture 1.1:

. Logwf(BKIn) denotes the logarithm of the big Beilinson—Kato class (constructed by Ochiai); cf. [BCS,
§6.1.2]. We refer the reader to §7.2.9 of op. cit. for a justification (in view of the Artin formalism)
of the presence of this factor in (1.1) as an avatar of L-values.
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e £(f) is the common global root number of the family f, whereas c**(f ® g ® g¢) is the same for the
family f® g ® g° at those weights (k, A, u) € W5 that are balanced (cf. §2.1.5 and §2.2.3 of op. cit.).

e We implicitly assume throughout this article the existence of the p-adic L-function E;d(f ® ad’g),
which is characterized by the interpolation properties described in [BCS, Conjecture 3.6] (which is
concurrent with the general Coates—Perrin-Riou formalism).

Conjecture 1.1 was proved in [BCS, §8] under the additional hypothesis that the family g has CM. We
refer the reader to the extensive discussion in §2.2.6 and §2.2.7 in op. cit. for the motivation behind this
conjecture.

Remark 1.2. We would like to underscore the comparison of Conjecture 1.1 with and its divergence from
earlier work with similar flavour; e.g. that of [Gro80, Dasl10].

As our strategy to attempt Conjecture 1.1 will make it clear, the present factorization problem at hand
amounts to a comparison of algebraic cycles in families, that explain the vanishing of central critical values
of L-functions due to sign reasons. In contrast, in [Gro80, Dasl6], the factorization problem is governed by
a comparison of elements in the motivic cohomology (e.g. elliptic units vs cyclotomic units in the former,
Beilinson—Flach elements vs cyclotomic units in the latter) that explain the vanishing of L-values at non-
critical points due to T'-factors. Hand-in-hand with this, where we need a comparison of height pairings,
Gross and Dasgupta rely on a comparison of requlators.

We refer to [BCS, §2.4] for a detailed discussion on this topic, including the differences (in comparison to
[Pall8]) in the factorization of algebraic p-adic L-functions, and from the perspective of Perrin-Riou’s theory
of p-adic L-functions.

Our goal in this paper is to explain that this conjecture can be proved as soon as the following two
ingredients become available:

(Lgd) The construction of the p-adic L-function Egd(f ® ad’g) with the expected interpolative properties
(that are recorded as [BCS, Conjecture 3.6]; see also Lemma 3.2 below).
(GK™) An extension of a conjecture of Gross and Kudla' expressing the central critical derivatives of certain
triple product L-functions in terms of the Beilinson—Bloch heights of Gross—Kudla—Schoen cycles
(recorded as Conjecture 5.1 below).

1.1. Set-up. As we have noted above, we shall closely follow the notation and conventions of [BCS, §2.1].
We include in this subsection a review of some of those that play a key role in our paper.

1.1.1.  Fix forever a prime p> 2. Let us fix an algebraic closure Q of Q and fix embeddings too : Q < C and
tp : Q = C, as well as an isomorphism j : C — C,, in a way that the diagram
o - C
Q = lj
e

comimutes.

1.1.2. For a field F, let us fix a separable closure F of F and denote by G := Gal(F/F) its absolute Galois
group. If ' C F' C F is a finite subextension, we denote by resz/p the restriction map

resp/

H.<F"):H.(GF7') H.(GF”'):H.(Flv')
on Galois cohomology induced from the inclusion Gp C Gp.
1.1.3. For an abelian group G, let us denote by A(G) := Z,[[G]] its p-adically complete group ring.
We remark that this conjecture has been settled by Yuan—Zhang-Zhang in [YZZ10, YZZ12, YZZ723| in many cases, which

unfortunately does not cover the level of generality required in the present work.
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1.1.4. Hida families. Let p be an odd prime and let O be the ring of integers of a finite extension F of
Qp- Let Xeye : Gq — Z; (resp. w) denote the p-adic cyclotomic (resp. Teichmiiller) character. Let us put
{(Xeye) = w ™ xeye and note that (ycye) takes values in 1+ pZ,,.

We put Ay := A(Z)) and denote by Zx R A, the natural injection. We let denote the universal
weight character:
e A
An arithmetic specialization of weight k € Z is a ring homomorphism
v: Ayt — O

such that the map Go — Ay, — O agrees with x¥ . (for some natural number k) on an open subgroup

of Gq. In more precise terms, we have v o = wi9), (Xcye)¥, and 1, (called the wild character of v) is a
Dirichlet character of p-power order and p-power conductor.

We let h = 37 a,(h)¢" € Ru[[g]] denote the branch of the primitive Hida family of tame conductor
Ny and nebentype character e, (which is a Dirichlet character modulo Nyp). Here, Ry, is the branch (i.e.
the irreducible component) of Hida’s universal ordinary Hecke algebra (cf. [EPWO06], §2.7). Let us write

Eh = El(ﬂt)sff), where ES) (resp. 5&7)) is a Dirichlet character modulo Ny, (resp. p).

We have a,(h) € Ry, and  gives rise to the character
h:GQ—>A‘>:,t—>R}>i.

For any k € Wh := Spf(Rn)(C,), let us write wt(k) € Spf(Aw)(C,) for the point that x lies over and call
it the weight character of k, so that wt(k)o = ko 1. We say that s is classical if wt(k) is an arithmetic
specialization in the above sense.

We call W), the weight space for the Hida family h. Let us denote by Wg! € Wy, the set of classical
specializations. For k € Wfll, we let p, C Rp denote the corresponding prime ideal that comes attached to
k (cf. [dJ95], §7.1.9-§7.1.10). We put F,, := (Rn)p,. /Px(Rn)p,., which is a finite extension of Q,, and denote

its ring integers by O,. Then wt(k) o = ko 1 takes values in FX, and according to the discussion in the
preceding paragraph, it has the form
(1.2) wt(k)o = ijﬁxfyc, j, k€N

where ko := j 4+ k (mod p — 1) is independent of , and where 1), is a Dirichlet character modulo p"*) of
p-power order and p-power conductor p*~. By slight abuse, we denote also by wt(x) the positive integer k
given as in (1.2). We call 9, the wild character of x. The specialization

8

hy = > r(an(h))g" € Filq]]

is a p-stabilized cuspidal eigenform of weight wt(x) 4 2, level T'y(Np®*~) and nebentype? eyt whe W),

Hida has attached a Galois representation
pn: Gox — GL2(Va)

to h, where X is a finite set of primes containing all those dividing pNLoo and V4, is a 2-dimension Frac(Ry,)-
vector space. The Galois representation pg is characterized by the property that

Trph(Frg) = ag(h), é Q 2.

We denote by T}, C W, the Ohta lattice (cf. [Oht99, Oht00], see also [KL.Z17] where our T}, corresponds to
M(h)* in op. cit.) that realizes pp in étale cohomology groups of a tower of modular curves. Under the
hypothesis that

2In the main body of our article, we shall take ko = 0 for the Hida families f and g we consider below. Therefore, the
branches of all Hida families that appear in our work are supported over the connected component of the weight space Spf(Awt)
that is centered at a point of weight 0.
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(Irr) the residual representation py, is absolutely irreducible

(which we assume throughout for all the Hida families that appear in our work), it follows that any Gg-stable
lattice in V4, is homothetic to Th. If K € Wh, then W, := Th ®, F}; is Deligne’s representation associated to

the cuspidal eigenform h,.
5}1 *
Ph\GQp = (0 Oéf) ’

where ay, : Gg, — Ry is the unramified character given by an(Fr,) = a,(h) and 0n := n Xeye 0 Len.
Whenever

Thanks to Wiles, we have

(Dist) 0n # an mod mg,

(we assume the validity of this condition throughout this paper for all the Hida families that appear in our
work), the lattice T}, fits in an exact sequence

(1.3) 0—T,F —Th—1T, —0

of Ru[[Gg,]]-modules, where the action on T} (resp. T}, ) is given by oy (resp. o).

1.1.5. Self-dual triple products. Let f and g be primitive Hida families of ordinary p-stabilized newforms of
tame levels Ny and Ng (as in §1.1.4), where the tame nebentype e¢ of the family f is the trivial character
1 modulo N¢, and g5 = 5(gt ) as required in [BSV22, §5]. We require that Nf is square-free, which is a

strengthening of the condition (sf) in [Hsi21].

Let us set N := LCM(Ng, Ng) and put T := Tf@)Zpad(Tg). Then T is a Galois representation of rank 8
over the complete local Noetherian ring

R := Rf@ szg .
Since e¢ = 1 and ad(Ty) is self-dual, we have a perfect Gg-equivariant Poincaré duality pairing (see §1.1.8
and §1.1.9, where we employ the discussion therein with h = f = h®, and with h = g)

TRT — fXcyc -

1 1
Since p > 2 by assumption, there exists a unique character ? : Gg — Ry < R* with ( 7)? = ¢ Then the
Galois representations

1 1 ~
Tl =Tre ;2, TH=T® ;?=T8ad(Ty)
are self-dual, in the sense that Tj ~ Homg, (T}, R¢)(1), and TT ~ Homg (T, R)(1) as Gg-representations.

1.1.6. The Galois representation M := TfT ®z,ad’(Ty) is a free of rank-6 self-dual direct summand of 7'.
We view it as a submodule of T naturally, considering ad” (Tg) as the kernel of the Gg-equivariant trace map

ad(Tg) LN Rg, where the target Rg is endowed with the trivial Galois action.

1.1.7. Root numbers. For any k € Wr and A € W, let us denote by F,; 5 the field generated by F,, and Fj,
and let O, » denote its ring of integers. We set T}, » := T ®% xer Ok, , and similarly define T/I,A' We require
that we have for some (equivalently, every) classical point (x,\) € Ws

E(WD[(T,I,)\)) =+1

for the local root number at every £ | N¢Ng. Note that this shows that the global root number (T, ,1 ) of

T;f’ , (which is given as the product of local root numbers, including the one at the archimedean place) for
such (k, A) equals —1 (resp. +1) if wt(k) < 2wt(A) + 1 (resp. if wt(k) > 2wt(A) + 1). We refer the reader
to [Hsi21, §1.2] for a detailed discussion on the local and global root numbers in the setting of the present
paper. We remark that our hypotheses on the local root numbers are required for the construction of the
unbalanced triple product p-adic L-functions, cf. Assumption (1) for [Hsi21, Theorem A].
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Throughout this paper, we also assume that the global root number E(Tf:_) of Tfl equals —1 for some
(equivalently, every) x € WgL

1.1.8. Let us denote by h® := h®5£1 the conjugate family. We recall that we have ey, = ES) by assumption.
As remarked in [Loel8, Lemma 3.4], the Hida family h® is also primitive of level Ny,. We identify the weight
space Wye with Wy,. We have a perfect Gg-equivariant Poincaré duality pairing

(,
(14) Th ®Rh Thc % hXcyc

Since the precise definition of this pairing is important for our eventual purposes (e.g. for the deduction
of the commutative diagram (2.4) below), we briefly review its basic properties. Our discussion relies greatly
on the exposition in [KLZ17, §7].

We first recall the construction of Ty,. Let us put

Hopq (Y1 (Nup™)) = € lim Ho, (Y1 (Nnp')g, Zp(1))
where e/ 4 := lim,, (U})™ is Hida’s ordinary projector associated to Uj,. Let T, pe denote the Hecke algebra
acting on HZ (Y1 (Nnp™)), generated by {1} : £1 Nnp}, {U, : £ | Nup}, and the diamond operators (d) for
integers d coprime to Nyp. The ring Ty, pee is semi-local, and h determines a unique maximal ideal my of
Tnppee- The localization HZ (Y1 (Nnp™))m, at this maximal ideal is denoted by M (h)* in [KLZ17]. The

ord
local algebra T, poo m, has finitely many minimal primes, and h corresponds exactly to one of these (which

we denote by ap). We let Ry, denote the normalization of the integral domain T ypeo m, /0n and put

(1.5) T := Horg(Y1(N0D™))m @T ooy, R

The Ty pee-module H! (Vi (Nnp™)) interpolates ordinary modular forms with tame level Ny, in the
following sense: HZ (Y1 (Nnp™)) comes equipped with the diamond action of A%hpr = AZj x (Z/NnZ)*);
we let [z] denote the diamond operator corresponding to z € Z)f x (Z/NnZ)*. Then for any natural number
k and positive integer r, we have an isomorphism

Hoq(Yi(Nup™)) /Ty = €oraHey (Y1(Npp"), TSym* (#z,)(1)) =t Tora(Nup”, k) ,

O
where

o I, C AJ<\>fhp"' is the ideal generated by [1 + p"] — (1 + p")*,
e Jt7z, is the étale sheaf on Y1 (Npp") given as in [KLZ17, §2.3];

The Hecke module Z,,q(Nnp", k) can be identified with (2 copies of) the space of p-ordinary modular forms
of level Npp" and weight k + 2 thanks to the Eichler—Shimura isomorphism, and comes equipped with the
following Galois-equivariant perfect pairing:

2@y (2, Wil (Uh))

(1.6) (ke o Tord(Nnp" k) @ Tora(Nup', k) Z,[Anpr] @ &
where A,, = Gal(Q(um)/Q) =~ (Z/mZ)*, and (, ) is the Poincaré duality pairing.

Let us put
Tulk,r] :=Th ®A%hw A%hp”’/jkﬂ’ = Zord(Nnp", k) ®TN}1P001‘“}, Rh -
Then the pairing (1.6) gives rise to the perfect pairing
Thlk,r] © Tulk, 1] <255 Zy 0] © nxhl'
which gives rise to the pairing
(1.7) Tk, r] ® Toe[k,r] = Tulk, r] @ (Talk,r] @ e ") — Zp[Apr] @ X5

The pairings (1.7) are interpolated by (1.4) as k and r vary.
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1.1.9. We further elaborate on the modified Poincaré duality pairing (1.6). In view of the perfectness of
the usual Poincaré duality pairing

T a < ? >
€ora Her(Vi(Nnp"), TSym* (#2,)(1)) ® eora Hay (Y1 (Nnp"), Sym® (#3.)) = Z,
(where jfz\; is the sheaf on Y1 (/Npp") that is dual to J#Z, and eqq := lim U;” is Hida’s ordinary projector
associated to U,), the perfectness of (1.6) amounts to the statement that we have an isomorphism

(1.8) €ora Hay (Y1 (Nup"), TSym® (#z,) (1) ——"——— €ora Hey (Y1 (Nup"), Sym* (42))) ,

1 R
Wnor (Up)

with inverse (as the Atkin-Lehner involution Wy, - intertwines the action of U} and U, cf. [Oht99],
Equation 1.5.4)

(19)  cona HE (Vi (Nup"), Sy () —— g B (Vi (Nup”). TSy (2, (1))

We invite the readers to compare this discussion in [Oht99, §2.2], [KLZ17, §7.4] and that lying between
Proposition 3.2 and Remark 3.3 in [BSV22].

1.1.10. The pairing (1.4) induces a natural isomorphism
(1.10) ad(Ty) = Ty ®r, Homp, (Tg, Rg) — Ty ® (Tge ® nggylc) )

as well as the following commutative diagram:
ad(Tg) = Ryq

(1.11) (1.10)i

Te®Tege ® g Xeye E)Rg-

For A € Wg' with wt(X) = 0 and wild character 1 (with conductor p**), we have

gr € S2(T1(Ngp™),egthn) , Bx =85 @Yy € Sa(T1(Ngp™),e5' 03",

and g, indeed coincides (utilizing the identifications §1.1.1) with the complex conjugate of the eigenform g).
The specializations of the pairing (1.4), the isomorphism (1.10), and the diagram (1.11) to A read

(1.12) Ver @5, Vi, 2 Xeye
(1.13) ad(Vg,) — Vg, ® (Vg, ® X;y%c) )

ad(Vg, ) fr Fy

(1.14) <1.13)l

Ve ® Ve, ® Xoye uN Fy.
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2. BIG HEEGNER POINTS AND REFORMULATION OF CONJECTURE 1.1

2.1. p-local constructions. Let h be a Hida family as in §1.1.4. Following [KLZ17, §8.2], let us put
D(Ty) = (T}, @ZPZET)GQP and D(Ty)) = (T3} & ( hxcycsh)fl(@zngr)GQp. We recall from [KLZ17,
Proposition 10.1.1] that the overconvergent Eichler—Shimura theorem gives rise to a pair of canonical maps
1

Wh:D(TJ)%Rf, nhD(Tl;)—>H7h

7?/h 3
where Hy, is Hida’s congruence ideal associated with the cuspidal family h.

2.1.1. We define the big Perrin-Riou logarithm map

(2.1) Logrs + Hiy(Qu(up=). Tf") — D(I3") ©2,A(Leye)
7



as in [KLZ17, Theorem 8.2.3] (see also [BO23], §4), where HE (Qp(1pe) o= lim HY( Qp tpn ), ®) denotes

Iwasawa cohomology. Recall our notation th =T ® ; Let us put F' +T fT =15 T ® £ -3 and consider the
map

(22) pI“I- . 7?/f'éz\)ZpA(Fcyc) — Rf

induced from vy —

N

(7). We assume that

NA) ar# 1 mod mg, .

It follows (thanks to (NA)) that the natural map Hi, (Qp(ppe), T+) Hl(Qp, F*T]) is surjective, which
in turn allows us to define

LogT+ ®p +Re
(2.3) Logpqi + H'(Qy, FT) — =2 5 D(T}).

Finally, we let LogLf denote the composite map

1 oty Brt +
H*(Qp, F Tf)——+D(T )4—>Rf,

where H} (Q,, TfT) = H} (Qp, F*T;). We also denote by H}(Q, Tf) the Greenberg Selmer group attached to
TfT with local conditions at p induced from the inclusion F ‘*‘TfJr C TfT . By a slight abuse of notation, we will
sometimes write LogL . to notate the map

ngf oresy,

Hi (Q,TT) — Rs.

2.1.2. The Ggq,-stable submodules Tgr C Ty and Tgt C Ty are orthogonal complements of one another
under the perfect pairing (1.4). As a result, it induces a Gq,-equivariant isomorphism

:t ~
Tg & Tg:E — chyc .
This in turn induces a canonical isomorphism
_ Ly~
D(Ty ) @ D(T4.) — Rg,

which fits in the following commutative diagram:

~

D(T;) © D(T:) — == Ry

(2.4) g B l l

1 1
FgRg ® Rg ﬁz@b»—)ab FgRg .

where ng and wg are constructed in [KLZ17, Proposition 10.1.1].

2.1.3. Let us put
M® =T xoh) 8z, (Tr Ory, T ( 7' X)) -
which is the unramified twist of the G, -representation Tf+ @szg_ QR T+ ge- Let us also set
D(T{ &z, T; ®r, Tg) = (M®&z,Z2)% = D(T;)®z,D(Ty ) ®r, D(T4:).

As above, the general discussion in [KLZ17, §8.2] applies and gives rise to, in the terminology of [BSV22],
the g-logarithm map

Log(g) : Hllw(Qp(Mpoo)7T;_®ZpTg_ ®Rg Tg—t( glxgylc)) —>D(T;_®ZPTg_ ®Rg T—t) ®A( CyC)
= D(T{")®2,D(T; ) ®r, D(T5E) © A(Teye) -



Note that, thanks to our discussion in §2.1.2, the Gq,-action on the factor Ty ®r, Tgt( glxc_ylc) is trivial. As
a result, arguing as in §2.1.1 (and still assuming that the non-anomality condition (NA) holds), we obtain
a map

Log®T : HY(Q, FYT{®2,T; ®r, To( g Xe)) — D(I7)&2,D(Ty ) @, D(T5).

Let us denote by w(®) the map given by

Rf@z R ®Rg R a®@bRc— aRbe 77?,

) Wf®"7g ®Wg‘3
- = "
v H, H,

D(T{")&z,D(Ty) ©r, DT

_1 ~
and by Logig()g’)T the composite map (we recall that TT:=T ® ;* = TJ@&d(Tg))

(1.10) 1
HE(Qp Th) —— HL(Q), T{ B2, Ty ®r, Tee( 5 Xay))

(2.5) — HY(Qp, FTT{®2, Ty @r, Tge( g'Xeye))

1
—_— D(T+)®z D(T, ) ®r, D(Tgt) — —R,
Log(®).T w(=) Hg
where the balanced local conditions Héal(Qp,Tlc ®z,Tg @R, Tge( g'Xoe)) are given as in [BSV22, §7.2]
(explicitly, these are the Greenberg local conditions given by

(26)  FoaT!i= (FIT]82,(F' Ty ©r, Ty + Ty Or, F*Tge) + T{ 82, F Ty 0, F*Tge ) ( g'x0h).

which is the sum of the modules in (2.8) to the left of the three arrows), and the second map above is
given in the statement of Proposition 7.3 of op. cit. (where this map would be denoted pg . in the notation

therein). We also define the balanced Selmer group H{,(Q, TfT ®z,ad(Tg)) that consists of global classes that
are unramified away from p and verify the balanced conditions at p, namely that

H'(Qp, T7)
Héal(QPV TT)

resy

H&al(Qv TT) Hl(Qpa TT)

is the zero map.

In view of our discussion in §1.1.8 and §2.1.2, the following diagram commutes:

Htl)al (QP’ TT)
(2.7) id@tr T

H} _—
f (Qpa )®R Logwf®1d R

Here the vertical map on the left is given as follows. The pairing (1.4) induces Ggq,-equivariant maps

id®(,)e F+TfT

id®(,)g F+Tf]‘

id®(, )g

F*T{s, (T3 ox, Te) ( 3'Xab)

(2.8) FTi@z, (T ©r, Tg) (5 Xops)

TS + +\( —1,-1
T®Z (T ®R Tc)( g chc) 0

since T and T are orthogonal complements under this pairing. This, together with (1.11), shows that
bal(QP7 ) maps under the indicated map to H{(Q, Tf )&z, Re.-

2.1.4. As we have noted in §1.1.4, the weight spaces Wr and W, of the Hida families f and g are both

supported over the connected component of k, = 0 in Spf(Ayt). As a result, since we assume that eg =1 =

e(g , it follows that they both admit a crystalline specialization of weight 2. We denote by f € S2(T'o(Np))

the p-old form that is the said specialization of f.

Let us consider the following weakening of the anomality condition:
9



NA") a,(f) #1.

Note that (NA) requires a,(f) — 1 be a p-adic unit, and it is therefore stronger than (NA’). When (NA’')
holds true, one may choose a wide open disc in Ug C Spf(Ayt) such that the torsion Ayt-module

pr}
coker(H{, (Qu(pp=), T¢") — HY(Q,, FTTY))

has no support in Ur (see the proof of [BSV22, Proposition 7.3] for a similar argument). Working over such
Ur (rather than the entire weight space) as in op. cit. and inverting p, we obtain the big Perrin-Riou map
(which we still denote Log,,,)

Log,,
HNQ,T) @, OU) —=5 O(Uy),

where O(Us) ~ A(1 + pr)[%} denotes the ring of power-bounded functions on Us.

The same applies® to Logi}g()g’;: we have a big Perrin-Riou map

Log(g),f
HE,(Q, T @4, O(U) —=2% R @4, O(Uy).

These versions of Perrin-Riou maps on smaller discs in the respective weight spaces are unfortunately insuf-
ficient for our purposes since our methods will require that we work with an infinite sequence of weight-2
specializations of f (as a result, allow wild characters of arbitrary order), whereas U contains at most finitely
many such specializations.

2.2. Reformulation of Conjecture 1.1 in terms of Heegner points. Let us fix a quadratic imaginary
field K with maximal order Ok, and an ideal 91 C Ok such that Ok /9 ~ Z/NZ (we recall that p N). We
review the main constructions and results in [How07a, How07b], and our notation in this section is borrowed
from these works.

2.2.1. Big Heegner points. The construction of [How(07b, §2.2] provides us with a class X = X; € H'(H, TfT) .
Let us set

3= Coresy,x X € H'(K,T}),

where H/K is the Hilbert class field of K. In fact, Howard constructs classes X,s € H 1(H]DS,T1:r ) for every
natural number s, where Hps is the ring class extension of K of conductor p®. These are related to X via
the equation

(2.9) > xL=Up-X.
o€Gal(H,s /H)

2.2.2. Twisted Heegner points. For any s > 0, let us define the elliptic curve E4(C) >~ C/O,p: (where O, =
Z+p*O C O is the order of conductor p®), as well as its subgroup ng := E,[D N Ops]. The inclusion of the
orders Ops+1 C Ops induces a p-isogeny F, 1 — I, that is compatible with the action of O,«+1 on the source
and target, and it maps ng; 1 isomorphically onto ns. The kernel of the isogeny E; — Ej is the p®O-torsion
of Es, and it is cyclic of order p*. Any choice of a generator w of O/Z (which we fix once and for all) gives
rise to a generator 7s € ker(Fs; — Ey), and it in turn defines a T'y(p®)-level structure (Es, ms). As a result,
we have a point
hs := (Eg,ns,ms) € Xo(Ls)

on the modular curve X; of level T'o(IN) N T (p®), where Ly := Hps (fips ).
Let us define x : K* \ Ax — RS by setting

x(@) = {*(reco(Nr/q(@)))

3This was already included in the definition of these maps in [BSV22]; see especially §7.3 in op. cit.
10



where recq is the geometrically normalized Artin map of class field theory. Let us fix a rational cusp ¢ € X(Q)
and define

Qr= >, X:'(0)(hs—¢)7 € Jo(Ls) ® Fy
oceGal(Ls/K)
for any k € We of weight 2 and wild character ¥, of conductor p*, where J; = Jac(X) is the Jacobian of
X, and F,, := R¢yp, /P«Rep, is a finite extension of Q,,.

2.2.3. Let x € Wfl be a specialization with wild character ., that has the property that the conductor
of ¥, equals p*~ and the associated eigenform f,; is of weight 2 and new of level T'o(Ng) N Ty (p®~). For any
completion Fs_ of L, at a prime above p, we will denote by log,,, (with an admitted abuse of notation)
the formal logarithm J,s(F;, ) — C, associated to the differential we,.

2.2.4. Specializations of big Heegner points. For k and s,, = s as in the previous paragraph, the specialization
map T¢ — Tt factors as

Ty — TaS™(J,) — T,

where Ta,(Js) is the p-adic Tate module of J; and Tagrd(Js) = eoraTay(Js). We therefore have a natural
map

Jo(Ls) — H(Ls, Tay(J,)) =% H(Ly, Tad™(J,)) — H'(Ls, Tg,),
where the first arrow is the Kummer map. By an abuse of notation, let us denote the image of @), under
this map also by (.. We also remark that we have T¢, ~ T;N as Gp,-representations. We note that this
isomorphism is uniquely determined by the choice of a generator of pi,, which we have fixed throughout.
We therefore have a fixed isomorphism

HY(Ly, T} ) ~ HY(Ly, Ty, -
Lemma 2.1. For k as above, we have

resy, /i 3r = [Ls : Hps}_l cap(£) 7 Q-

Proof. This is immediate from definitions of these objects in [How(07a, How07b]. See also the discussion in
[How07a, Page 809]. d

2.2.5. Reciprocity law. Before stating Castella’s reciprocity laws for big Heegner points (which amounts to
an interpolation of the celebrated Bertolini-Darmon—Prasanna formula), we first recall the p-adic L-function
(in two variables) introduced in [Cas20, §2.7], which comes attached to the Hida family f with e¢ = 1%,

Let us put Do, := I'&ns Gal(Hps/H) ~ Z) (where the isomorphism is determined by a choice of a topolog-
ical generator of D, which we fix henceforth). We denote by A?® the completed group ring W (F,)[[Dool],
where W (F,) is the ring of Witt vectors of F,. We shall consider Spf(A?®) as the anticyclotomic weight
space. Note that A% ~ A, with which we regard x € W§! also as an element of the anticyclotomic weight
space. Let & denote the universal anticyclotomic character given as in [Cas20, Definition 2.8(3)].

Let us consider a finite-order Hecke character x over K such that y| Ay = 1, and an anticyclotomic
character ¢ of conductor cOg. The Hecke L-series
wt(k) + 2
S O )

satisfies a functional equation relating values at s and wt(x) 42 —s. Theorem 2.11 of [Cas20], which extends
the previous constructions in [BDP13, Brall], proves the existence of a p-adic L-function £, ¢ with the
following properties.

4We remark that Castella’s &y in op. cit. coincides with what we denote by wt(r) 4+ 2. Moreover, our R¢ is denoted by | in
[Cas20], whereas our ey is 1o, and our Ny is corresponds to N in op. cit. Finally, the character denoted by © (cf. Definition
1

2.8 of [Cas20]) is our 2.
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Theorem 2.2 (Castella). We have a two-variable p-adic L-function L,¢(f® €71) € Rf@)zp A*¢ that is
characterized by the following interpolation property. Suppose that k € V\/fCl s a crystalline classical point.
Let us put k := wt(k) > 0 so that the specialization f,, is of weight k + 2. Then:

Lo &) (m 1) 2 £u(1) -2 e(f) - wh - VD

QR = Ep(fe, Xnr€y ki + 1) Tm(9)F+2+2m
) A A (F K X+ 1)
Q2h+Tam :
Here:
o 1 € Spf(A®°) ~ Spf(Awt) is an arithmetic specialization with wt(p) =1 —m € 2Z<q, so that its

specialization €,, is an algebraic Hecke character with infinity type (—m/2,m/2).

o Qi and Q, are the complex and p-adic CM periods as defined in [CHIS8, §2.5].

e For an anticyclotomic Hecke character ¢ of conductor p"Ok, the p-adic multiplier £,(fx, xx, k+1)
s given by

(1 - G’P(fn) : (an)ﬁ<p) 'p_k/Q_l) : (1 - a’p(ﬂi) . (an)ﬁ(p) .p—k/Q—l) an =0
e((Xu)p ) " ifn>1,

where £((Xx1)y ') is the epsilon-factor given as in [Cas20, p. 2132].
o wi = |Og|.
o c(f;) is the global root number of f, .

o = (DK + —DK)/Q.

gp(fnvxn1;/}a k + 1) = {

In what follows, we will denote by
LIE/K) = Lye(fFRE 1) (k, k) € Re®z, W(F,)
the restriction of £, ¢ to the line p = k.

Corollary 2.3. Let k € Wt be a classical point of weight 2 and non-trivial wild character x,, with conductor
p*r such that the associated specialization f,; is new of level To(N) N Ty (p®<). Then,

l:;T)(f/K)(K) = é‘fc,p(_l)g(&n,p)plism [Ls, Hp5~]71 ) Ingfﬂ (Qx) -

Proof. This follows unfolding the proof of [Cas20, Proposition 5.4]. In particular, from the first displayed
equality on Page 2157 of op. cit., it follows that

LIE/K) (k) = Ly e(FRE)(r, k) = € p(—1)e(€np) p'—° - > log,, (respyr(X5.)),
oc€Gal(Hys / K)

where we have put s = s, to lighten our notation. Combining this identity with (2.9) and the definition of
the class 3, we infer that

ﬁ;(f/K) (H) = §H,P(_1)€(€m,p) plisap f.)’ Ingfﬂ (I‘CSp (trH/Kxn))
=& p(—1)e(€rp) p' 70y (£0)" log,,, (resy(30)) -

The proof follows from this equality combined with Lemma 2.1. O
2.2.6. p-adic L-functions of Hida and Bertolini—-Darmon—Prasanna. In what follows (until the end §2.2.6),
we closely follow [BCS, §8], where we also borrow our notation below.

We begin this subsection by recalling the following result due to Hida:
Theorem 2.4 (Hida [Hid88|). There exist a unique pair of p-adic L-functions

E;fy(f@’ g), Li(fwg)e Rf@ZpRg ® 2, AMLeyc)
12



with the following properties:

. o W —2j7 Afz® 07 j
CE(E@ g) (. M) = EX(E @ 85.0) - (VD" g (fo g) - 2Un ©8%:0)

V(k, A, §) € Whg; N Wi

Qe ’ fgj »
. o - w(kK —24 Af:(g) Oa. crls
LB 8)(x.1.5) = E5(E © 85.1) - (VDO g (feg) Ss BRIy s ) e W g
1PN
Here,
€exc(f® g) = H (1 +q_1)a

€ exc (fRE)

where Yexc(f® g) is a set of primes determined by the local properties of f and g and it is independent of
the choice of the pair (k,\) (see [CH20], §1.5).

Proposition 2.5. We have the following factorization of p-adic L-functions:
L8 (f®gk)(k,1,wt(k)/2) = Eapp(k) - EL(f/K)(/{)2 .

Here, g is the Hida family specializing in weight 1 to the Fisenstein series associated with K described in
[BCS, §8.1.8], and

92k—1 . (_1)k Coxc(f@ P(O)) - ¢4y,
£(MY)  wichi/=Dr -e(fy) - (1—p~1)log, (u)’
where the Hida family ®(0) is given as in [BCS, §8.1.2], and u € OK[%]X is such that (u) = phx

CBpP(K) =

Proof. For classical specializations x € W§! that are crystalline with weight wt(x) =: k > 0, we have
Xx(a) =Ng /Q(a)g. For such specializations &, and all arithmetic crystalline specializations p with wt(u) =
—m € 2Z< (so that the infinity type of &' is (m/2, —m/2)), we have

Loe2 &) (mp)  2-e(f) - wi VD gy T AU/ K66 K/2)
Q§k+4+2m .1 (ﬁ)k+2+m' Ep(fr€ ”5 /) Qi{k+2£

2-
£u(MN
? e(f;) m (v )k\:gm Ep(fx @ B(O) pps k —m/2)?

7T2k+2+2m A A(fn ® ‘P(@)K@W ke — m/2)
QZk+4+2m
K

T EMm

X

thanks to Theorem 2.2.

We recall from [BCS, §8.11] (see also §8.14-88.16 in op. cit.; we freely use the notation therein without

further indication) that ® is a two-parameter family of characters of G whose specialization to k ® p is
wo(e) _ ()

given by &£, INg 2 which are the p-adic avatars of Hecke characters with infinity type (k + m,0).
In particular, we remark that the modular form ®(©),g is the unique p-stabilization of the Eisenstein series
Eisi(ex). Applying Theorem 2.4 with g = ®(0), we infer that
ﬁp;&(f® 671)2(“5,/1) _ f;l(m_l) 9. E(fm) w%{ . \/5 . p2ktatam Q@(@),@,l,
(2.10) Q2k+a+am Im(9)k+2+m . €o(F@ B(O))(v/—1)m—k+3 QZEFaFIm
X LY (£@ D(0))(k, & @ sk — m/2),

where we recall that Qg(e),, is the modified Hida period given as in [BCS, §. 3.2.1].
Using [BCS, Equation (8.13)], we may calculate

Qo(0),6, _ (=21 ahmAL (] 4 2 4 om)!

QiHitam C Ca@) ke O(@ron) 92k-+2m+5

7T2k+4+2m

(2.11) -
LNK/Q(f(pH@H) ((I)rc@u(bﬁ’@“a 1)
92k+4+2m

K

X Ep(P(O)wgpu,ad) -
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On plugging &’H(g)# = QJH@H(E?@;;NK = fi{;QNK (which is the p-adic avatar of a Hecke character with

infinity type (k+2+m+1,—k—2—m+ 1)) in [BDP12, Eqn. (3-1)|, we also have that

\/m k+24+m—1 £Katz(&)K®A) L@,Zé 70)
( 21 ~rirzn = E(2O)kowad) - (k+2+m) oo
- K

(2.12)

which, combined with (2.11), permits us to conclude

772k+4+2m . Q@(@)ra@u — (_2\/j1)k+2+m+2 (V DK)k+2+€_1 L;{atz((bm(@u)

O (D) - , )
Q%C+4+2m Co(0)(non) (Pron) 93k+6+3m Q§k+4+2m
Substituting this identity in Equation (2.10), we deduce that
(2.13) Lye(f@E ) (k,p) = Copp(k,p) " L2 (F@ B(0))(k, k@ p, k —m/2),

where
Im(ﬂ)k+2+m Cexc(f@ 2(0)) (v _1)€_k_2+1 Co(0)(ken)
61O 2 (6 - wh VD O(Bug,) 2/ DFETE
23k+6+3m 1
X . =
( /DK)k+2+m—1 E;(atz(q)mgw)
B (D) R 8 (£9 8(0) o,

wrhr VD -e(fi) - Ex(ML) - LE=(D 0, )

CBpP (K, 1) =

Using the fact that £X%%*(Ng) = —4(1 —p ') log, (u) (cf. [Kat76, §10.4]; see also [Gro80, p. 90] where u

corresponds to the inverse of Gross’ @), the proof follows on passing to limit ¢ — & (so that CT),@M — Ng). O

2.2.7. Reformulation of Conjecture 1.1 in terms of big Heegner points. The goal of this subsection is to
reformulate Conjecture 1.1 in terms of twisted Heegner points instead of the Beilinson—Kato elements, which
is more suitable for the approach we describe in the present article to prove this conjecture. Note that it is
implicit in our conjecture that we assume the validity of the hypothesis (L;d).

Conjecture 2.6. Suppose that e(f) = —1 = P (f® g ® g¢). We have the following factorization of p-adic
L-functions:

(2.14) LEfogoe)l, =2 L3(fwad’g) LI(E/K).

Here, 9 € Frac(R) is a meromorphic function in 2 variables, with an explicit algebraicity property at
crystalline specializations (cf. (2.21) below).

Equivalently, in light of Corollary 2.3, we can rephrase Conjecture 2.6 as follows:
Conjecture 2.7. Suppose that £(f) = —1 = P (f® g ® g°). Then,
(2.15) LE(f® g @g%)? (kA A) = Z(k,A) - L3 (0 ad’g) (5, A) - £(€np)? p° 72" [Ls,, : Hper] 2 -log,, (Qn)?,

for all specializations k (resp. \) of Re (resp. of Rg) of weight 2 and non-trivial wild character ¢, (resp. ¥y )
of conductor p*~ (resp. p**) for which f. and gx are newforms, where 9 € Frac(R) is as in Conjecture 2.6.

2.2.8. Let us briefly explain that Conjecture 2.6 is indeed equivalent to Conjecture 1.1. We recall that
Conjecture 1.1 asserts that

(2.16) LE(fogee’), =% L)'(foad’g) - Log, (BK])

lw,

under the assumption that e(f) = —1 = e (f® g ® g¢), where ¢ € Frac(R) is a meromorphic function in
2 variables with an explicit algebraicity property at crystalline specializations (x,A) (cf. [BCS], Theorem
8.11). Combining Proposition 2.5 with [BCS, Proposition 8.9 |, we deduce that

_ ¢BDP(K) LI (f/K)(k)?
%Hida(/i) E?it(f@ EK)(I{, W(H)/? + 1) '
14

(2.17) Log,, (BK}(x))




Here, we recall from op. cit. that

_ + _
Comis * Ngmis (ngis) '/Vf,c Ci — Comis * Ngmis ('UgEis) wr
C = .

+ ' +
2 Womis (ngis ) %LS,C 2 Wogis (ngis) Wygis

(2.18) Chida = -C

and C; € Rf[%]x verifies

Qexc(f@) gK)
(=2y/=T)"t+1 . CF Cp - E(f;, ad)
for all kK € WE'. Applying now the formula (2.17) with Conjecture 1.1, we conclude that
(2.20) LE(foge’)], (kAN =2(k ) - Ly (F@ ad’g)(k, A) - L] (f/K)?
where

B € (k,A) - €BpP(K)
(2.21) P(mN) = - LK@ exc) (r, w(k)/2+1)

(2.19) Ci(k) =

Note that all the terms that one needs in order to compare 2(x, A) with € (, A) have been made explicit,
and the crystalline specializations of € have been explicated in [BCS, Theorem 8.11].

3. FIRST REDUCTION STEP: WEIGHT-2 SPECIALIZATIONS

Our goal in this section is to explain the first step towards the proof of Conjecture 2.7, which reduces its
statement to a comparison of the specializations of diagonal cycles with Heegner points.

1

3.1. Big diagonal cycles. We recall our notation for the self-dual Galois twists TfT =Tf® 2, and

)

1 .

T =T® ;* = Tf]L@ad(Tg). We also recall the balanced Selmer group H{,(Q,T") determined by the
balanced local conditions at p, given by the Gq,-stable submodule F,aTT given as in (2.6). More precisely,
we put

H'(Qp, T7)

1/Aur 7t
Gy, Fo) > ATy < L@ T

Héal(Q7TJr) = ker Hl(Q,TT) (rese)e

There is a canonical element
A*(f@ ad(g)) € Hpy(Q.TT),
which we call the big diagonal cycle and is constructed as in [BSV22, DR22], which interpolates the Abel-
Jacobi images of the Gross—Kudla—Schoen cycles in an appropriate sense (we will discuss its construction
in §4 below). As we have explained in §2.1.4, we will primarily follow the construction in [DR22], as it fits
better with our purposes, because it allows us to work with specializations with wild characters of arbitrarily
high order.

3.1.1. Reciprocity laws for big diagonal cycles. Let us put FgT'T := TfT@zp (FTTg@r, Tge)( g'Xeye). Observe
then that

FT N FoulT = (FHT{ @2, (F' Ty ©r, Tge) + T} 8z, (F Ty ry F Te)) (5 Xerk)

and that
Foa T FeTt N FpuTH "5 FYT] @z, (F~ Ty @, F Tge)( 5 Xays) -
As a result, we have a natural morphism

res;g) : Héal(Qa TT) — Hl(Q;m FbalTJr)

— HY(Qy, F TGz, (F Ty ®r, F*Tye)( z'xon))

(3.1)

landing in the domain H(Q,, F* T &z, (F~ Ty @r, F*Tg:)( 2 Xoy)) of the Perrin-Riou map Logfﬁy, that
takes values in 7-R; see Equation (2.5).
g
15



Theorem 3.1 (Bertolini-Seveso—Venerucci, Darmon—Rotger). We have

(3.2) Log(g)’T (reség) (Aét (f® ad(g)))) =LE(feg® gc)|W2 )

w (=)

3.1.2. Let & (resp. A) be a specialization of R¢ (resp. of Rg) of weight 2 and wild character 1, (resp. ).
We will explicate the specialization of both sides of (2.14) when specialized at such (k, A).

We first recall from the commutative diagram (2.7) that
Logig()g’f (reség) (Aét(f@) ad(g)))) = LogIJf (Az(fr)(f® ad(g)))

where we have put®
Az()tr) (f®ad(g)) := (id ® tr) o res, (A*(f® ad(g))) -

In view of Theorem 3.1, Conjecture 2.6 is therefore equivalent to the assertion that
2
(3.3) Log],, (Ag@(f@ ad(g))) L 9. L@ adg) - £} (f/K)?,
where 2 € Frac(R) is as in the statement of Conjecture 2.6.

Lemma 3.2. Conjecture 2.7 follows if (Lgd) holds and we have

r 2 I - Af~®ad0g,\,¢;%71)
o, (34700t} = 20000 i) -0 A2 B
p(lx TIRLN

X PP Ly, s Hyew ] 2ay(£) 72 - log,, (Qx)?

for all specializations k (resp. X) of Re (resp. of Rg) of weight 2 and non-trivial wild character ¢, (resp.
¥a) of conductor p*= (resp. p**), for which f. and g\ are newforms. Here:

(3.4)

e 7 is as in the statement of Conjecture 2.6, and its specializations P (k,\) at arithmetic points are
given by (2.21).
1
o A(f. ® ad’gy, ¥r 2, 5) is the twisted complete L-series associated to f,, @ ad’gy, cf. [BCS, §3.4.2].
. Qg‘i = Qg, Qg, , where

Qg, =8V =Tay(9) > a(Wa)ll9al1*/ec (V).

Here, g(1)) is the Gauss sum, ||gx||? is the Petersson-norm of the newform gx (cf. [Hsi21], §1.4),
and cg(X) is the congruence number of gx (cf. [Hid81, (0.3)], see also [BCS|, §3.2.1).

e Q¢ (resp. C; ) is the complex (resp. p-adic) period that appears in the interpolation formula of the
Mazur-Kitagawa p-adic L-function (cf. [BCS]|, Theorem 3.1).

o The fields L, and Hps. are given as in §2.2.1 and §2.2.2.

Proof. Note that specializations (#, A) as in the statement of our lemma are dense in Spec(R)(Q,,). Therefore,
it suffices to verify that the specialization of (3.3) to such (x, A) amounts to the asserted equality (3.4). This
is an immediate consequence of the following interpolative properties (where the second one is conjectural,
see however [BCS, Theorem 3.7] for a partial result):
i) wr specializes to wg,, and LogLf to ap(f.)®~e( ;/Q)IOg;wa. Moreover, w};m{;; is unramified at p.
Here, the universal anticyclotomic character § is as in §2.2.5 (and €, , is the p-component of its
specialization at x), and our notation is borrowed from [Cas20] where it was introduced in Definition

2.8 of op. cit.

5The superscript “tr” in our notation is to remind the reader that we are considering the image of the family of diagonal
cycles A®(f® ad(g)) under the map that is induced from tr, given as in (1.11).
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ii) Conjecturally (cf. [BCS, Conjecture 3|, extended in line with the Coates—Perrin-Riou formalism):

A, ® adOgA, 1)

£29(£® ad’g)(k, ) = g(4) - O, - €*(£. © adgy, 1) - ’
(0®ad’g) (s 0) = a(pi) O - E(E © 0’y 1) - N By

1
where £24(f, ® ad’gy, 1) = 1 since FinTN = Tfjj(w,.C 2) is ramified as the wild character v, is
non-trivial.

O

4. REVIEW ON GROSS-KUDLA—-SCHOEN CYCLES AND BIG DIAGONAL CYCLES

Let X be a smooth, projective, and connected curve over a number field K. The Chow group CH2(X 3)
of codimension two cycles on X? admits a filtration (see [YZZ12, §3.1] for details)

CH?(X?) > CH*'(X?) D CH*?(X?) > CH**(X?),
where CH*!(X3) (= CHZ(X?), the subgroup of CH?(X?) consisting of homologically trivial cycles) is defined
as the kernel of the cycle class map CH?*(X?) — H‘*(YS7 Q¢), where X = X% and / is an auxiliary prime.

Using the comparison isomorphisms between étale and singular cohomology over C, one shows that CH? (X3)
is independent of the choice of £.

The filtration above can be upgraded to a decomposition of CH?*(X?) (cf. Equation (3.1.1) in op. cit.).
The projection of the diagonal cycle X123 C X? onto CHQ’I(X 3) is precisely the Gross—Kudla—Schoen cycle
Agks that we discuss in §4.1 below.

4.1. Gross—Kudla—Schoen modified diagonal cycles. Let X = X;(M) denote the modular curve of
I'y(M)-level. For i = 1,2,3, write X; for a copy of X, and X3 = X x X5 x X3, so that we label each factor
in the triple self-product. Fix once and for all a base point 0 € X(Q), and let ¢, : X — X be the constant
morphism with image {o}. If I is a subset of {1,2,3}, we denote by ¢; : X — X3 the morphism characterized
as idx on the factors X; with ¢ € I and as ¢, on the factors X; with ¢ € I. And to ease notation, we write
t12 for 11 9y, 13 for 1y3), and so on. We also write X for the image of ¢; inside X3, and simplify notation
in the indices in the same manner as for ¢;.

With this, the Gross—Kudla—Schoen modified diagonal cycle in X3 is defined to be the cycle (or rather,
class)
Acks = X123 — X12 — X153 — Xos + X1 + X2 + X3 € CH*(X?)(Q).

If the fixed base point o € X (K) is only K-rational, for some extension K/Q, the previously defined cycle
will belong to CH?(X?3)(K) instead (note that each of the cycles involved in the definition will be K-rational,
if so is o).

Lemma 4.1. The cycle Agks is cohomologically trivial, that is Agks € CH2(X3)O(Q).
Proof. This is [GS95, Proposition 3.1]. |

The work of Darmon—Rotger [DR22] and Bertolini-Seveso—Venerucci [BSV22] interpolates p-adically the
images of diagonal cycles under p-adic Abel-Jacobi maps. This requires a further modification of the diagonal
appropriate to this purpose, which we summarize in the next section.

4.2. Big diagonal cycles. We present an overview of the construction of modified diagonal cycles as in

[DR22]. We will follow Section 2 in op. cit., and stick to the notation therein (unless we explicitly indicate

otherwise). We claim no originality in this subsection: we very marginally expand on a few constructions in

[DR22], but all the objects we consider here are already present in op. cit. One exception is (4.4), where

we define A%*? on applying the ordinary projector on the level of cycles (in the expense of passing to p-adic

coefficients) and interpolate these in place of those denoted by A? (cf. Definition 4.3). We remark that this
17



small deviation has no effect on the results we borrow from [DR22], as the authors’ main results also concern
ordinary cohomology.

Let us fix a positive integer r and denote by w; the degeneracy map
Xi(Np") — Xa(Np™™ 1), (A, P)— (A,pP),
where (A4, P) € X1(Np") is a pair representing an isomorphism class of an elliptic curve A with a I'; (Np")-

level structure (so P is a point on A of order Np"). We also put

7 times

w10 -+ 0w
Wi X (Np') L, X (N).

We define the cycle
Ay = X123 X x, ()2 X1(Np")?

w‘l' 3
where the fibre product is respect to the maps Xl(NpT')?’ % X1(N) and the natural injection X953 <
X1(N)3. The cycle A, therefore fits in the Cartesian diagram

ArC—> X1 (NpT)S

i i(WIf
Xlggcﬁ' Xl(N)3 .
It turns out that A, is geometrically reducible. For each
[dy, s, ds) € (Z/p"2)* x (Z/p"2)* x (Z/p"Z)* =: G,
let us denote by A,[dq,da,d3] C X1(Np")? the geometrically irreducible component defined over Q(u,),
which is the schematic closure of the locus of points ((4, P1), (4, P2), (4, P3)) that satisfy

<P1,P2>: da <P2,P3>: o <P3aP1>: 1(7137

J 2 P

where (,r € ppr is a fixed p”-th root of unity. The diamond action of G, and Gal(Q(upr)/Q) ~ (Z/p"Z)*
on the collection of cycles

{A[d,d, ds] : [dy, d2,ds] € Gy}
can be described as follows: For any (a1, as,a3) € G, and oy, € Gal(Q(upr)/Q), which is characterized by

the property that o, ((pr) = (¢, we have

(4.1) (a1,a9,a3) Ay[di, ds, ds] = Ayfasasgds, a1asds, ai1aads)
(42) Om Ar[dl, d27 dd] = Ar[mdl, mdg, mdg] .

In particular, when r > 1 and m is a quadratic residue modulo p” (e.g. when o, acts trivially on pu,), we
have

(43) Om Ar[dlv d27 d3] = <m7 m, m>

N

A, [dy, da,d3].

4.2.1. p-adic cycle class maps. Let us put X;(Np")3 := X1(Np")3? xq Q and denote by
CH3(X1 (Np")%; F) 1= ker (CH? (X (Np")*; F) <% B, (X1(Np')*, 2,(2)) ")
the group of null-homologous algebraic cycles defined over a number field F' (which is the kernel of the cycle

class map cly). We let CHG (X (Np")%; F)z, denote its p-adic completion.

Since the target of cly is p-adically complete, cly factors through the p-adic completion CH? (X (V. p")3 F) z,
of CH?(X(Np")3; F), and we denote the induced map on CH? (X, (Np")?; F)z, still by clg. Moreover, using
Kiinneth decomposition formula, together with the fact that integral cohomology of smooth projective curves
is torsion-free (cf. [DR17], Proposition 1.4), we see that the Z-module H% (X1(Np")?,Z,(2)) is torsion-free’.

6Note that Z acts on H (X1(Np™)3,Zp(2)) via its image under the canonical injection Z < Z,,.
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Then it follows that im(cly) is also torsion-free, hence it is flat. It then follows from [Sta23, Lemma 0315]
that

CH3 (X1 (Np")"s F)z, = ker (CHA (X1 (Np')s F)z, < Hi (K1 (ND')*, Z,(2))) -
Note that Ty, acts on CH*(X;(Np")3; F)z,, and as a result, so does e[ 4 := limn(U;)”!. This allows us
to define’
(4.4) A dy, da, ds) == (el aWinpr) P2 A [dr, d2, d3] € CH*(X1(Np")%; Q(upr))z, -
This definition is made so that we have:
Lemma 4.2.
i) We have A%4[dy,dy,d3] € CHy(X1(Np")% Q(pr))z, -
ii) For any integer m coprime to p, we have
(45) UmAf.rd [dl, dg, dg} = Agrd [mildl, mildg, m71d3] .

Proof. The argument we present for the first claim closely follows the proof of [DR22, Lemma 2.5]. The

/

correspondence U} acts by multiplication by p on Hg (X1(Np")?,Z,(2)), therefore Hida’s idempotent € 4
annihilates this module. As a result, e/ , annihilates all the terms that appear in the Kiinneth decompo-
sition of HZ (X1(Np")3,Z,(2)), therefore also H (X1(Np™)3,Z,(2)) itself, which is the target of the Hecke
equivariant cycle class map cly. This concludes the proof of the first assertion. For the second, we note that

om A [dy, da, d3) = 0 (€ g Wipr )22 Ar[dy, da, d3] = (el g Wipr )220, -1 A [d1, da, d)
= (e;rdWNpr)®3AT[m_ld1, m_ldg, m_ldg] = A?rd[m_ldl, m_ldg, m_ld;ﬂ

where the second equality can be verified using the moduli description of the Atkin—Lehner operator and
the action of Gal(Q(u,r/Q), whereas the third is (4.2). O

The modification of diagonal cycles as in (4.4) is especially useful for the purpose of interpolating their
images under the p-adic Abel-Jacobi map (see §4.2.4), whereas the following modification (which is copied
from [DR22], §2.2) will be used for archimedean aspects (see §5 below):

Definition 4.3. Let us fix a prime q that is coprime to Np, and let us set
o 3 ; :
APldy, da, ds] = (T — (q + 1))® W](\gf)srAT[dlvd%dS] € CHQ(Xl(Nﬂ)B%Q(MpT))ZP
for any positive integer r and (dy,ds,ds) € Gr.

As explained in [DR22, Lemma 2.5|, the operator T, — (¢+ 1) annihilates the image of the cycle class map
clp. As a result,

APy, da, d3] € CHy(X1(Np")%5 Qpapr)) -

4.2.2. FEtale Abel-Jacobi map. We have a map
cli © CHy(X1(Np")*; F) — H'(F, H, (X1(Np")*, Z,(2)))
which is often referred to as the étale Abel-Jacobi map (and denoted by AlJe in [DR22]).

Since the target of cl is p-adically complete, cl; factors through the p-adic completion CHZ (X, (Np")?3; F)z
of CHj(X1(Np")%; F), and we denote the induced map on CHj(X1(Np")%; F)z, still by cl;.

P

"The appearance of Wy~ should be compared to the discussion in the portion of [BSV22] that lies between Proposition 3.2
and Remark 3.3.
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Remark 4.4. Let p C Op denote any prime of F. The constructions above can be carried out also with F
replaced by Fy, to yield the étale Abel-Jacobi map

cly + CH(X1(Np")* Fy) — H'(Fy, HA(X1(Np")*, Z,(2)))

over the base field Fy,. We then have the following commutative diagram, where the arrow on the left is the
natural morphism induced from the inclusion F' — Fy:

Cll

CHj(X1(Np")*; F) HY(F, H (X1(Np")*, Z,(2)))

| -

CHY (X1 (Np")%s Fy) — = H' (Fy, H (X1 (Np")?, Z,(2))).

Thanks to Lemma 4.2, we may put
(4.6) Af[dy, d2, d3) = cl (AP [dy, da, ds]) € H' (Q(ppr), He (X1 (ND")?, Z,,(2))) -

By a slight abuse of notation, we will also denote by A% [dy,ds,ds] the image of A%™4[d,ds, d3] under the
compositum

CH3(X1(Np")%; QUupr)) <5 H(QUuiye), HE (X1 (ND")?,Z,(2))) == H (Qlapr), HE (X1 (Np'), Z,)9)(2))

where the final projection K is induced from Kiinneth decomposition.

4.2.3. Field of definition. Let G, denote the p-Sylow subgroup of G,. In order to descend the field of
definition of the cohomology class At[dy,ds, d3], we define (following [DR22, §2.2|; see especially Equation
2.9 and the proof of Lemma 2.6 in op. cit.)

(47) Af‘.t[[a,b, CH = Z Ait[dgd:;a,dldgb,dldzc] <d1,d2,d3> S Hl(Q(,U,pr),Hét(yl(NpT),zp)(gB(Q))
<d17d2,d3>€GT,

for each (a,b,c) € (F))?, which we also regard in the formula above as an element of G, via Teichmiiller lift.
In (4.7), we regard each Aft[e;, es, €3] as a cocycle taking values in

Homz, (H'lt(yl(Npr)vZp)®3(1)7zp) - Hé}t(yl (Npr),Zp)®3(2)

€

(where the isomorphism follows from Poincaré duality), and A [dadza, d1dsb, didac] (d1,dz,d3) is a cocycle
with values in the module

Homzp (H;t (Yl(]\fpr)7 Zp)®3(1>7 ZP[GT]) :

It is easy to see that the expression

Z Ait[d2d3a,d1d3b7 d1d2C] <d1,d27d3>
(d1,d2,d3)€G

on the right of the formula (4.7) belongs to
Homzp[cr] (Hélt(yﬂNpr)»Zp)@?’(l)vZp[Gr]) % Homzp (H;t(fl(NpTLZp)®3(1),2p)
— Hg (X1(Np"), Z,)%%(2),
where the isomorphism G and its inverse G~! are given by

b(o) =D vy(0)g (o), Y g e)g i (o).

9geG, geG,

Remark 4.5.
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i) The formation of the cohomology class A% [[a,b,c]] can be recast as follows: It is the image of the class
Ala, b, c] under the chain of natural isomorphisms induced from

HY (X 1(Np"),Z,)%%(2) = Homg, (HA(X1(ND"),Z,)%°(1), 2,)
£ Homg, (g,) (HA(X1(Np"), Z,)%3(1), Z,[G,]) < HE(X1(Np"),Z,)%3(2).

ii) To ease motation, let us put (only in this remark) .. = H&(X1(Np"),Z,)®3(1). We then have the
following diagram where all squares are commutative, and which extends the chain of isomorphisms above:

r4+17 (1) —— Homgz,, (1.7, Z )4>H0mz Gria) r417, Zp[Grga]) —— 17 (1)

(4.8) @$? l (w;®3)'l i w?il

7 (1) Homgz, (.7, Z,) Homgz |¢,1(r, Z,[G"]) = 7 (1)

w*,®3
where (w;®®) is the pullback of ,.¥ —— ,41.%, and the third vertical arrow is given by

Homz, (g, .| (r17 Zp[Gra]) — Homzp[cr]( 7, Z,|Gr])

(4.9) b= > - g%fz > pgom® g,

g€Gri1 g 'eG, QGGT+1
pr(g)=

where pr : G411 — G, is the natural projection.

Definition 4.6. Recall from §1.1.4 the universal cyclotomic character . We denote by ( ) its restriction to
the mazimal pro-p-subgroup Gal(Q(upe)/Q(1p)) of Gal(Q(up=)/Q), which we also regard as a character of

Gal(Q(up=)/Q) via the natural decomposmon Gal(Q(up )/Q) Gal(Q(up>=)/Q(1p)) x Gal(Q(up)/Q). We
let { )y Gal( (p=)/Q) = Z,[G,] denote the composztum

Gal(QUup~)/Q) 5 A(1 +pz,) LN 7 17pr-17) 428, 7 16 )

where the final arrow is the diagonal map. We denote by Z,[G.]T the free Z,[G,]-module of rank one on
_1
which Gq acts via () 2. For any Z,[G,]-module M, we put M := M ®z c,] Z,|G:]'.

It is clear that ( ), factors through Gal(Q(p,)/Q), and that it is a faithful character of Gal(Q(g,r)/Q(1p))-
Lemma 4.7 ([DR22], Lemma 2.6).

i) For any a,b,c € FY, the class A%[la,b,c]] is the image of a unique class (which we also denote by
Al [a,b,c]]) under the compositum of the arrows

H'(Q(up), Het (X1(Np"), Z,)%)(2)T) == H' (Q(upr), Her(X1(ND"), Z,)%)(2)1)
— H'(Qpr), Het(X1(NP"), Z,)%7)(2))

ii) For any m € F), we have

oA [a,b,c]] = A% [[m~ta,m™tb,m™(]].

Proof. The uniqueness claim in (i) follows from the inflation-restriction sequence (which tells us that the
relevant restriction map is injective). To prove the existence (also by the inflation-restriction sequence), we
must show that for any integer m = 1 (mod p), we have

om A [a,b, c]] = (m,m,m)> A][a,b,d]].



Unravelling the definition of A [[a,b,c]] (cf. Equation (4.7)), this is equivalent to checking that

> Adydsa, dydsb, didac]™ (d) = Y Al[dadsza, didsb, dydac] (m*dy,m* dy, m? ds)
(d)=(d1,d2,d3)E€G (d1,d2,d3)€G,
= > A [m Y dydsa, m™ dydsb, m ™ dydac] (d) .

(d)=(d1,d2,d3)€EG
We therefore have reduced to checking that
Ay, e9,e3]7™ = A mter, m ey, mtes),
which is immediate from (4.5).

The proof of the second part also follows from (4.5). O

Definition 4.8. Following [DR22, Eqn. (2.27)], we put A% := ﬁ Zmb’cg; Alt[[be, ac, ab]].

We then have ) o
A e HY(Q, Ha (X1 (Np"), Z,)%°(2)T),
cf. the proof of [DR22, Lemma 2.10].

Remark 4.9. The relation between A% and A[1,1,1] is akin to the relation between X1 s in [How07b, Eqn.
8| and the Heegner class Q, given as in [How(07a, p. 809].

4.2.4. Big diagonal cycles: Construction. The following behaviour of the diagonal cycles under the degener-
acy map o1 is key to the construction of big diagonal cycles.

Lemma 4.10 ([DR22], Lemma 2.5). For any positive integer r as well as a triple (dy,d;, d3) € G,i1 whose
image in G, is (d1,da,ds), we have

®3 dig 3 31— 77/®3 d
W1« A?:—l[ 1 2ad3] - Up A?r [d17d27d3}'

Proof. This is an immediate consequence of the second statement in [DR22, Lemma 2.5], noting that the
Atkin-Lehner operators (that appear in the definition (4.4) of A%4[dy,ds,d3]) interchange w; . and @y .,
and intertwine U, and U, O

Corollary 4.11. Suppose that a,b,c € F are arbitrary elements. Recall that we regard them as elements
of (Z/p"Z)* wvia their Teichmiiller lifts.

i) We have

@32 Zo = U 2, Z;j = ASta,b,c] or AS[[a,b,c]].

i ®3 Aét _ 77/IR3 Aét
ii) @y AT = U2 A

*

Proof. The first claim with Z; = A;‘ft [a, b, ] follows immediately from definitions and Lemma 4.10 combined
with the Hecke-equivariance of the Abel-Jacobi map cl;, whereas the same claim with Z; = A$*[[a, b, c]]
follows from the first® in view of Remark 4.5(i). O

Recall from Definition 4.6 the character { ). Let us put G := lim G,. We define ( ©3): Gal(Q(up=)/Q) —
Z,[[G]] as the compositum

Gal(Q(pp=)/Q) 1 A(1 +pZ,) -5 7, (G

We denote by Z,[[Go]]T the free Z,[[Goo]]-module of rank one on which Gq acts via ( ®3)~2. For any
Z,[[Go]]-module M, we put Mt := M @z, (1G]] Zpl[Goo]T

80ne may give a direct proof of this assertion with Z; = A?t [[a, b, c]], using the description in Remark 4.9(ii) of the morphism

Homgz g, ,1(r+15, Zp[Gri1]) — Homgz,q,1(r, Zp[Gr]) -
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Definition 4.12. We define the big diagonal cycle A on setting
AL = {02 Al € lim HY(Q, efuqHe(Yi(ND'), Z,)#3(2)1) = HY(Q, Hy (Y1 (Np™))® (1))
®3

Wl‘*,T'

We note that this definition makes sense thanks to Corollary 4.11, relying also on the fact that Uzl)®3 acts

invertibly on
CoraHes(Vi(ND"), Z,) % (2)T = Hoq(Vi(Np™))#3 (1T,

ord

which is where the cohomology class At takes coefficients in.

Definition 4.13. Let (f, g, h) denote a triple of primitive Hida families with tame levels (N¢, Ng, Nn) and
tame nebentype characters verifying’ ef€gen = 1. Let us put N := lem(N¢, Ng, Nn) and denote by
Aét (fa ga h) S Hl(Qa Tf:rgh)

the associated big diagonal cycle, where

o Trgh = Tt@Tg@Th,
1 _
hd Tngh = ngh ®( fg h) 2chlc’

which is given as the image of A under the map induced from the compositum of the following arrows:

00 W1,x QW1+« QT % ooV D c0\\ S 0o
Hopq(Y1(Np™))®? s Hog (Yi(Nep™)) @ Howg (Yi(Ngp™) © Hopg (Yi(Nup™)) — Trn

o

where the final arrow is obtained using the definition of Tggn, cf. (1.5).

We conclude this subsection with the following definition, restricting our attention to the particular
scenario where h = g°:

Definition 4.14. Let us denote by A®(foad(g)) € H'(Q,T) the image of the cohomology class A®*(f, g, g°) €
Hl(Q7nggc) under the natural map

(1.10) 0 13 4

Hl(Q’Tf:rggc) HI(Q7T) N

4.2.5. Specializations of big diagonal cycles. Let us consider the set
AP = {(k,\) € Wy : wt(k) = 2 = wt()\) and f,, g, are new of respective levels Ngp™ and Ngp"}

of arithmetic specializations. Let us put A® := UT.AQ) and observe that A®) is a dense subset of W;.
Our main goal in the present subsection is to explicitly describe the specializations of A®*(f® ad(g)) to

(k,\) € A®. We begin our discussion with the following variation of (4.7) and define, for each (x,\) € AP

(410) APk, N) = > AMdads, dsdy, didy] - e(di) € CHR(X1(NP")*;Q(ppr))z, ®z, On.
(d1,d2,d3)E€G,

where O, » is the ring of integers of the field generated over Q, by the Hecke fields of f,, gy and g§. We
further denote by A% (k,\) € H*(Q(upr),T) the image of A%(k, \) under the composition of the following
arrows:

(411) CH3 (X1 (ND')%5Q(t))z, @z, O~ H(QUpyr), Hi (X1 (Np'), Z,)%*(2))

pre, ®Prg, ®prgc
B B HY Qe ), T) s

where, for a cuspidal newform h of level 'y (N p") with Ny, | N, the map pr), is induced from the pushforward
w1 .

map HL(X1(Np"),Z,)(1) —= HL(X1(Nnp"),Z,)(1) composed with projection to the h-isotypical Hecke
eigenspace.

9As a matter of fact, a stronger version of this hypothesis (recorded in §1.1.7) is enforced throughout our paper.
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Lemma 4.15. Suppose that (k,\) € A?). Then we have
resq(u,r)/Q A% (f® ad(g))),.,, = ap(fe) "ap(8) A (5, 1),

where A% (f @ ad(g)) is the image of A®(f @ ad(g)) under the specialization map

[(e,3)

H'(Q,T) = H'(Q, T} ® ad(Ty)) "% H'(Q, T} ® ad(Ty,)).

Proof. Immediate from definitions. |

Remark 4.16. We invite the reader to compare Lemma 4.15 with the discussion in [How07a, p. 809], where
the latter involves a comparison of Howard’s big Heegner point attached to a Hida family £ and his twisted
Heegner point associated to the specialization £, of f at an arithmetic point k € A3,

For archimedean aspects (e.g. relevant to our discussion in §5 below), we shall consider the following
variant of the cycle A%™4(k, \) given as in (4.2.5):

Definition 4.17. For any (k,\) € Ag), let us choose q as in Definition 4.3 so that

Cq = (aq(fs) — (@ +1)) - (ag(gr) — (g +1)) - (aq(g%) — (¢ +1))
is a p-adic unit (this is possible since £, and gy are non-Eisenstein mod p, cf. the discussion in [DR22], §4).
We put

Ak, A) i=Cpt > Apldads, dsdy, dida] - ¥s(dy) € CH(X1(Np")*;Q(ppr)) @z Frox s
(d1,d2,d3)€C,

where F; » is the joint of the Hecke fields of the normalized eigenforms f,., gx and g5.

Note that A?(k, \) is independent of the choice of ¢, thanks to the factor C,;l.
Lemma 4.18. The image of A2(k,\) under the composite map

r cly ~ r PT,
CH (X1 (NP")*; Q1)) @z Fax = HY(QUupr), Hiy (X1 (Np"), Z,)%%(2)) @2 Fron — H'(Qptpr ), T2
coincides with A (k, \). Here, pr, \ s the shorthand for prg_ & prg, ® Prge, and Ty, ) = Tg, ® ad(Ty,).

Proof. Note that both operators
Col Ty —(a+1)%° . (ega)®
act as the identity on the (£, g, g5)-isotypic quotients of HZ (X1(Np"),Z,)®3(2); the latter because the

p-stabilized eigenforms f,;, gx and g are p-ordinary. The lemma follows from definitions together with this
observation. O

4.3. Second reduction step. We combine Lemma 4.15 and Lemma 3.2 to reduce the proof of Conjecture 1.1
to the comparison recorded as (4.12) below.

Let us define A" (k,\) € HY(Q(upr), Tt,,) as the image of A% (k, \) under the map

id®tr
H' Q) T ) = H (Q(ptpr), Tr, ® ad(Ty,)) <= H' (Qutpr), T, ) -
Lemma 4.19. Conjecture 2.7 follows if (de) holds and we have

(4.12) res;, O TeSL /Q(u,r) A (), 0) = +a,(g2)" Anpr(82) p [ Ly Hyr] ™ Myag - Tes, Qp

for a subset consisting of (rk,\) € A®) which is dense in Wa, where:

e The positive integer r is such that (k,\) € AP , and S, =7T;
e p is a prime of L, above the unique prime of K(u,) that lies above the prime p of Ok, and the
equality takes place in H} (L, o, T, ) ;
o Anpr(8)) is the Atkin—Lehner pseudo-eigenvalue of the indicated level ;
e Q. is Howard’s twisted Heegner point, given as in §2.2.4, over the fized imaginary quadratic field K ;
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s Af,®adgy 71
o Mg = D)) O B
P\"KR f. “7gx

Proof. We begin our proof recalling from §1.1.8-§1.1.10 that the map T, x — TfT is induced from the mor-
phism

ap (&0 ANk (e

(4.13) Ty, ®Tg (O

where (, ), is the Poincaré duality pairing on the modular curve X,. Combining this observation with
Lemma 4.15 and the compatibility of the Poincaré duality pairing with degeneracy maps, we deduce that

(4.14) resq(u,.)/Q AT(E@ ad(g))).,, = ap(£) Tap(grn) Ay (8x) AL (K, A) .
Let us assume that (4.12) holds, which we use together with (4.14) to conclude
(4.15) ap(f) "res, oresy, o A" (f® ad(g))),. ., = +p' (L Hyr ™ - 19 - Tes, Q-

Since the map
resy, /K, ° Jr(Kp) — Jr(Lrp)
is injective, we infer from (4.15) that

(4.16) log,, (resp A" (f® ad(g))kmw) =4p' "L, Hyr ]ty (£2) ™" - M - log,, (res, Q) -

The proof of our lemma follows now from Lemma 3.2. ]

5. CHOW—HEEGNER POINTS AND GENERALIZED GROSS—KUDLA CONJECTURE
In what follows, we shall denote by A(—) the completed L-functions.

5.1. Beilinson-Bloch Heights. As in Section 4, we denote by CH? (X?) the Chow group of codimension
two cycles on X3, for a smooth, projective, and connected curve X over a number field K. Recall the
filtration
CH?*(X?) D CH*'(X?) = CH3(X?) > CH*?(X3) > CH*?(X?),
which can be upgraded to a decomposition of CH?(X?) (cf. Equation (3.1.1) in [YZZ12]).
The work of Beilinson [Bei84, Bei87] and Bloch [Blo84] defines a height pairing
(,)pp : CHp(X?) x CH}(X®) — C

on homologically trivial cycles. We refer the reader to [YZZ12, §3.1] for a review of its definition in our case
of interest.

5.2. Generalized Gross—Kudla Conjecture. Until the end of this section, we fix a positive integer r and
(k,\) € AP We also write X, for X; (Np") and put f = f., g = gn. We assume that both f and ¢ are
newforms and that s, = r = s). Let us put

(51) Qf®ad(g) = ap(f)_2r (fv f> <gvg>2 .

Recall the cycle class
A7 (k,A) € CHY(X?; Q(upr)) ®z Fion
from the previous section. In line with the Generalized Gross—Kudla Conjecture, as stated (and partially
proved) in Yuan—Zhang-Zhang (cf. [YZZ10, YZZ12, YZZ23]), we conjecture that the Beilinson—Bloch height
of A2(k, \) is related to the first central derivative of the complex L-series L(f ® g ® ¢°, s):

Conjecture 5.1. With the notation above, we have
pir ) C(‘V‘:? >‘)
Qrgad(g)

where C(k, \) is (generically) a non-zero algebraic constant which interpolates p-adically as (k, \) varies.
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Remark 5.2. Suppose in this remark that r = 0, and let us denote by f, and g, the newforms associated
with £, and gy, respectively (of respective levels Ny and Ng). In this scenario, Conjecture 5.1 agrees with
[GK92, Conjecture 13.2], minding that we have used complete L-series in our formulation.

We further remark that A(f ® g ® g ad, 1), which is the period utilized in [YZZ10, YZ712, Y7723|,
coincides with an explicit non-zero algebraic multiple of Qygaa(gey; cf- [Hsi2l, Eqn. (2.18)] and the proof of
Corollary 4.13 in op. cit.

Remark 5.3. Let w be the automorphic representation on GLg x GLo x GLg associated to f ® g® g°. By the
main theorem of [YZ723| (Theorem 1.3.3 in op. cit.), one may prove a statement towards Conjecture 5.1
with some error terms (which are described in terms of ramified primes of w). As a result, if w is unramified,
Congecture 5.1 holds. In the ramified case (e.g. when f and g have wild nebentype, which is the typical
scenario in our set-up), to the best of our knowledge'®, there are no definitive results towards Conjecture 5.1.

5.2.1. Néron—Tate heights of Chow—Heegner points. We denote by P?(k,A) the image of the cycle A2(k, \)
under the compositum of the maps

pra (Zo(—))
CH(2)(X31 Q(/—j/pr)) XKz Fn,)\ p—3> CH(2J<X;17 Q(,U/pr)) XKz ka 4—> CH%(X’I‘) Xz kav

and call it (following Darmon—Rotger—Sols) the Chow-Heegner point. Here, pris; : X2 — X2 (resp. pry :
X2* — X) is the natural projection onto the first three factors (resp. the fourth factor), and where 2. is the
cycle class represented by the image of

a: X2 — X', (n,y) -~ (y2,3,y),

cf. [YZ710, §1.4], see also'! [DRS12, §2]. According to [YZZ12, §1.3.1] (see also [YZZ23|, Remark 3.1.1),
the Néron—Tate height pairing of P?(k, \) is related to the Beilinson—Bloch height pairing of A2(k, A):

(A7(k, A), AL (K, A)) BB = 2(F7 (K, A), P (K, AN,
and Conjecture 5.1 can be recast as follows:
Conjecture 5.4. We have
P CO(r, A) - A(f ®ad’(g), ¥ 2, 1)
Qfgad(g)

where C(k, \) is (generically) a non-zero algebraic constant which interpolates p-adically as (k, \) varies.

(P2 (5, X)) P (16, ) = N (f,gn 2,1),

Remark 5.5. Recall from §1.1.7 that we assume that the global root numbers of the motives associated to
f®g®g° and f are both equal to —1. As a result, we have

L(f®g®g°un?,2) =0=L(fn 1)

at the central critical points.

6. COMPATIBILITY OF DE RHAM AND ETALE PICTURE

Throughout this section, we fix a positive integer r and (k,\) € AP To ease our notation, let us also
write X, in place of X;(Np") and put f = f;, g = gn. Our main goal in the present section is to prove
Proposition 6.2, which can be thought of as a compatibility between the formation of the Chow—Hegner
point (cf. §5.2.1) and the morphism

Ly . id®(,)
Ty @ Ty @ Tye (3 'Xoye) —— T

on the level of cohomology induced by Poincaré duality.

10T he first named author (K.B.) thanks Wei Zhang for extensive exchanges on this topic.
1Ty explicate this comparison, let us denote (following [DRS12]) by Z := Xas C X2 =: X5 x X3 the diagonal embedding
of X, into XE (where we label the factors as X2 and X3), and let us denote by I1z := X14 X Z C Xf = X1 X X2 X X3 X X4,
where X14 is the diagonal copy of X, embedded in X; x X4 = X2. Then the cycle class 2 is indeed represented by II.
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6.1. de Rham Abel-Jacobi maps. Let us consider the de Rham Abel-Jacobi maps
ATGR - CHY(XE: Qpptpr)) — (I (B (X7 /Q(r1pr))))

o et (B3 Dyg (HE, (X7,Q0))) 0, Qpliapr)
AT+ CHY(X,: Qpiy)) — (FII' (Hl (X0/Qu(151))))

SR (il Dar (H& (X, Qp)) @0, Q)

\%

\

cf. [Bes00, §5] and [BLZ16, §3].

6.1.1. According to [NN16, Theorem B]| (see also [Niz97]), we have the following compatibility with the
étale Abel-Jacobi map (cf. §4.2.2):

CHE(X3; Qp(1pr)) —22s HHQp(ptpr ), HE (X2, Q) (2)) 225 Dy (HE,(X 2, Q,)(2))/Fil’ @, Qp(japr)
(6.2) — lw

dR
. 2 =3
Fil? DdR(Hgt(er Qp))v ®Q, Qp(ptpr)

where logg is the Bloch-Kato logarithm and the vertical isomorphism is induced by Poincaré duality.

6.1.2. Similarly, we have the following commutative diagram:

loggxk

CHY (X, Qp(ppr)) — HE(Qp(ptpr)s HA (K1, Qu) (1) —25 Dag (H Y (X, Qp)(1))/Fil° @0, Qp (1)
(6.3) \ le

AI®
Fil' DdR(Hélt(Yrv Qp))v ®Q, Qp(ﬂp’“) .

6.1.3. Recall from [KLZ17, §10] the classes w,wge € Fil' Dar (HL (X1, Qp))@Q(pnpr) and 1y € Dar (HA (X1, Q)@
Q(unpr), and let us put

W = w; ®ny @ wye € FI2Dar (HE (X, Q,)) .-

Let us set

W@ ologpk

108, ¢ H} (Qp(ipr), HE (X, Qp)(2)) Qp(invpr)-

We recall that, in order to define the element Agtr)(n, A), we rely on the modified Poincaré duality as in
(4.13), which is given by
ap(9) Angpr (9) 7" (), 3,.
For our purposes in the present section, it will be convenient to consider its variant Agp)(n,)\) that one
obtains using the Poincaré duality pairing

Ty ® TgC( ;lxvz_y%:)

— — — ~ * <a >T ~
Ty @ Tye (% 1chlc) =T,®15 (chlc) — Ty ® Tg ’ Qp

instead (cf. (6.7) and Remark 6.4). Here, T is the g-isotypic submodule of HY (Y (ng”),Syrxlk(%”zvp))7
which coincides with a lattice in the Galois representation denoted by M, (g) in [KLZ17, §2.8]. Note then
that these two cohomology classes are related via

(6.4) AU (k,A) = ap(9)" Angpr (9) T AP (1, A)

Lemma 6.1. We have

(6.5) log,,, otes, (A (k, X)) = log, ) o tes, (A% (x, A)) = AJG)(AY(k, ) (w?),
(6.6) log,,, ores, (P2 (r,\)) = AJR (P2 (5, ) (wy)
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Proof. The first equality in (6.5) follows from the commutative diagram

1 t -1 g9 &w
Hbal(QP7Tf ® T."J ® T?(chc))

p
6.7 1d®(, )
( ) ®(,) i /

HL(Q,, T})

and the definition of AL (K, ), whereas the second equality therein follows also from definitions and (6.2).

The assertion (6.6) also follows from definitions and (6.3). O

6.2. Compatibility. We are now in a position to state and prove the main results of the present section.
Recall from the footnote in §5.2.1 that Z C X2 denotes the diagonal copy of X,.. Let us denote by [Z] €
CH'(X?;Q,(upr)) the class represented by Z.

Proposition 6.2. AJ()(A%(k, A)(w®)) = AJE (P2 (5, \)) (wy).

Proof. The argument we present below is borrowed from [Daul3], which we adapt to our setting with slight
modifications. We recall that

. -3
w9 = wr @1y @ wge € Fil’Dar (HE(X,,Qp)) ,
and
clar : CHl(XE?Qp(Mp’”)) — HgR(Xg/Qp(Npr))(l)
is the de Rham cycle class map. As in [Daul3, Lemma 4.2.2|, we identify the cycle [Z] with the Hecke
correspondence denoted by Ty, in op. cit. (which one also views as an element of CH'(X?2; Qu(pr))). By
[Daul3, Propositions 2.1.2(1)], we observe that the projector ey acts on the components of the Kiinneth

decomposition of H3z (X, x X,) as follows: It annihilates H{g(X,) ® H3z(X,) and Hiz(X,) ® HiR(X,),
therefore gives rise to an element

clar(e[Z]) € Hig(X,) @ Hig(X,).

By definition, 7y and wge pair to 1 under the Poincaré duality pairing, and Z is the graph of the identity

endomorphism X, X, X,. We therefore have an identification of clar (e0[Z]) with ng ® wge. As a result, it
suffices to prove that

(6.8) AT (P (5, 0)) (wp) = AIGUAL (5, 1)) (ws ® clar (eo[2])) -

We recall that the Chow-Heegner cycle P2(k,\) is defined as the image of the cycle A2(k,A) under the
compositum of the maps (that we denote by Il . , following Daub)

*
P23

CHI(X2;Q(ipr)) ®z Fp —2 CHa (X2 Q(upr)) ®z Fx CHy (X Qpttpr)) ®z Fiex -

We recall from the footnote in §5.2.1 that the cycle class 25 € CHa(X2; Q(u,r)) can be represented by IT.
Then, as in [Daul3, pp. 8-9], we have the induced maps

pry (25 (=))
T

Fil' Hip (X, /Q,) —25 Fil> Hip (X3/Q,) .

We therefore have P?(k,A) = Iz .(A%(k, A)), and wy & clar(eo[Z]) = I} (wy). With these identifications at
hand, the sought-after equality (6.8) follows from [Daul3, Proposition 2.3.5]. O

Corollary 6.3. log,, ores, (Aﬁ“)(,{, \) = ay(9)" log,,, ores, (P2 (k, \)).

Proof. This is immediate on combining Lemma 6.1, Proposition 6.2, and (6.4). |
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Remark 6.4. The proof of Proposition 6.2 combined with (6.2), (6.3) and the diagram (6.7) show that the
square and the triangle in the following diagram are Cartesian:

pr,; ) Orespocly w@ ologpx —
- >

CH(QJ(X3§ Q(ppr)) Hfl (Qp(ppr), Ty ® ad(Ty))

i P
(6.9) (I, )- J{ lid@tr %7

CHé<Xr§ Qp(kpr)) Hfl (Qp(ppr); Ty)

pr,, ores, ocly

6.3. Third reduction step. We combine Lemma 4.19 together with Corollary 6.3 to reduce the proof
of Conjecture 1.1 (which is equivalent to Conjecture 2.7) to the following comparison between the Chow—
Heegner point PP (k,A) and the twisted Heegner point @, recorded as (6.10) below.

Proposition 6.5. Conjecture 2.7 follows if (Lgd) holds and
(6.10) resy, /Q(u,r) Pr (K A) &= Anpr (g2)2p* "[Ly : Hyr|™ - Mo - Qp is torsion

for a subset consisting of (r,\) € A® which is dense in Ws.

7. TOWARDS A PROOF OF CONJECTURE 1.1

We finally put the pieces together and explain how the considerations in the previous sections can be
combined with Howard’s twisted Gross—Zagier formula (cf. Theorem 7.1) to deduce Conjecture 1.1.

7.1. Howard’s twisted Gross—Zagier formulae. Throughout this section, we fix a positive integer r and

(k,A) € A® . Recall that 1, denotes the central character of f,, which we assume to have conductor p" (so
that s, = r). Note that such specializations (f, g) still are dense in the We x Wy.

The following is a restatement of Howard’s twisted Gross—Zagier formula in our particular case of interest.
Theorem 7.1 (Howard). We have
[SL2(2Z) : To(p"Ng)]
A(f @ exc, 1)

N(foe®,1) = 4p~" (f, f) (Qu, Qudn -

Proof. This follows from [How09, Theorem 5.6.2], the complex factorization of the derivative of the L-function
and the relation

16711* = (f, £) [SL2(Z) : To(p"Ne)l ",
cf. |I110, p. 1403]; see also [Hsi21, p. 445]. We remark that the additional factor (o(2)~! = 6/ in op. cit.
is present due to the normalization of Haar measures (which is different from that in [How09]). O

Remark 7.2. As is well-known, we have
r 7 1 _.r—1
[SL2(Z) : To(p"Ne)] = p" Np H(1+Z)—P [Ta+o.
£|pNe £|pN¢

where the second equality is because we assume that Ny is square-free. We may therefore rewrite the identity
of Theorem 7.1 as

He\pr(l +0)7!
A(f & EKaQ;Z)l:%a 1)

(7.1) N (foibn 2,1) = 42 (f, f) % % (Qrr Q) -

7.2. Chow—Heegner points vs. Heegner points. Our goal in this section is to prove the comparison
(6.10) between Chow—Heegner points and Heegner points (for a fixed (k,A) as in the start of §7). This, in
view of 2.2.8 and Proposition 6.5, concludes the proof of Conjecture 1.1.
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_1
7.2.1. We may assume'? without loss of generality that there exists & such that L'(f, i 2,1) # 0, as
otherwise, it follows from Conjecture 5.4 (which we assume) and Theorem 7.1 that both P72 (x, ) and Q,
are torsion points (on the relevant Jacobian variety), and there is nothing to prove.

7.2.2. In this case, it follows from Lemma 2.1 that Howard’s big Heegner point 3 is non-torsion. It follows
from [How07b, Corollary 3.4.3] that Nekovai’s extended Selmer group H{ (Q, TfT ) (which coincides with the
Greenberg Selmer group H} (Q, TfT ) which we have defined in §2.1.1) is of Re-rank one.

By the control theorem for extended Selmer groups (cf. the proof of [How07b|, Corollary 3.4.3) and
identifying the extended Selmer groups therein with the Greenberg Selmer groups (which we may for all but
finitely many k), it follows that the E,-vector space Hfl(Q,Tfl[l /p]) is one-dimensional for all but finitely
many ~ as above. We may discard this finite set if necessary, and assume without loss of generality that

dimp, HH(Q, T} [1/p]) =1.

7.2.3. It follows from the inflation-restriction sequence that we have a natural isomorphism
1
~ 2
H'(QT{ [1/p]) = H(L: Ty, [1/p]) V" .
Moreover, using [Rub00, Corollary B.5.3] with V = F +Tfl [1/p], this isomorphism restricts to an isomorphism

HNQUT] [1/p]) = He(L, e, (1))

In view of our discussion in §7.2.2, we may therefore assume without loss of generality that

dimp, Hy(L,, Tg, [1/p])¥* =1.

7.2.4. We are now ready to state and prove the main result of this section:

Theorem 7.3. For every pair (k,\) as above, (6.5) holds true under our running assumptions™s.

Proof. Let us combine the statement of Conjecture 5.4 (which we assume) and (7.1) to conclude that
_1
p" - C(r,\) - A(f ®ad’(g), 1 2, 1)
Qfgad(g)
14071
% 4p172r <f, f> 5 Hé‘pr( 71
A(f @ ex, ¥ ®,1)
Observe that, by construction, both the Chow—Heegner point P?(x,\) and the twisted Heegner point Q,
1

<Pf(l€, )‘)7 P:(Hv >‘)>NT =
(7.2)

X (Qr, Qr)NT -

belong to the 1-dimensional E,-vector space H¢(L,, T, [1/ p})wg . As a result, (6.5) is equivalent to checking
that

Hl\pr(l + E)_l
A(f ® 61{,1/);%, 1)

) L A ®ad’g, it 1)
= Ao ()P (p— 1)2 - D(k, \) - 2).-C5 -
Npr(9) P (= 1) D(k, A) - 9(¥i) - O an(F) 7 2, O

C(K‘7 )‘) i A(f ® ado(g)a 7%:5’ 1)
Qr@ad(g)

(7.3)

127 conjecture of Greenberg (cf. [Gre94], see also [Arn10], Conjectures 1.3 and 1.4) asserts that this is always the case, but
we need not assume the validity of this conjecture.
13Besides the standard hypotheses on the Hida families we work with, these include (Lgd), (GKT), and (NA).
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Reorganizing (7.3), it suffices to prove that all 4 factors o, B,.%, and % that appear in the expression

C(k,\)=p <p;1) H (14+0) - Anpr(9)* 2(k, N
%

L|pNg
(7.4) 7 ,
1 OF A(f @exc,tps 2, 1) Qsga
3 f f®ad(g) 2)2
S e N R WPV
k2 2

are algebraic, and that they p-adically interpolate as k and A (equivalently, f and g) varies. Note that
&/ € Q is an absolute constant, whereas % and %) readily have the required property (note that the latter is
interpolated by the restriction £ (f)(x, %(”) + 1) of the Mazur-Kitagawa p-adic L-function to the central
critical line; cf. [BCS], §3.1). Finally, it follows from the definition of Qtgaq(g) (cf. Equation 5.1) and di

(cf. the statement of Lemma 3.2) that
Ly = =27 ay(9)" ap(9)”" a(¥r)a(y) " = —27F,

p2r p—T

where the second equality follows from the properties of the Gauss sum (note that ) is necessarily an even
character) and [Miy89, Theorem 4.16.17]. As a result, %5 has the required property as well and our proof is
complete. O
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