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1. Introduction

The first significant work towards the study of p-adic L-functions for GL(2) x GL(3)
was achieved by C.-G. Schmidt in [Sch93]. By using the so-called modular symbol
method, extending ideas due to Kazhdan and Mazur, Schmidt studied algebraicity and
p-adic interpolation properties of the twists of special values for the L-series associated
with Rankin—Selberg convolution of two fixed automorphic representations for GL(2)
and GL(3). This led to the construction of the corresponding p-adic L-function in the
cyclotomic variable.

The algebraicity results and p-adic interpolation properties studied in [Sch93] have
been pursued and generalised to GL(n) x GL(n+1) by several authors along the last years
(see, for example, [KS13,RS08,Ragl0,Sun17,Jan19]). Concerning the construction of p-
adic L-functions for GL(n) x GL(n 4 1), we must mention the work of F. Januszewski
in [Jan15], and more recently in [Jan], where p-adic L-functions for Hida families on
GL(n) x GL(n + 1) are achieved. As a by-product, Januszewski obtains strong non-
vanishing results for central L-values of twisted Rankin—Selberg L-functions.

Within the general framework provided by the above mentioned works, the aim of
the present paper is to construct a p-adic L-function (of a single weight variable) for
GL(2) x GL(3), using explicit Hida families of ordinary modular forms. Our construction
relies on very explicit Ichino-like formulae for central values of degree 6 L-series proven in
the recent years (cf. [Ich05], [PAVP19], [PAVP20], [Che20]), which are expressed in terms
of periods involving Saito—Kurokawa liftings that can be p-adically interpolated when
varying the weight. A disadvantage of this route is that we are forced to impose some
technical assumptions that are inherent to the method and to the available formulae,
which would cease to play a role as soon as the aforementioned special values results are
generalized. In contrast, the main motivation (and advantage) of our approach is that
it opens the path for a closer link to the arithmetic of classical modular forms and their
special L-values, e.g. via the study of appropriate special cycles in the relevant algebraic
varieties. Therefore, our construction provides a needed complement to the works cited
in the previous paragraph.

In order to describe our main results, let N > 1 be an odd, squarefree integer, and
k,£ > 1 two odd integers. Let f € S3"(N) and g € SP{Y(N) be two normalised
newforms of level I'g(N) and weights 2k and £+ 1, respectively, and let V; and V, denote
the compatible system of Deligne p-adic Galois representations associated with f and g,



D. Casazza, C. de Vera-Piquero / Journal of Number Theory 249 (2023) 131-182 133

respectively. Let also AdO(Vg) be the adjoint representation of trace-zero endomorphisms
of Vj; (which, since g has trivial nebentype character, is just a cyclotomic twist of the
symmetric square representation Sym?(V;)). Associated with this data, we may consider
the complex L-series L(f ® Ad°(g),s) attached to V; @ Ad°(V,), defined by an Euler
product

L(f ® Ad"(g) IIL@f®A&<>*ﬂ*

for Re(s) > 0. If ¢ is a prime not dividing N, and we write ay(f), Bq(f) and ay(g),
B4(g) for the roots of the ¢-th Hecke polynomials

Pro(T):=T% —a,()T + ¢, Pyg(T) =T - ay(9)T + ¢,

of f and g, respectively, then L(f ® Ad%(g), T')(q) is the degree 6 Euler factor defined by
the identity

Lig(f @ Ad%(9),T) = (1 — ag(H)FHET) - (1= ag(HT) - (1 — ag(/)224T) (1.1)

% (1= By(HSDT) - (1= B,(HT) - (1 By 22 T).

The completed L-function

A(f ® Ad°(9),s) := Loo(f ® Ad°(g), ) - L(f ® Ad°(9), 5),

where, for D¢ (s) := 2(27)~°T'(s),

L (F © AL (). 5) = {FC(S +0)-Te(s—0)-Tels) if 0 < k,
Te(s+4) - Te(s+€+1—-2k) -Tc(s) if >k,

admits analytic continuation to the whole complex plane and satisfies a functional equa-

tion relating the values A(f®Ad%(g), 2k—s) and A(f®Ad’(g), s). The center of symmetry

s = k is always a critical point in the sense of Deligne, and the global sign e = {£1}

appearing in this functional equation can be written as a product of local signs, one for

each rational place:

EZH&,, gy € {£1}.

The local signs €, are +1 away from Noo, and hence this is actually a finite product. In
addition, our assumption that both f and g are newforms of the same level N, with NV
odd and squarefree, implies that sq +1 for all primes g | N. Therefore the sign in the
functional equation for A(f ® Ad"(g), s) is completely governed by
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—1 if ¢ <k and k odd
+1 if £ <k and k even
+1 if £ >k and k odd
—1 if¢ >k and k even

Exo =

See [Pra90, Section 8] and the sign discussion in [PAVP19, p. 5]) for more detail. In the
cases when £, = 41 we have € = 1, thus one expects the central value A(f @ Ad°(g), k)
to be generically non-zero. Therefore, it is natural to aim for a (two-variable) p-adic
L-function £,(f,Ad%(g)) interpolating the central values A(f ® Ad"(g), k), when both
f and g vary in Hida families f and g of ordinary p-stabilised newforms. With this in
mind, the goal of this note is to construct a one-variable p-adic L-function £;(f, Ad%(g))
attached to Hida families f, g interpolating those central values along the line ¢ = k
(subregion of ¢ > k), which shall provide what it is expected to be the restriction of
the two-variable one. For the reasons explained in these few lines, we will consider the
following assumption:

(Sign) N is odd squarefree and that k is odd.

The assumption of N be odd is not needed for sign purposes, but for the central value
formula we refer to in the next theorem. However, for convenience of the reader we prefer
to keep it under this label as well.

Assume from now on that ¢ = k. Our construction relies on an explicit central value
formula for A(f ® Ad%(g), k) in terms of Petersson products involving Saito-Kurokawa
lifts, firstly described by Ichino [Ich05] and recently generalised in [PdVP19] and [Che20)].
For our construction, we will rely on the formulation in [PdVP19] (where the notation
Ad coincides with our Ad", and we use a different normalization of the Petersson inner
products):

Theorem 1.1. Let f € S5;V(N), g € SpSY(N) be two normalised newforms of level N
and weights 2k and k + 1, respectively. If we assume that the pair (N, k) satisfies the
hypothesis (Sign), then

A(F © A (g). k) = C(f.g) - -

where C(f,g) = 2KTIN~1, and:

o h € Spyi1/2(N) is any half-integral weight modular form in Shimura—Shintani corre-
spondence with f;

o« Fe S,(jgl(N) is the Saito—Kurokawa lift of h;

o w(F) € Skt1(N)® Sk11(N) is the pullback of F' to H x H embedded diagonally into
Siegel’s upper half space Ho (see Section 4 for details).
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The Shimura—Shintani correspondence and the Saito—Kurokawa lift are recalled in
Section 3. A corollary of the above central value formula is the following algebraicity
property, as predicted by Deligne:

A(f ® Ad%(g), k)
(9,9)*

(f,f)  Kw(F),gxg)l?
(h, h)S2y (9,9)*

=C(f,9)- € Q(f,9), (1.2)

where Q7 € C* denotes a complex period attached to f by Shimura (see equation (3.4)
below) and Q(f,g) denotes the number field obtained by adjoining to Q the Fourier
coefficients of f and g. This explicit expression for the algebraic part of the central value
A(f®Ad%(g), k) suggests the construction of the desired p-adic L-function Lo(f, Ad’(g))
attached to two Hida families of ordinary p-stabilised newforms by directly interpolating
the right hand side of (1.2) when f and g vary along the classical specialisations of f and
g. This is the strategy that we follow in this article.

We briefly explain what are the key steps in the aforementioned interpolation of
(algebraic) central values, still keeping a classical flavour. Continue to assume that f €
S5V (V) and g € SpTY(N) are normalised newforms, such that the pair (N, k) satisfies
the hypothesis (Sign). Let p t 2V be a prime and suppose that both f and g are ordinary
at p, and write af == a,(f), B = Bp(f), and oy = a,(g), By := Bp(g) for the roots
of the p-th Hecke polynomials of f and g, respectively, labelled so that oy and «y are
p-adic units. Then, consider the ordinary p-stabilisations

fa € S2k(Np), ga € Sk+1(Np)

of f and g on which U, acts as multiplication by a; and «ay, respectively. As we will see
in Sections 2.2 and 2.3, we have notions of p-stabilisations h, and Fj, for the half-integral
weight cuspform h and the Siegel form F' as in Theorem 1.1, respectively.

In order to build the desired p-adic L-function we need to study the p-adic interpola-
tion of the periods appearing on the right hand side of formula (1.2). In Proposition 6.1,
we interpolate the periods

by applying a classical formula due to Kohnen (recalled below in Theorem 3.2) and using
the existence of A-adic Shintani liftings as studied in [CdVP21]. More challenging is the
p-adic interpolation of the periods

(@ (F),g x g)?
(g, 9)*

7

which is performed in Proposition 6.2 and represents the main contribution of this article.
On the classical side, the key ingredient is the proof of the following identity:
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(ord(@(Fa)): 9o X ga) _ E°(f,Ad"(g)) (@(F),g x g)
(9o Yo )? E(Ad(9)) (9,9)?

; (1.3)

where e,,q denotes the ordinary projector acting on Sk11(Np) ® Sk+1(Np) (as described
in Section 5.2), and

et = (1- %) (1- 2% sade) = (1-2) (1- ).

p Qg bayg
(1.4)
It is worth noticing that formula (1.3) follows from the computations of Section 4 on
pullbacks of Saito—Kurokawa lifts. More precisely, one needs an explicit relation between
the pullbacks of F' and U, F’; this is the content of Theorem 4.3, which has a completely
classical flavour and it is of independent interest.
We are now going to state the main result of this note. Let p be an odd prime not
dividing N, and consider the usual Iwasawa algebra A := Z,[[I']], where I" = 1 + pZ,,
together with its associated weight space

W := Homs (A, Cp).
We define the dense subset W C W of classical points in W as the image of the map
ZZI — W, k— Vi—1

sending an integer £ > 1 to the homomorphism v;_; : A = C,, determined by requiring
that vy ([t]) = t*~! for all t € T. We will call wt(vx_1) = k — 1 the weight of the classical
point vi_;.

Let f and g be two Hida families of p-stabilised newforms of tame level N, and let
us assume for simplicity for the rest of the introduction that their coefficients lie in A
(this last assumption is solely for sake of simplicity here, and will not be considered in
the body of the text), so that we can see them as functions on We = W and Wg = W.
Consider the embedding

W = Wr X Weg (1.5)
defined as the only continuation of the one defined on classical weights by vi_1 +—
(vak—2,vk—1). By restricting to classical weights contained in a single residue class modulo

p — 1, we may assume that

e g(vk—1) is the p-stabilisation of an eigenform g1 € SpSY(N), for all v_y € W
o f(v9p_2) is the p-stabilisation of an eigenform fo, € S5V (N), for all vy € wel,

In this simplified setting, the main theorem of this article reads as follows.
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Theorem 1.2. Let (f,g) be a pair of Hida families of ordinary p-stabilised newforms
defined on a neighbourhood U of a classical point vy,_1 € W such that (N, ko) satisfies
the hypothesis (Sign). There exists a unique element Lo (f, Ad%(g)) € Frac(A), defining
a p-adic analytic function on a Zariski-open subset U C W, such that for every classical
point v,_1 € W N U the following interpolation formula holds:

. £°(for, Ad’ (gr+1))* A(f2e ® Ad°(g41), k)
E(Ad’(gr+1))? Q% (g+1, gr41)?

Ly(£,Ad"()) (vi—1) = Q- C(N, k)

where

o g, is the p-adic period defined as in [GS93];
o C(N,k) = (-1)F/22-2kN;
o E(for, Ad°(grs1)) and E(AA®(gry1)) are the Buler factors defined as in (1.4).

We refer the reader to Section 6, and particularly to Theorem 6.3, for the precise
statement in a general form. Let us just indicate briefly that, when dropping the as-
sumption that f and g have coefficients in A, the embedding of W into Wr x Wy in (1.5)
is to be replaced with a natural embedding

We XW.o Wg — Wr X Wg,

where o : A — A is the isomorphism of Z,-algebras defined on group-like elements by

o([t]) = [£°].

Remark 1.3. In the proof of the above theorem we need to use the special value formula
of Theorem 1.1, which holds true only for newforms of squarefree levels. This is the
main reason for which both here and in the bulk of the article we restrict our attention
to classical (crystalline) specialisations. However, it is expected that after an extension
of the special value formula we should enjoy an interpolation formula at all arithmetic
specialisations.

Remark 1.4. The reason for the ornament o in the notation L5 (f, Ad%(g)) is that this is
expected to be a one-variable restriction of a more general two-variable p-adic L-function
L,(f,Ad’(g)) : Wr x Wy — C,, satisfying an analogous interpolation property on the
subset of W§' x W¢! determined by 2wt(X) > wt(x). This two-variable p-adic L-function
L,(f,Ad°(g)) can be constructed along similar lines as Lo(f ,Ad%(g)), by considering
Hida families of (Shimura—Maass) derivatives of modular forms and interpolating nearly-
holomorphic Saito-Kurokawa lifts. On the classical side, one can use the extension of
Theorem 1.1 to the setting where f and g have weights 2k and ¢ + 1 with ¢ > k (see
[Che20,PdVP20]).
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Remark 1.5. The Euler factor £°(f, Ad° (g))? is not equal to the one conjecturally de-
scribed by Coates and Perrin-Riou (cf. [CPR89]), which should be £°(f, Ad°(g))? - (1 —
af%a;ir )? (notice that this is part of the correction term of Theorem 7.1). This is
not surprising and it arises because to perform our interpolation in families we consider
the semi-ordinary p-stabilisation of the Saito-Kurokawa lift F,, of F. Following our con-
struction with the appropriate p-depletion of F' instead, would give rise to the full Euler
factor described by Coates and Perrin-Riou. Notice that on the line & = ¢ this correction
term is a p-adic analytic function, which specialises to nonzero algebraic elements at all
classical points.

As a direct consequence of Theorem 1.2, we prove in Section 7 a factorisation of p-adic
L-functions. Indeed, we consider the three-variable p-adic L-function

L(f,8,8) : Wrgg = Wr X Wg x Wg — C,

described in [Hsi21], interpolating the algebraic parts of the central values of the Garret—
Rankin complex L-series L( f.. ®gx®gy, s), when (k, A, 1) varies in the balanced subregion
of Wf}g,g (cf. Section 7 for the details). With the above notation, let us denote by
Elgalvo(f, g,g) the one-variable restriction of [,Eal(f, g,g) to W via the embedding

W — Wf)g’g = Wf X Wg X Wg

naturally induced by the composition of (1.5) and the diagonal embedding of Wg. Let
us also consider the central critical restriction

LI(F): W = C,

of Greenberg—Stevens p-adic L-function attached to f, interpolating the algebraic parts
of the central values of L(fa, k), as k = va_o varies in W For this not to be identically
zero we need to assume that the global sign of f is e(f) = +1.

Theorem 1.6. Let (f,g) a pair of Hida families as in Theorem 1.2. If e(f) = +1, then
we have the following factorisation of p-adic L-functions:

L£re(f,g,g)* = Lo(f,Ad%(g)) - Lo(f) (mod A™).
The proof of this result follows straightforward from the Artin formalism:
Vy®Vy = det(Vy)®(10Ad (V) = L(f®g®g,s) = L(f,s—k)-L(f©Ad"(g), s—k),

and it is achieved by comparing the interpolation properties of the three p-adic L-
functions involved. Moreover, the above omitted A-adic fudge function is described
explicitly in Section 7. This formula suggests an alternative definition of our p-adic
L-function as a quotient of L’Eal’o(f ,8,8)? by L(f). This definition naturally extends
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to the two and three-variable case (see Section 7), but it only makes sense under the
assumption £(f) = 1, while our construction for £ (f, Ad%(g)) is unconditional in this
regard. As commented in Remark 1.4, we expect a direct construction of a two-variable
p-adic L-function £,(f, Ad’(g)) by extending the techniques in this note, and then a
proof of a factorisation analogous to the one in Theorem 1.6 would proceed along the
same lines.

More interesting and challenging is the case when e(f) = —1. In this scenario, we
expect a factorisation involving £} (f, Ad’(g)) (and more generally, £, (f, Ad°(g))) similar
to the above one, where the balanced p-adic L-function is to be replaced by an unbalanced
triple-product p-adic L-function, a scenario that is analysed in a forthcoming work of the
first named author of this article with K. Byiikboduk and R. Sakamoto (cf. [CBS]). The
proof of the expected factorisation will not follow by comparing interpolation properties,
as the interpolation regions will now be disjoint, but rather by following a strategy
inspired by Dasgupta’s and Gross’ factorisation results in [Das16], [Gro80].

Finally, let us close this introduction by explaining the motivation behind some of the
choices that are made for the construction of L (f, Ad’(g)). One of the two main objects
we use is a A-adic family © € A[[g]] of half-integral weight modular forms. A version of
it was first defined in [Ste94], but we shall use here the version introduced in [CAVP21].
The main reason for our choice is that while the first construction could be trivial, the
latter can be guaranteed to be nonzero, which is fundamental for the construction of the
p-adic L-function.

Another mild innovation of the present manuscript is the introduction of a completely
explicit element SK € A[[q1, g2, (]] interpolating the Saito-Kurokawa lifts, which is used
to build the A-adic object interpolating the left hand side of equation (1.3). This object
is interpolating the elements F,,, which should correspond to a suitable normalisation of
the semi-ordinary p-stabilisation of the classical Saito-Kurokawa lift described in [SU06].
An explicit p-adic interpolation of families of coefficients of Saito—Kurokawa lifts was also
explored in [Gue00] and in [LLN13], but that approach was not useful for our purposes in
this paper. Our construction is more reminiscent of the one in [Kaw], which is done for

the Duke-Imamoglu lifting in level 1.
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2. Modular forms
2.1. Classical modular forms (of integral weight)

Let M,k > 1 be integers, and let Sor(M) denote the space of classical modular
cuspforms of weight 2k and trivial nebentype character for the congruence subgroup
To(M) of SLa(Z). If ¢ € Sar (M), we write its g-expansion as usual,

o= Z an(0)q", where ¢ = exp(2miT).

n>1

If ¢,1) € Sor (M), we normalize their Petersson product to be

(6,9 = / ()@ 2ddy.

To(M)\H

Recall that if v € GL3(Q), then the slash operator (of weight 2k) is defined by

Plory (1) = det(y)** “Her +d) " p(y7), = (Ccl Z) ’

where det : GLy — G, (the determinant) is the similitude morphism or scale map.

Let p be a prime, and consider the double coset operator I'g(M)u,I'g(M) associated
with the element v, := diag(1,p) € GL2(Q). As it is customary, when p 1 M this operator
will be denoted by T}, while if p | M we will call it U,,. The action of U, can be described
as

Upd(1) = D Slarew(r), = (é b) € GL2(Q),

p
beZ /pZ

where b runs over a set of representatives for Z/pZ. By making explicit the slash action
of the elements ¢4 this can also be written as

Upd(r) =p~" Y o((r+b)/p). (2.1)

beZ/pZ

This last expression also makes sense for cuspforms ¢ € Sor (M) with M not divisible by
p; in that case, Up¢ belongs to Saor(Mp).

Continue to fix the prime p. Working on g-expansions, we can consider the operators
U and V defined by

Ug:= am(d)q", Vo= an@)d”™ = anp(d)d",
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where in the latter expression we read a,/,(¢) = 0 if p { n. It is an easy exercise to
see that UV = 1 while VU does not, so that V provides a right inverse to U. One
can check that the action of U is the same as that of the expression (2.1), so that
Up € Sor(lem(M,p)), and U coincides with the Hecke operator U, when p | M. We
also remark that V =V}, := p' =2V, 5,1, where V, 2x_1¢ = p**~1¢(p7) is given by the
(weight 2k) slash action of the matrix diag(p, 1), so that V¢ € Sor(Mp). This is why we
will often write simply U and V' and no confusion should arise.
Suppose that p does not divide M. Then one has the well-known relation

T, =U+p* v (2.2)

among the operators Ty, U, and V. If ¢ = Y an(¢)g" € Sor(M) is a normalised
eigenform, and o = ay,(¢), 8 = B,($) denote the roots of the p-th Hecke polynomial of
¢, so that a+ B = a,(¢) and af = p**~1, we write

P =(1=BV)p,  ¢p:=(1—-aV)¢

for its so-called p-stabilisations. These forms belong to Sax(Mp), and U acts on ¢, (resp.
¢s) as multiplication by « (resp. ).

We will write SS% (M) C Sax (M) for the subspace of newforms of level M. It is the
subspace orthogonal to the subspace of old forms in Sa(M) arising from lower levels,
with respect to the Petersson product. When ¢ is a normalised eigenform for all Hecke
operators, and M | M’, we shall write

Sok(M')[] := {¢" € San(M') | Tp¢' = ap(¢)¢', Vpt M'}.

We will write e, for the projection onto the ¢-component Sor(M’)[¢]. By the strong
multiplicity one theorem, if ¢ € SI¢V(M) is a newform then Sor(M)[¢] = (¢). From
equation (2.2) and the definition of the p-stabilisations, one can also check that

Sak(Mp)[d] = (¢, V¢) = (U, $) = (b, Pp)- (2.3)
2.2. Half-integral weight modular forms

Let M > 1 and k£ > 1 be integers, and assume for simplicity now that M is odd and
squarefree. We will write & 1/2(M) for the space of cuspforms of half-integral weight
k+1/2, level T'o(4M), and trivial nebentype character, in the sense of Shimura [Shi73]
(note that we omit the 4 in the notation as in [Koh82]). If hy, hy € Gjyq/2(M), their
Petersson product is defined analogously to the case of integral weight modular forms,
namely

1

N R O]

/ ha(2)he (2)y" 3 2dady.
Lo (4M)\H



142 D. Casazza, C. de Vera-Piquero / Journal of Number Theory 249 (2023) 131-182

The choice of this normalization is peculiar, but it allows us to flat the discrepancies in the
formulas from the references having automorphic flavors, in particular the forthcoming
Theorem 3.2, and Theorem 1.1.

We will write Sii1/2(M) C Sp1/2(M) for the so-called ‘Kohnen’s plus subspace’,
which consists of those forms h € &4 /2(M) having g-expansion

h= Z c(n)q™.

n>1,
(=1)"n=0,1 (4)
That is to say, the n-th Fourier coefficient is required to vanish if (—=1)"n is not a
discriminant.’

As described in [Shi73] and [Koh82], there is a theory of Hecke operators similar to
that of integral weight modular forms. For the purposes of this note, we just describe
the analogues of the operators T},, U, and V described above for integral weight. If p is
an odd prime not dividing M, the Hecke operator T)2 acting on Si1/2(M) (analogue
of T},) is described on g-expansions as

Ty | Setma | = 32 (et + et + (5 ) o) o

where we read c(n/p?) = 0 if n/p? is not an integer. If p divides M, then one has an
operator U2 acting on Sj1/2(M) (analogue of U), which on g-expansions reads

Up2 Z c(n)g" | = Z c(p*n)q".
n>1 n>1

Finally, if p is any prime, then the operator V2 (analogue of V') defined on g-expansions
by

Ve | D en)g™ | =D c(n/p®)q"

maps Si41/2(M) into Si11/2 (Mp?). This implies that Uy2 = U? and V2 = V2, with the
notation of the previous section. Let us write e,(n) := (%) for the Legendre symbol. By
the expression of the above operator one can rephrase the action of T}, as

Tpoh = Upeh + p?* " Weh + (=1)"P"V2h 0 ¢ (2.4)

L Very often, Kohnen’s plus subspace is denoted S:+1/2(M), but we will drop the ‘4’ from the notation
as we will only work with this subspace.
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where h ® €, has g-expansion

Z €P (n)c(n)qnv

n>1

if ¢(n) denotes the n-th Fourier coefficient of h. Note that the identity (2.4) shows that
the twisted form h ® e, belongs to Sk+1/2(Mp2) (see [Shi73, Lemma 3.6] for a more
general result about twists).

Because of our assumption that M is squarefree, on Sjyiqi/2(M) there is a well-
behaved theory of oldforms and newforms (see [Koh82]), and we will write S} 2 (M) €

new

k+1/2
form for all Hecke operators and p { M, then the h-isotypical subspace Sy.y1/2(Mp)[h] €

Sk+1/2(Mp) is the two-dimensional subspace (h, Up2h) spanned by h and U,z h.

Using equation (2.4) and the fact that U,2(h®¢,) = 0, one can diagonalize the action
of Up2. Indeed, let a,(h) be the eigenvalue of h for T)2 and let o = oy (h), B = Bp(h)
be such that o+ 8 = a,(h) and af = p**~!. Then one has Sy 1,2(Mp)[h] = (ha, hg),
where:

Sk+1/2(M) for the subspace of newforms. In particular, if h € S (M) is an eigen-

ho == a ' (Uy — B)h, hg = B~ Uy — a)h.
Proposition 2.1. We have the following equality:
ho =h—(=1)P~V2p~kgh @ ¢, — BV2h.
Proof. This easily follows from equation (2.4). O
Remark 2.2. We want to remark that in the half-integral case one needs to use the

operator Up: to produce old forms, and not the operators U, or V,,, which have different
target (cf. [Shi73, Prop. 1.3, 1.5]). Indeed, one has

Upa Vp : Sk:+1/2(M) — Sk:+1/2(Mpa Xp)a
where x, = (%) In particular, one cannot define the p-stabilisation using V,, or Vj2;
our choice has been normalised in such a way that it is compatible with that of classical
modular forms.

2.3. Siegel modular forms

Let M,k > 1 be odd integers. We write S,(ci)l(M) for the space of (genus two) Siegel
forms of weight k + 1 and level I‘(()Q) (M), where

T (M) = {(é g) €Sp,(Z):C=0, (mod M)} C Spy(Z)
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is the Hecke-type congruence subgroup of level M. Writing elements of Siegel’s upper
half-space Ho of genus two as symmetric matrices

Z = (2 * ) , Ti €H, zeC, Im(r)Im(rz) — Im(z)? > 0,
T2

we may regard Siegel forms ¢ € S,(ci)l(M ) as functions of (71, z, 72). We will often write
Z = (71, z,72) with the obvious meaning to simplify notation.
If ® e S,(jzl(M ), it is well-known that ® admits a g-expansion that reads
o= Z A(B)¢®, where ¢ = exp(2niTr(BZ)),
B>0

where B runs over all positive definite, half-integral symmetric matrices

B= (7“772 T7/12>'

Ifo e S,E%gl(M) and v € GSp4(Q), then the slash operator (of weight k+1) is defined
by

. ) A B
®[5417(2) = p(3)** M det(CZ + D) "V a(12), 5= (O D)

where 1 : GSpy, — Gy, is the similitude morphism or scale map.

For a prime p, consider the double coset operator Fé2) (M )u](gz)F((f) (M) associated with
the element u1(,2) = diag(1,1,p,p) € GSps(Q). When p 1 M, we denote this operator by
Tp, while if p | M we call it U,. In the literature, the latter is sometimes referred to
as? Upp. Similarly as in the case of classical modular forms, the action of U, can be
described as an average of slash operations. Namely, if p divides M and ® € S 122421(M )

then

Id B
0,22) =S than(z). an= ("3 ) cosi@),
B

where B € Sym,(Z) runs over a set of representatives for the set Sym,(Z/pZ) of sym-
metric two-by-two matrices with coefficients in Z /pZ. By making explicit the slash action
of the elements apg, this can be rewritten as

Up®(Z)=p*> ®(apZ)=p ) @ <Z+B>. (2.5)

B B p

2 In contrast to Up,1, which is defined analogously with diag(l,p,pQ,p).
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This last expression can also be applied to forms in ¢ P +1(M ) with M not divisible by p;

in that case, the resulting form belongs to SkH(Mp).
Finally, if p is an arbitrary prime and ® € S,(Ci)l( ), the operator V,, can be defined

by setting V,®(Z) = ®(pZ). Equivalently, V,, = p' =2V}, ;1.1, where

Vot 1®(2) = @|p17(2) = p* ' @(pZ), ~ = diag(p,p,1,1).

As for the GL2 case, on the space of genus two Siegel modular forms we can define
the operators

=Y A@pB)¢®, VF=> AB)¢”=> A(B/p)¢”®
B B B

by their action on g-expansions, where in the latter case we read A(B/p) =0 whenever
p1 B. It is a straightforward computation to check that U acts as in equation (2.5), so it
coincides with the Hecke operator U, when p divides M, and that V acts as the operator
V. For this reason, and similarly as we do for classical forms, if the prime p is clear from
the context and there is no risk of confusion we will just write U and V for U, and V,,
respectively.

3. Shimura—Shintani correspondence and Saito—Kurokawa lifts

Changing slightly the notation from the previous paragraphs, in this section we fix
integers N,k > 1, and assume for simplicity that N is odd and squarefree.

3.1. Shimura—Shintani correspondence and 0-th Shintani liftings

One of the main reasons for the arithmetic interest of half-integral weight modular
forms stems from the so-called Shimura—Shintani correspondence.

Theorem 3.1 (Shimura—Shintani correspondence). Let N,k > 1 be as above. There is a
Hecke-equivariant linear isomorphism

SE(N) == SiSja(N). (3.1)

In particular, given a normalised newform f € S5 (IN), on which the Hecke operators
T, at primes £t N act with eigenvalue ay, there is a unique h € S;‘i"{/Q (N), up to scalar,
on which the Hecke operators Tyz, for primes £ 1 N, act with eigenvalue ay. If h is such a
half-integral weight modular form, one says that h is in Shimura—Shintani correspondence
with f, or that h and f are in Shimura—Shintani correspondence. An example of how half-
integral weight modular forms carry over arithmetic information about integral weight
modular forms via this correspondence is the following important formula due to Kohnen
[Koh85, Corollary 1], generalizing a previous formula of Kohnen—Zagier [KZ81, Theorem

1] for trivial level.
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Theorem 3.2 (Kohnen’s formula). Let N and k be as above. Let h € Sgiﬁ/Q(N) be any
non-zero cusp form in Shimura—Shintant correspondence with f € Sy™(N), and let D
be a fundamental discriminant such that (—1)¥D > 0 and (£) = w,(f) for all primes
¢ | N, where we(f) = £1 denotes the eigenvalue of the (-th Atkin—Lehner involution

acting on f. Then one has

lejpy(h)|* = 2”(N)¥|D|k‘l/2 : % - L(f, D, k), (3.2)

where v(N) is the number of primes dividing N.

The isomorphism in (3.1) can be made explicit by means of the so-called d-th Shintani
liftings. Indeed, associated with each fundamental discriminant d such that (—1)*d > 0,
the 0-th Shintani lifting is a Hecke-equivariant linear map

Ok, N0 2 Son(N) — Sig1/2(N)

from Sa (V) to Kohnen’s plus subspace Sy 1/2(N) € Sjp1/2(N). It is defined by means
of certain geodesic cycle integrals on the complex upper-half plane, firstly studied by
Shintani [Shi75], and it is adjoint to the so-called d-th Shimura lifting with respect
to the Petersson product. An appropriate combination of Shintani liftings, for various
discriminants, provides a realisation of the isomorphism S5™(N) ~ Sp¢Y /2(]\7 ) as in
(3.1) (see [Koh82, Theorem 2]). Also, the proof of Theorem 3.2 shows that the [d]-th
Fourier coefficient of the 0-th Shintani lifting is in fact a multiple of the twisted L-value
L(f,0,k). Namely, one has (see [Koh85, p. 243], [CAVP21, Eq. (15)])

L(f,0,k)

i On.na(f)) = (DA (k- )1 oS,

(3.3)
where [z] denotes the smallest integer such that [x] > x, and g(x3) is the Gauss sum of
the quadratic character associated with 0.

For the p-adic interpolation and the computations of the next sections we will need
the following:

Proposition 3.3. Let f € SSY(N), pt 2N be a prime, and let o be a root of the Hecke
polynomial of f at p. If p| 0, then we have the following equality:

ak,Np,D(fa) = gk,N,D(f)a-

Proof. This essentially follows from 6k np.o(f) = 0k.n,0(f), which is proven in [CAVP21,
Prop. 3.8]. O

Another important feature of the 9-th Shintani lifting, especially for the purposes of
p-adic interpolation and hence for the topic of this note, is the fact that it can be made
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new

algebraic. Namely, suppose that f € S}V(N), and choose a fundamental discriminant d
with (—=1)%d > 0 and 6k .o (f) # 0 (such a choice is indeed possible: one can use the above
formula (3.3) together with well-known results on the non-vanishing of (twisted) central
values of L-series of modular forms, e.g. from [BFHI0]). A cohomological description of
the Shintani lifting in terms of modular symbols, due originally to Stevens [Ste94], shows
that if f € Sax(N) is a Hecke eigenform then (cf. [CAVP21, Section 5.1])

a 1
ak}%\/',a(f) = Qfek,N,a(f) € Sky1/2(N; Op), (3.4)
f
where Oy denotes the ring of integers in the Hecke field of f, and Q; € C* is a com-
plex period attached to f by Shimura. We do fix such a choice attached to each Hecke
eigenform.

3.2. Saito—Kurokawa lift

The theory of Saito-Kurokawa liftings for arbitrary level and character in classical
terms was established in [Ibul2], generalizing [EZ85] and [Maa79a,Maa79b,Maa79c¢]. For
the purpose of this note, we restrict ourselves to the case of odd squarefree level and
trivial character. Thus we continue to assume as above that NV > 1 is odd and squarefree,
and suppose that k£ > 1 is odd as well. Fix also an odd prime p not dividing N.

Let f € S3™(N) be a normalised eigenform, and h € SpfY ,(N) be any non-zero
form in Shimura—Shintani correspondence with f (for example, we can normalize h to be
the 0-th Shintani of f for a particular choice of 0 as above, but it will not be necessary
to fix such a choice now). The Saito-Kurokawa lift attaches to h a Siegel modular form

F:=SKn(h) € S (N)

of weight k£ + 1 and level N. This is sometimes referred to as the Saito—Kurokawa lift
of f as well (although it is only defined up to a scalar multiple). On g-expansions, it is
defined by setting (see, e.g., [[bul2])

F=> AB)”,  with A(B)= Y dc(det(2B)/d*), (3.5)
B>0 0<d|ged(B),
(d,N)=1

where ¢(n) denotes the n-th Fourier coefficient in the g-expansion of h. Here, gcd(B)
denotes the greatest common divisor of m, r, n if B has entries m, r/2, n with the usual
notation. Observe in particular that A(B) = c¢(det(2B)) when ged(B) = 1.

From its very definition it is clear that F* = SKy(h) depends heavily on N, meaning
that if we consider h as an old form of level Nt for some integer ¢ > 1, then the Siegel
forms SK ¢ (h) and SKy (h) are a priori different in S,(jr)l(Nt). Let us consider the Saito—
Kurokawa lift F(®) := SKy,(h) € S,(ci)l(Np) of h in level Np. By definition, its g-
expansion is
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FO =N AP(B)g?,  APB)= 3 dbe(det(2B)/d).
B>0 0<d|gcd(B),
(d,Np)=1

An easy computation shows that A®)(B) = A(B) — p*A(B/p), for all B, which implies
the following equality:

F® = (1-p*V)F.

This shows, in particular, that SKx(h) # SKpp(h) (compare this with the identity
Ok Np,o(f) = 60k, n,0(f) mentioned in the proof of Proposition 3.3).
Similarly, let ac¢, B¢ be the roots of the p-th Hecke polynomial of f. We define

F, = SKNp(ha) S SIE:2+)1(Np)

to be the Saito-Kurokawa lift of the p-stabilisation hq € Si11/2(Np) of h corresponding
to ay. This is a genus two Siegel form of weight k + 1 and level Np, whose g-expansion
is given by:

Fo=) Aa(B)g®,  Aa(B)= > d'ca(det(2B)/d?),
B>0 0<d|ged(B),
(d,Np)=1

where ¢, (n) denotes the n-th Fourier coefficient of h,. Note that the expression for

)

Ay (B) reads exactly as the one for A®)| but with the ¢(n)’s replaced now by c4(n)’s.
By definition, we know that h, = a;l(Upa — ) and since the Saito-Kurokawa lift is
Hecke equivariant (in particular, SKy, o Up2 = U, 0 SKyp), one deduces that

Fo=0a; (U= Bp)FP =a; (U= Bp)(1 - p*V)F. (3.6)

Remark 3.4. Following [Kaw, Theorem 1.3] in the genus 2 case, one may also define the
Siegel modular form

50— (U _ ﬂf)(U —pk)F € Sl(jgl(Np),

which in [Kaw] is referred to as the semi-ordinary p-stabilisation of F' (when ay is a
p-adic unit). Notice that in the case of Saito-Kurokawa lifts, this is the best that we can
hope for, as we cannot expect an ordinary p-stabilisation as explained in [SU02, Remark
3.5]. One can easily compute that F,, = aJT?FSO, since U acts invertibly on S,(Ci)l(Np) [f]-

Proposition 3.5. With the above notation, we have
Fo=(1=8V)A=p"V)F = (-1)P" D2 F5 F ey,

where F' ® €, is the Siegel form defined by the g-expansion
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F®ep, =Y £(det(2B))A(B)q".
B>0

Proof. The equality follows from Proposition 2.1. Indeed, we have hy, = h —op™*3 th®
ep — BfV?h, where o = (—1)P=1/2_ Applying SKnp we get

F,=F® — 3;SKn,(op " h @ ¢, + V?h).

If ¢(n) denotes the n-th Fourier coeflicient of h, then the n-th Fourier coeflicient of
op *h @ ey +V2his op~F(L)c(n) + c(n/p®), and it easily follows that

SKnp(op *h@e, + V2h) =op " FP) @ e, + VFP),

Noting that F(?) ®ep = F®ep, the equality of the g-expansions follows. Since all the other
terms in the identity are modular forms of level Np?, we see that F ® ¢, € Sl(ci)l(N p?)
as well. O

Corollary 3.6. We have the following equality:
UF = (0" + ap())F + (™" +ptap(f))VEF = p*'WV2F 4 ()02 P @ e, = 0.

Proof. This follows straightforward from the above proposition, replacing F®) by (1 —
p*V)F and using the relations a8y = p**~1, ay + By = a,(f). This result can also be
directly derived by looking at the Fourier coefficients of F', using the properties of the
Fourier coefficients of h. O

4. On the pullback of Saito-Kurokawa lifts to the diagonal

This section is devoted to describe the pullback of Siegel forms to the diagonal HxH C
Ho, where H denotes Poincaré’s upper half-plane, and Hs stands for Siegel’s upper
half-space of genus two. In particular, we describe pullbacks of Saito—Kurokawa lifts as
considered in the previous section.

Before focusing on the specific case of Saito—Kurokawa lifts, we may first consider some
generalities about the pullback of Siegel forms. To do so, let us fix integers k, M > 1,
with & odd, and consider the spaces Siy1(M) and S/E:2+)1(M ) of classical and Siegel cusp
forms of weight k£ 4+ 1 and level M, respectively. Recall that H x H can be embedded
diagonally in the Siegel upper half-space Ho of genus two via the map

0
(11,72) — <01 72) .

This induces a linear map, referred to as pullback to the diagonal,
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w: Slgi)ﬂM) — Sk1(M) ® Spy1(M)
@ = W(¢) = ¢|HXH7

provided by the restriction to z = 0. In terms of g-expansions, and adopting the notation
of the previous section, suppose that

=Y AB)",
B

where B runs over the half-integral positive definite symmetric two-by-two matrices, and
write

A(n,r,m) :A<(r72 7;{3)), n,r,m € Z,4nm —r? > 0.

Then the pullback map is described on g-expansions by

w(P®)(ry,72) = Z Z A(n,r,m) | ¢1'qy", q; = exp(2miT;). (4.1)
n,m>1 reZ,
r2<4nm

We may write ay, m (w(P)) for the (n, m)-th Fourier coefficient in this expansion. Observe
that given a basis {¢;}; of Sk+1(M) we can write the pullback of ® as

w(®) = Z/\i,j¢7i(71) X ¢j(T2),

,J
where the scalars ); ; are uniquely determined by ®.
Lemma 4.1. If p is a prime, then
w(VP®) =V x V(D).

Proof. It is clear from the definitions that w(®(pZ)) = w(P)(p71, p12), hence the state-
ment follows. O

Remark 4.2. More generally, consider the embedding ¢ : G(SLs x SLy) < GSp, given
by

aq 0 bl 0

a; by as b 0 a9 0 by
<<Cl d1>’<02 d2>) — C1 0 d1 0 ’

0 C2 0 dg
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where G(SLa x SLa) = {(g,h) € GLa x GL2 : det(g) = det(h)}. Then the product slash
action on Si11(M) ® Sky1(M) with elements in G(SLg x SLg) can be compared with

the slash action on S l(jH

(vp, vp) = ((g (1)> , (g ?)) € G(SL2(Q) x SL2(Q)).

The slash action of this element on S11(M)® Sk41(M) is the operator V,, 41 X Vp g1 =

(M) of their image under ¢. For example, consider the element

p?*V x V, while its image under the above embedding is vp = diag(p,p,1,1), and cor-
responds with the operator Vp z41 = p?*=1V for GSp(4). Taking care of the powers of
p arising in each case, the above lemma can be rewritten as a comparison between the
slash actions with v, and (vp, vp).

The analogue of Lemma 4.1 for the operators U and U x U does not hold, and this will
be important from now on. To proceed in understanding how the U-operator behaves
with respect to pullback, we restrict ourselves to the case of Saito—-Kurokawa lifts. We
thus assume from now on that N > 1 is odd and squarefree, £ > 1 is an odd integer,
and p is an odd prime not dividing N. With this, let F' = SK(h) € Sl(<2+)1(N) be a Saito—
Kurokawa lift as in the previous section. In this setting, recall that we have a well-defined
twisted Siegel form F ® €, € Sk+1(Np?) as in Proposition 3.5. The main result of the
section is the following:

Theorem 4.3. Let F = SKy(h) € S,(jzl(N) be a Saito-Kurokawa lifting and let ¢ €
SEM(N) be a normalised eigenform. Let wy := ey ® ey o w, where ey is the projector
onto the ¢-component as defined in Section 2.1, and let Ay be such that wg(F) = Ay X ¢.
Then

We(UF) =Xy (Apx ¢+ BopxVep+CVopxdp+DVepx Vo),
where

(P Hp—1) +ap)ap(d)? —p*(p+ (" 1p+1) +ap)

A=
ap(¢)? —pF~t(p+1)2 ’

and B, C, D are given by the formulae

pap<¢)
p+1

B=C= P =P +a,—A), D=0 +a, - A).

In the proof of the above theorem we will use several results. In particular, the hypoth-
esis that F' is a Saito-Kurokawa lift is fundamental and it is localised in Corollary 4.6.
As a consequence of the above theorem, we have the following;:
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Corollary 4.4. Let ¢ € SpT(N) be a normalised eigenform, and suppose that wg(F) =

Apd % ¢. If Fy = SKnp(ha) € S,(C?I(Np) is a p-stabilisation of F' as described in Sec-
tion 2.3, then we have

we(Fa) = Ap (1 — Z%) (Apdp X ¢+ Bod x Vo + ColVo x ¢+ DV x Vo),

where (3 is the other eigenvalue of the Upz-action on Syiq1,2(Np)[h],

(p+1) (1— p,f_1>
(r=52) ()

and B, Cy, D, are given by the formulae

Ay =1-

pap(¢) k41
B,=C, = 1-A,), D,= A, —1)—ppB.
- Ay P (Ao — 1)~ P

Proof. From equation (3.6), we know that

aF, = (U-B)1-p"V)F =UF — (" + B)F + Bp"V F.
Therefore,

awy(Fa) = we(UF) — (0° + B)wy(F) + Bp*V x Vewy(F)

Letting A, B, C, and D be as in Theorem 4.3, and using that af = p?*~1, we deduce
that

(a—p" NAa=A—-p"+8), (@—p" HBa=B, (a—p"1)Ca=0C,
(a —p* YDy = D + Bp*.

Substituting A, B, C, and D by their expression as in Theorem 4.3, one eventually gets
the claimed formulae (see Corollary A.2 in the Appendix for details). O

The rest of this section is devoted to the proof of Theorem 4.3. The key ingredient is
the following simple and yet striking relation between the operators U and U x U via

pullback.

Proposition 4.5. Let F' € S,(jzl(N) be as above. Then we have the following equality:

(-1)P V20 x Un(F®ey) =U x Uw(F) —w(UF).
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Proof. Using the g-expansion, let us focus our attention on the (n,m)-th coefficient of
w(F ® ep), which is

anm(@w(F ®e,)) = Z A(n,r,m)e,(dnm — r?).

r2<4mn
By applying U x U, the (n, m)-th coefficient becomes

nm (U X Uw(F @ €))
= Z A(pn,r,pm)e,(—r?) = (=1)P~D/2 Z A(pn,r,pm) =

r2<4mnp? r2<dmnp?
pir
= (—1)P~1)/2 Z A(pn,r,pm) — (=1)P=1/2 Z A(pn,r,pm) =
r2<4mnp? r2<4mnp?
plr

= (=)D N Apn,r,pm) — (=1)PD2 N A(pn, pr,pm).

r2<4mnp? r2<4mn

We identify in the last expression the (n, m)-th coefficients of U x Uw(F') and of w (U F),
respectively. Therefore, we deduce that

UxUw(F®e,) = (=1)P"V/20 x Uw(F) — (=1)P"V2g(UF),
which multiplying by (—1)®~1/2 yields the result. O

An immediate consequence of this proposition is the following identity, which avoids
the presence of F'® ¢, and is better suited for determining w(UF).

Corollary 4.6. Let F' = SKy(h) € S,(jzl(N) be a Saito-Kurokawa lift. Then we have
(UxU—pF Nw(UF) = (p*—p* 1 +a,) U xUw (F)—p* (p* -a,)w(F)+p** 1V x Vi (F),
where a, = ap(f).

Proof. This follows by combining Corollary 3.6 and Proposition 4.5. Indeed, Corollary 3.6
tells us that

UF = (p* +a,)F — (p*" ' +pPa,)VF + p* 'V2F — (1)~ D2 TP g,
Applying pullback and then U x U yields the relation

UxUw(UF) = (p* + a,)U x Uw(F) — (p*** + pFa,)w(F) + p** 'V x Vo (F)
— (—1)PY 2Py U (F @ &),
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where we have used w oV =V x Vw. And now, Proposition 4.5 tells us that
()PP Um(F ®¢e,) = U x Up* o (F) — pF'w(UF),

and hence we obtain

(UxU=p* Nw@(UF)=(p"=p* ' +0,)UxUw(F)=p" (p" " +ap)w(F)+p* 7V x Ve (F),

which is the claimed relation. 0O

Fix now a normalised newform ¢ € Sp¢{(N). The ¢ x ¢-component of Sy 41(Np) @
Sk+1(Np) is spanned by the forms ¢ x ¢, ¢ x Vo, Vo x ¢, and V¢ x V. The following

k—1

lemma, describing the action of the operator =:=U x U — p on such a component,

will be of good use for our computation below.

Lemma 4.7. Let ¢ € Sk11(N) be a normalised eigenform. The matriz of the operator
E:=U x U —p*~! acting on the ¢ x ¢ component of the space Si11(Np) @ Spi1(Np),
relative to the basis

dx ¢, oxVo, Voxo, VoxVe,

is given by:

k
Me — ap(¢) —p —p 0
ap(¢) —p —pkt 0
1 0 0 —pk-t

Proof. We know that UV¢ = ¢ and, from equation (2.2), that U¢p = a,(¢)¢p — p*Vé.
From this, we can easily describe the action of U x U on the elements of the basis for
Sk+1(Np)[¢] x Sk11(Np)[¢]. The result follows using that Mz = My« — pF~'dy. O

Proof of Theorem 4.3. First of all, it is clear from Corollary 4.6 that w(UF) = 0 if
w(F) = 0, which is coherent with the statement. Thus we may assume that A, # 0
from now on, and write @ (UF) in terms of unknown coefficients A, B, C, D as in the
statement, to be determined.

The proof boils down to restricting the identity in Corollary 4.6 to the ¢ x ¢-
component, and solving the resulting equation for @y (UF). We have

Ewy(UF) = (p" — p" ' + a,)U x Uwy(F) — p" (0" + ap)wy(F) + p*F 1V x Vay(F),
(4.2)
where Z = U x U — p*~1. On the right hand side of (4.2), expanding U x U¢ x ¢ we find

Ao (0" — "+ ap) (ap(0)20 x ¢ — ap(@)p* e X Vo — ap(¢)p Ve x ¢+ p* Vg x V)
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PP (PF T+ ap)p x ¢+ App TV G x V.
And the left hand side of (4.2), in matrix notation, reads
(A B C D)Ms,

where Mz is as in Lemma 4.7. Equating these expressions yields a linear system of four
equations with four unknowns, whose solution is the one given in the statement. We give
the complete computation in Proposition A.1 in the Appendix. O
5. p-adic families of modular forms

Let p be an odd prime number. Fix algebraic closures Q and Qp of Q@ and Q,,

respectively, and field embeddings Q — C, Q — Qp. Fix also an isomorphism of fields
C ~ C,, compatible with the previous embeddings, meaning that the following diagram

]

Let O be the ring of integers of a finite extension of Q, and let I' := 1 + pZ, be the
group of principal units in Z,. We write A = Ap := O[[I']] for the usual Iwasawa algebra

commutes:

over O, £ for its fraction field, and consider the space
W = Homo_cont (A, Cp)

of continuous O-algebra homomorphisms from A to C,. Elements a € A can be seen as
functions on W through evaluation at a, i.e. by setting a(x) := k(a), and elements a € £
can be seen as meromorphic functions having finitely many poles. The set W is endowed
with the analytic structure induced from the natural identification

W = Homeons (T, C,) (5.1)

between W and the group of continuous characters x : I' — Cf. A character 5 : I' = C
is called arithmetic (vesp. classical) if there exists an integer k > 0 such that x(t) = t*
for all ¢ sufficiently close to 1 in T' (resp. for all ¢ € T'). A point k € W is said to be
arithmetic (resp. classical) if the associated character of I" under (5.1) is arithmetic (resp.
classical). If this is the case, we refer to the integer k as the weight of k, and we write
k = wt(x). In this note, we will restrict to classical points; write W C W for the subset
of all such points.
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If R is a finite flat A-algebra, then we write
W(R) := Homo—cont (R, Cp)

for the set of continuous O-algebra homomorphisms from R to C,,, to which we also refer
as ‘points of R’. Elements of I := Frac(R) can be regarded as meromorphic functions
on W(R). The restriction to A (via the structure morphism A — R) induces a surjective
finite-to-one map

T:W(R) — W.

One can define analytic charts around all points k of W(R) which are unramified over A,
by building sections S, of the map , so that X'(R) inherits the structure of rigid analytic
cover of W. A function f: U C W(R) — C, defined on an analytic neighbourhood of
k is analytic if so is f o S.. The evaluation at an element a € R yields a function
a: W(R) — C,, a(k) := k(a), which is analytic at every unramified point of W(R).
A point k € W(R) is said to be classical if the point 7(x) € W is classical. We write
W(R) € W(R) for the subset of classical points in W(R), and if k € W(R) we
continue to use the notation wt(x) = wt(n(k)) for the weight of &.

At last, we want to remark an example that will be of particular interest for us: if
R := R, ®x Ro then elements of 1 ®4 Ko can be regarded as meromorphic functions
on the fiber product W(R1) xw W(R2), having poles at finitely many points.

5.1. Hida theory for GLg

Let N > 1 be an integer, assume that pt N, and fix an integer k¥ > 2. The action of
the operator U, on the space Sy (Np, @p) yields Hida’s ordinary projector

€ord := lim U}, (5.2)

n—o0

which is an idempotent in End(Sy(Np, @p)). The subspace of ordinary cusp forms in
Sk(Np,Q,) will be denoted

Sgrd(NR Qp) = eordSk:<Np7 Qp) g Sk:<Np7 Qp)

It is well-known that the dimension of S¢™(Np, Qp) is finite and independent of k for
k> 2 (cf. [Hid93, §7.2]). If ¢ € Sk(Np,Q,) is an eigenform for U,, then either eo;ap = ¢
or eorqp = 0. In the first case, ¢ is either

e new at p, which can only happen when k& = 2 (cf. [Miy06]) and we will exclude this
case from now on, or
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o the ordinary p-stabilisation of a normalised eigenform ¢ € Si (N, Qp): that is to say,
© = ¢o = (@ — V)¢, where o and f are the roots of the p-th Hecke polynomial of
g (see section 2.1), labelled so that |a|, > |3|,, hence « is a p-adic unit. We will say
that such a ¢ is ordinary at p, or just ordinary.

If ¢ € SEV(N, Qp) is ordinary at p, the action of ey,q on the ¢-isotypic subspace
Sk(Np, @p)[d)] of Si(Np, Qp) is characterised by the fact that eqrada = ¢o and eqrap =
0.

Let now R be a finite flat A-algebra. We denote by S(IV, R) the space of A-adic cusp
forms of tame level I'g(IV) over R, namely the R-module of formal power series

¢=> a,(8)q" € R[[qll

n>1

such that ¢(k) is the g-expansion of a classical modular form in Si(T'o(N)NT'1(p)), which
we still denote @(k), for every classical point £ € W(R) of weight wt(x) =k —2 > 0.
By restricting to classical points whose weights are all contained in a suitable residue
class modulo p — 1, we may assume that all the ¢(k) € Si(Np).

A A-adic cusp form ¢ € S(N,R) is said to be ordinary if for every classical point
k € WY(R) the specialisation ¢(k) is an ordinary cusp form, i.e. belongs to S¢™(Np).
Write S°*(N,R) for the subspace of ordinary A-adic forms in S(N,R). By the work
of Hida, there exists a unique idempotent on S(N,R), which by abuse of notation we
continue to denote ey.q, such that

SN, R) = e0raS(N, R).

For the purpose of this note, as we will only need to consider classical (crystalline)
specialisations (see Remark 1.3) we consider the following definition of Hida family as a
family of ordinary p-stabilised newforms:

Definition 5.1. A Hida family of tame level N is a quadruple (R, Us, UF, £) where:

e Ry is a finite flat integral domain extension of A;

o Us C W(Rs) is an open subset for the rigid analytic topology;

o U C Us NW(Rg) is a dense subset of Us whose weights are contained in a single
residue class kg — 2 modulo p — 1;

o f e SN, Ry) is an ordinary A-adic cusp form over R¢ such that for all x € U§' of
weight £k —2 > 0,

f(k) € SP™(Np,Q,)

is the ordinary p-stabilisation of a normalised Hecke eigenform f, € S2V(N,Q,).
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For a Hida family as in the definition we will abbreviate W := W(R¢), and similarly
WE! := W (R¢). Given an ordinary p-stabilised newform fo € Sk, (Np, Q,) with ko > 2,
Hida’s theory ensures the existence of a unique Hida family f as in the definition passing
through fy at a distinguished classical point kg of weight ko — 2 (cf. [Hid86]).

Remark 5.2. When k = wt(x) 4+ 2 = 2, the form f(k) can be either old or new at p. Only
in the first case, f(x) will be the p-stabilisation of a weight 2 newform of level N.

Lemma 5.3. Let g be a Hida family as above and let Kg := Frac(Rg). There exists a
unique element Jg : S°Y(N,R) — R @ Kg such that for every ¢ € S°™4(N,R)

for all (k,K') € Z/lgl Xyyer UG

Proof. This is a standard argument. Indeed, S"4(N,R) @ Kg is a finite-dimensional
vector space over Kg, and Hida theory provides an idempotent eg of the A-adic Hecke
algebra over ICg whose specialization at a classical weight £’ is the usual idempotent
eg(r) associated with the classical cusp form g(x'). Therefore, the desired element J is
defined by requiring that eg(¢) = Jg(@) - g for each ¢ € S°™4 (N, R) (a detailed proof in
a slightly more general setting can be found in [DR14, Lemma 2.19]). O

Remark 5.4. Notice that if g(x’) is the ordinary p-stabilisation g, of a modular form of
level N, then Jg(¢)(k, £') is the coefficient of ¢(x) in the g,-direction.

We conclude the section with the following result about the existence of a p-adic
L-function associated with a Hida family. In [GS93], Greenberg and Stevens defined
a two-variable p-adic L-function interpolating the special values of the completed L-
functions

A(fm"/}75> = LOO(fmwaS)'L(fmwvs)’ with LOO(fmwaS) :FC(S) = Q(ZW)_SF(S>7
where f, are the specialisations of a Hida family and 1 is a Dirichlet character.

Theorem 5.5 (Mazur, Kitagawa, Greenberg-Stevens). Let f € Re[|q]] be a Hida family
and let ¢ be a Dirichlet character such that p™||cond(v). Then there exists a unique
element L,(f,¢) € Re @ A satisfying the following interpolation property: for all (k,0) €
US" x W of weight (2k — 2, s), where 0 < s < 2k, we have

(= Dw(=1)" A(f )
. Z‘sg(&ws—l) Qj‘in(w)

)

Ly(E, %) (5, 0) = W) E(f, 1, 5) - b

where ¢ = cond(Yw*™1), QF are the p-adic periods defined as in [GS93], and

K
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wwls(p)p“) (1 B 1/Jw“><o(p)p2’“s) _

af af

et = (1-

3 K

Remark 5.6. This is essentially the construction and interpolation formula of [GS93].
The main discrepancies are the power 1 — m of the factor a, := a,(f) € Rf and the
different normalisation of the periods. While the first choice is mainly due to the fact
that we use some formulas from [CdVP21], where this normalization is used, a further
remark about the periods is due.

We use the periods arising in formula (3.4), which depends on the choice of a Eichler-
Shimura isomorphism used in [CdVP21], chosen as in [Ste94, Theorem (4.2.3)]. In
contrast to this, the normalization of [GS93, Def. 4.7, Thm. 4.8] gives rise to periods
Qi(GS), such that Qi (GS)=m- Qi, modulo Q*. Our normalization of these periods
is the same as [Och06, Theorem 6.7, p. 1184], or [Vat99], and feels more natural both
from the motivic prospective and for our normalisation of the Petersson inner product
of Section 2.2 (which is more coherent with the discussion of Section 7).

5.2. Tensor products of Hida families

Let N and p be as before, and fix an integer £ > 1. Recall Hida’s ordinary pro-
jector eorq acting on Sky1(Np, Q,), as defined in (5.2). Consider now the tensor space
Sk+1(Np, @p) ® Sk+1(Np, Qp), whose Hecke algebra contains the elements of the form
T1 ® T with T7, T in the usual Hecke algebra of level N and weight &£+ 1. In particular,
we can form the limit of (U ® U)™, which yields the idempotent eqq ® €orq, and the
corresponding projector

€ord ® €ord * Sk1(Np, X) ® Ski1(Np, x) — S (Np) @ St (Np).

By a slight abuse of notation, we will write eqrq for eorq ® €ord, and it will be clear from
the context which projector we are using.

Let ¢ € Sg+1(N, (@p) be a normalised ordinary eigenform, and let ¢, ¢g denote the
p-stabilisations of ¢ with respect to the roots & = ay and 8 = B4 of its p-th Hecke
polynomial. If « is the unit root, similarly as in the GLo-case now the ordinary projector
on the ¢ x ¢-isotypic component (Sk+1(Np, Q,) @ Srt1(Np, Qp)) [¢] is characterised by
the fact that

€ordPa X Pa = Pa X o, EordPa X ¢ﬂ = eord¢f3 X o = eord¢ﬁ X (b,ﬁ =0.

In partiCUIar; €ord ((Sk+1(Np7 QP) 0y Sk+1 (Np7 QP)) [(bD = <¢a X ¢Ot>‘

Let now R be a finite flat A-algebra, and S(N,R) denote the space of A-adic cusp
forms of level I'o(Np) over R as above. We can then consider the R-module S(N,R) Q%
S(N,R), equipped with the corresponding ordinary projector

ord @ €ord : S(N,R) @r S(N,R) — SN, R) @r S4(N,R).
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The GLy x GLs analogue of Lemma 5.3 is given by the following:

Lemma 5.7. Let g be a Hida family and write Kg := Frac(Rg). Then there exists a
unique functional Jgxg : SN, R) @r ST4(N,R) — R @4 Kg such that for every
F € SN, R) @r S*Y(N,R) we have

jgxg(f)(’{v)‘) =
Jor all (k, X) € UG Xyyer U
5.8. p-adic families of half-integral weight modular forms: a A-adic 0-th Shintani lifting

The theory of p-adic families of half-integral weight modular forms is not yet developed
in full generality and most known results are based on the Shintani lifting construction.
We will describe a construction in a context broad enough to suite our needs. For this
reason, we fix a Hida family (Re, Us, U, £) of tame level N (and trivial tame character) as
above. Recall that by definition of Hida family, there exists an integer kq (only determined
modulo (p—1)/2) such that every classical point x € U§! has weight 2k —2 with 2k = 2k,
(mod p — 1). We define

Re = Re ®A,0 A,

where o : A — A is the O-algebra isomorphism induced by [t] — [t?] on T = 1+ pZ,, and
write Wr := W(R¢) for the associated weight space. We equip R¢ with the structure of
A-algebra via the map A — 1 ® A. The natural homomorphism

Rf*)’j\éf, ar— a®l

is an isomorphism of O-algebras, but it is not a homomorphism of A-algebras. Indeed,
this is reflected in the fact that the induced map

T )7\/} — Wre (5.3)

on weight spaces doubles the weights: if # € WE' := W€ (R¢) has weight k, then 7(7) €
VVfCl has weight 2k.

Fix once and for all a solution rg of the congruence 2z = 2ko (mod p — 1), write
Us := 7 Ue), U := 71U, and let U (ro) denote the subset of classical points in
LN{fl whose weights are congruent to rg — 1 modulo p — 1. Observe that this is only half
of ijl, the other half consisting of points whose weights are congruent to ro + (p — 1)/2
modulo p — 1.
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Theorem 5.8. Fiz a discriminant d with p | @ and (—1)™0 > 0. There exists a unique
element

0= cm)q™ € Relldl

m>1
such that for all & € ijl(ro) of weight k — 1 we have
O () = Q- (~1)MF27F 1%, (£ (k).

where k= (k) € US' and 921%\7;; o(£(K)) = Ok, npo(£(k)) /. denotes the algebraic d-
th Shintani lifting as explained in (3.4). Here, the p-adic periods {Q, }.cys are as in

5 K

Theorem 5.5.

Proof. The collection of p-adic periods, the construction of the element, and its interpo-
lation property are described, respectively, in Corollary 4.6, equation (29) and Theorem
5.10 of [CAVP21]. O

The element © = 07°(f) of the above theorem is attached to the Hida family f, but it
depends on both choices 0 and ry. Anyway, we will drop them from the notation as we
will see that in our setting we will only have a suitable choice for r¢ and that our final
result is independent on the choice of 9. We point out that the specialisation of © at a
classical point & € Z/N{fl(ro) of weight k£ — 1 has weight k£ + 1/2.

Remark 5.9. It may happen that © vanishes identically, but as soon as there exists a
classical point kg € Z?fd(ro) with 0 np,o(f(Ko)) # 0, where ko = (o), one can choose
the p-adic periods 2 to be non-vanishing in a neighbourhood of kg and © will not
vanish identically in that neighbourhood.

Proposition 5.10. With the above notation, there exists a unique element Zp(f, Y) € ﬁf
satisfying the following interpolation property. For every k € L{fd(ro) of weight k — 1,
setting k = w(k) we have

~ sgn( Ck 'lb(*l)w(*l)kil (f/*iaq/} k-l k)
£p(fa¢)( ) = (E “E(fur k) - foo Z‘kg(TZkafl) Q;in(w)

where ¢ = cond(lﬁw 1), the p-adic periods QO are as in Theorem 5.5, and

s(fnwk):<1_m) <1_M>.

afﬁ/ afﬁ/

Proof. This follows from Theorem 5.5 taking the pullback along the map Us — Us —
Us x W, where the second map is the extension of x — (k,wt(k)/2 + 1) on classical
points. O
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5.4. p-adic families of Siegel forms: a A-adic Saito—Kurokawa lifting

Let Sym, denote the set of half-integral, symmetric, positive-definite two-by-two ma-
trices, and let R be a finite flat A-algebra. A A-adic Siegel form of tame level 1"(()2)(Np)
over R is a formal power series

é = Z A(B)qB S R[[qla q2, C”v
Be&Sym,

where

"o . n r/2
¢° = qta5¢ 1fB=<T/2 n/l>

whose specialisations ® at classical points in W (R) of weight k& > 0 are the g-expansions
of Siegel forms in SI(C?Q(N P, @p). For notational purposes, we may sometimes write
A(n,r,m) instead of A(B) if B is as above. Write S(*)(N,R) for the space of A-adic
Siegel forms of tame level I‘(()Q)(N ) over R, which is naturally an R-module.

We will be interested in a very specific type of A-adic Siegel forms, namely A-adic
Saito-Kurokawa lifts. Recall the notation Zj{fd(ro) of specializations of weight congruent
to ro — 1, introduced just before Theorem 5.8.

Proposition 5.11. Let f be a Hida family and let 0, ro, 4, and C(k,0) as in Theorem 5.8.
There exists a unique element

SK =Y A(B)q” € Rella1, g2, ¢]]
B

such that for every classical point & € 1/7;1(7«0) of weight k — 1, setting k = (&) € U§" we
have

SK(R) = 2 - O(k,0) ™+ SKiy (05,0 (£() € S (N, @p).
Proof. Consider the element © = 3_ -, c¢(m)q™ € Relq]] of Theorem 5.8 and define

AB)= Y w(d™ld-[(d)] c(det(2B)/d*) € Ry.

d|ged(n,r,m),
(d,Np)=1

The interpolation property follows directly from that of Theorem 5.8. O

Therefore, the formal power series SK is clearly a A-adic Siegel form in S(2) (N, ﬁf)
If we write
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SK= Y A(n,r,m)q" € Rellar. 2, €]l,
[ n r/2
B*(r/z m)

then under the natural ‘pullback’ morphism w : ﬁf[[ql, q2,¢]] — ﬁf[[q1, ¢2]] (defined by
setting ¢ = 1), SK yields the formal power series

@(SK)= > | > A(mr,m) |qies

n,m>1 rez,
r’<dnm

Ifs e Zj{fd(ro) has weight & — 1 and k = 7 (&), it follows from the above proposition that

w(SK) (k) = - C(k,0) ™" - @(SKnp (6} ry,0 (£(5)))) € Skt (ND, Q) ® Ss1 (Np, Q).
(5.4)
In fact, @ (SK) belongs to S(NV, R¢) ®z, SNV, Re).

6. The p-adic L-function

Let (Re,Us, Ug', £) and (Rg, U, Ug, g) be two Hida families of tame level N and trivial
tame nebentype character as defined in Section 5.1. As explained in Definition 5.1, the
Hida family g determines a unique class g modulo p — 1, such that wt(A) = ro — 1
(mod p — 1) for all X € Ug'. We recall from Section 5.3 that the map o : A — A sending
[t] — [t?] induces the Z,-algebra isomorphism R¢ — R¢ which induces a map on weight
spaces

T Wp — We, & — ki=7(R).

As described in Section 5.3, let us fix a fundamental discriminant 9 such that
(=1)™d > 0 and @ = 0 (mod p), and consider its A-adic d-th Shintani lifting © as
in Theorem 5.8,

6= c(mq™ € Rellg]]-

m>1

As customary, we will write ©z € Sp11/2(N) for the half-integral weight modular form
whose ordinary p-stabilisation is ©(%). In order to lighten the notation, we will also
write h(r) = 92{‘}5\,%0@(5)) € Sp11/2(Np) and hg = 9:{%0(]@,{) € Sj+1/2(N) for each & as
above (see (3.4)). In particular, h(R) is the ordinary p-stabilisation of hjz as described in
Section 2.2. Note, however, that the forms h(&) do not define a A-adic form h a priori,
due to the presence of the periods. With this notation, recall from Theorem 5.8 that the
specialisation of © at a classical point & € Z]ﬁl of weight k — 1 satisfies
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(k) = (~1)F/ 27k .0~ h(k), Oz =(—DFI27F. Q- h;,

where the p-adic periods €2

K

one for each k € Uf!, are as in Theorem 5.5. As we did
for ©, here and afterwards we also drop the reference to r¢ in the notation, so that Zjlfl
stands for L?fl(ro). We may fix the choice of p-adic periods {2 }, to be ‘centered’ with
respect to a point kg € Llfd, meaning that Q. # 0. Such a choice can be made at a point
for which h(Rq) = 0k, np,0(£(ko)) # 0. This guarantees that © does not vanish in a small
enough neighbourhood of a point %g with 7(%) = ko (cf. Remark 5.9). For this reason,
by shrinking Ur if necessary, from now on we will assume that

© does not vanish on Us.

After this discussion we are ready to prove the following:

Proposition 6.1. Assume N is odd and squarefree. There exists a unique element
P(f,0) € Frac(R¢) satisfying the following interpolation property. For every & € U§'
of weight k — 1, one has

P(,0)(k) = Q_l_ (=1)[k/2) . g1 % ’
" CA

where k = w(k) and the periods Q0 are as above.

Proof. Let D be an auxiliary fundamental discriminant with (=1)"D > 0, and xp(¢) =
wy(f) for each prime £ | N, where w(f) denotes the eigenvalue of the /-th Atkin-Lehner
involution. Define

EN (faXDwmil) >
Po(£,0) = v Lol X0 ) g .
c(|DJ)?

where Ep(f , XDw’"O’l) S ’ﬁf is the central critical twist of Greenberg—Stevens’ p-adic
L-function defined in Proposition 5.10. We are going to prove that this element satisfies
the claimed property. Let us assume that & € L~{fC1 is of weight k — 1, and that f(x) is old
at p, where k = 7w(%). In this case, we have

2
Eyttpw () =27+ (1= 2

1 (=1 LD
o) Ao

Since k must be odd, and 7y has the same parity, we have yp(—1) = sgn(D) = sgn(DF),
and hence the above interpolation formula reads
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(k—1)! L(fx, D, k)
mk Q-
(6.1)
Since D is fundamental, from Proposition 2.1 we have ¢ p|(h(%)) = (1 - 8. xp(p)p™") -

2
£y (F o) (R) = (-1 (1 B prece

¢|p|(hz), hence

2 ook o Bs. ’
c(ID)(R)* = 272" (9,)*- (1 - %D(p) ~¢ip| (h&)?. (6.2)
And by Theorem 3.2 applied with f = f; and h = hz (notice that the latter has real
coefficients) we find that

k—1)! _ L(f..D,k
(71']‘) |D\k 1/2 (fQ_ )

(fos fu) ov(N) P

<thhR>Q;~ cip|(h&)?

Combining the last formula with the expressions (6.1) and (6.2), we find that Pp(f,0)
satisfies the interpolation formula of the statement at points & where f(k) is old at p.
One can easily check that the same proof as above adapts also to the case when f(k) is
new. As we clearly see that the quantity that we interpolate is independent on the choice
of the auxiliary discriminant D, we may define P(f,0) := Pp(f,0) for any fundamental
discriminant D satisfying the above hypotheses. O

Consider now the A-algebra
R = 'ﬁ,f XA Rg, (63)

where the tensor product is taken with respect to the structure morphism, which can be
read at the level of weight spaces as

Wr = W(R) = W Xy W,.
At the level of classical points, we may write US = W4 NUE' x Ug', where:
W = {(&,\) € Wl x WE - wi (&) = wi(M)}.

For such a point = = (&, \) € U% it makes sense for use to write wt(z) = wt(&) = wt(\).
We also notice that there is a natural isomorphism

R ~Rf ®p,0 R,

where o : A — A is as in Section 5.3. Via this isomorphism, we may instead see Wx as
the fibered product

Wr ~ W Xw,o W,
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which we can read on classical points as:
Wg =~ {(k,\) € Wi x W;l swi(k) = 2wt (A) }.

Because of the above isomorphism, if v € W %, then we will identify it with either (%, A)
or (k,A), where = m(%). We note that WS is non-empty if and only if the residue class
(mod p — 1) determined by L{ is the same as 2ryg. We may assume this compatibility
condition everywhere from now on.

With this, let SK € S@ (N, R¢) be the A-adic Saito-Kurokawa lift of © described in
Proposition 5.11, set Fi := SKn(hz), and let F(x) := SKy,(h(&)) be its semi-ordinary
p-stabilisation as described in equation (3.6) (note that despite the notation, the latter
is not a A-adic family). If &k € Z?fl is a classical point of weight k — 1, and k = 7(R), recall
that

SK(7) = (-1)F/ 227k . Q- . F(R).

Proposition 6.2. Let Jgxg be the A-adic functional defined in Lemma 5.7. Then the
element

Texg(€oraw(SK)) € Frac(R)

satisfies the following interpolation property. If v = (%, \) = (k, \) € UG is of weight k—1,
and f(k) and g(X\) are the ordinary p-stabilisations of f. € S5 (N) and gx € SET(N),
then we have

)[k/2]2—k o ‘c"o(fmAdO(gA)) . <w(FF€)ag>\ X g>\>

jgxg(eordw(SK))(V> = (_1 K (c/'(AdO(g)\)) <g>\,g)\>2

where E°(f.,Ad°(gx)) and E(A°(gx)) are defined as in equation (1.4).

Proof. Directly from Lemma 5.7, together with (5.4), we know that

ko (Coram(F (7)), g(A) x g(A))
Tgxg(€oraw(SK))(v) = (_1>[k/2]2 k. Q. - )
ere (8(A),8(N)?
where we have also used the interpolation property of the A-adic Saito—Kurokawa lift. In
order to lighten the notation, fix v = (k, \) € US, write f := f, and g := gy, go = g(A)
for the ordinary p-stabilisation of g, and write also F,, for F(k) and F' := Fx. Then the
ratio of Petersson products on the right hand side of the above identity reads

<€ordw(Fa)7ga X ga>
(9o, 9a)?

From the description of e,.q on the g x g-isotypical subspace of Si4+1(Np) ® Sk+1(Np),
the above is just the coefficient of g, X g, when expressing F, in terms of the basis
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9o X Jo, Ga X 98y 98 X Ga, gs X gs. By Corollary 4.4 we know how to express w(F,)[g]
with respect to the basis g x g, g X Vg, Vg x g, Vg x Vg, so that we just have to do a
change of basis. Indeed, observe that

e — _
g = Qada 5995, Vg = 298

ag — By ag_ﬁg.

In other words, the matrix

= (% )
ag— By \ =By —1
gives the change of basis from {g,Vg} to {ga,95} on Sk+1(Np). Taking the tensor
product of this matrix with itself, it follows that

04!2] Qg Qg 1
o | s 5 e
ag — By —QgPg  —Pg Qg —
Bs By By 1

gives the change on (Sp11(Np) ® Sk+1(Np))lg X g = Sk41(Np)lg] ® Sk11(Np)[g] from

the basis {g x g,9xVg,Vgxg,VgxVg} to the basis {ga X ga, ga X 98,98 X ga, 95 X g5 }-
By Corollary 4.4, we find

(-2
Cord (g (Fn)) = 76’)2(14& + Baa, ' + Coayt + Dacy?)ga X ga,
oz
where Ay = % and the coefficients Ay, By, Co, and D, are given by the recipe

in Corollary 4.4. A laborious but elementary computation shows that the coefficient of
Ja X go in this expression is precisely £(f, g)Ag, which proves the formula in the statement
(check Corollary A.3 in the Appendix for the detailed calculation). O

We are finally in position to prove the main result of the paper, as putting together
the above discussion we obtain the following:

Theorem 6.3. Let (f,g) be a pair of Hida families of ordinary p-stabilised newforms of
squarefree and odd tame level N > 1, defined on a neighbourhood Ug of a classical point
of weight kg — 1, such that (N, ko) satisfies the hypothesis (Sign). There exists a unique
element E;(f,Ado(g)) € Frac(R), such that for every classical point v = (k,\) € UZ of
weight k — 1 where £ and g are p-old the following interpolation formula holds:

. go(fﬁaAdO(g)\))Q . A(fm & Ado(g)\)7k)
E(Ad°(gr))? Q5 (9r,92)°

Ly(f,Ad"(g))(v) = @ - €(N, k)
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where E(f., Ad°(gy)) and E(Ad®(gy)) are as in equation (1.4) and € (N, k) = (—1)F/2 x
272N,

Proof. Uniqueness follows immediately from the interpolation property. In order to prove
the existence, recall the element P(f,0) € Frac(R¢) from Proposition 6.1. After identi-
fying it with P(f,0) ® 1 € Frac(R), we define

L£o(f,Ad%(g)) == P(£,0) - Tgxg(eoraw@(SK))? € Frac(R). (6.4)
By the previous propositions, we find that

L5 (£, Ad"(g))(v) = P(£,8) - Tgxg(oraw(SK))*(v) =

-0 . 217k . Eo(ffiaAd (g )) <f:"€7fi€> . <w(FK)7g>\ X g)\>2
; EA(gn)?  (hahi) (a0 Q)

Now, from the central value formula in Theorem 1.1 in the introduction and its alge-
braicity consequence stated in equation (1.2), we have that:

A(f. @ Ad(gn), k)

<fmfm> <w(Ff_€)?gA ><g>\>2
Q. (92, 90)? = Clfon)- .

<h,§,h;@> <g)\ag>\>4g2]7N ’

where the absence of the absolute value in the last quotient is due to the fact that Fj,
has real coefficients, since we have chosen hz = GZI% np(fi), with real coefficients (see
equation (3.4)). Joining the two equations and replacing C(f,, gx) with its explicit value

given in Theorem 1.1, the result is achieved. O

One may note that the construction seems to heavily depend on the choice of ©,
while the interpolation formula does not. Indeed, it is easy to see that for any nonzero
A € Frac(Rs) we have

P(f,A0) = \"*P(£,0).

However, the choice of A® also implies the use of ASK at the Saito-Kurokawa level, so
that

Texg(eora@(ASK))? = N Jgug(coraw(SK))*.

And the product does not depend on such a choice. On the same note, a different choice
of 0 for the construction of the A-adic Shintani lifting would give rise to a lift of the form
AO due to multiplicity one results that hold in our case (since N is odd and square-free),
so the construction does not depend on 0 either. Last, the p-adic period €2 only depends
on the theory of A-adic modular symbol and, as such, is entirely described in terms of
f, so that the final construction solely depends on the pair (f,g).
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Remark 6.4. We remark that our p-adic L-function belongs to Frac(R), but that a deeper
study should reveal its integrality, up to certain factors. Indeed, the integrality of the
factors Jgxg(eoraw(SK)) can be achieved using Hida’s congruence ideal (see [Hid88,
Theorem 0.1}, and [Hsi21] for the case of triple products of the next section). However,
P(f,0) has the factor c(|D|)? at the denominator. We expect that a careful study of
this factor would show that the denominator is very much bounded. We will address
this question in a subsequent work where we attack the two variable construction of

L,(f ® Ad°(g)).
7. A factorisation of p-adic L-functions

Let N > 1 be an odd, squarefree integer, and let f, g, and h be three Hida families
of ordinary p-stabilised newforms of tame level N as in Definition 5.1. Let Regn =
Rf @ Rg ® R, and

Uf7g7h:Uf><ug><uhCWf><WgXWh

be the associated weight space. For a classical point x = (k, A\, u) € L{fc}g,h = U x Z/{él X
Ufll we write:

f=Tlc € SETVN), g=gx €SP (N), h=h, S5 "(N) (7.1)

for the three associated normalised newforms of weights k = wt(k)+2,¢ = wt(\)+2,m =
wt(u) + 2, respectively, and of common level T'g(N) for simplicity. Let L(f ® g ® h, s)
denote the Garret-Rankin L-series associated with the tensor product V; ® V, ® Vj, of
(compatible systems of) Galois representations attached to f, g, and h. This can be
written as an Euler product

Lfogohs)=[[Lg(fogehg®)™,

q

for Re(s) > 0, where for a prime ¢ { N one has

Lig(f @9 @ h,T) =(1 — ag(f)ag(g)aqg(P)T)(1 — aq(f)ay(9)Be(R)T)
(1 = aq(f)Be(g)ag(M)T)(1 = aq(f)B4(9)By(R)T)
(1= By(fleg(g)ag(M)T)(1 = By(f)aqg(9)By(R)T)
(1= B4(f)Ba(g)eq(W)T)(1 = By(f)Bq(9)Ba(R)T)

This complex L-series can be completed with an archimedean factor, whose definition
depends on the weights of f, g, and h. The triple of weights (k, ¢, m) is said to be balanced
it &+ ¢+ m > 2max{k,¢,m}. If (k,¢,m) is not balanced, reordering the newforms we
may assume that the ‘dominant’ weight is the one of f, so that & > ¢ + m. With this,
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the completed L-series A(f @ g @ h,$) := Loo(f ® g @ h, s)L(f ® g ® h, s) is defined by
setting

Loo(f®g@h,s)

_ JTPc(s) Te(s+k—2¢) - T'c(s+1—-4)-Tc(s+1—-m) ifk>L+m,
o Ie(s) Te(s+1—k) - Te(s+1—=0) -T'c(s+1—m) if (k,¢,m) is balanced,

where ¢ = (k+{+m—2)/2. It admits analytic continuation to the whole complex plane,
and satisfies a functional equation relating the values A(f®g®h, s) and A(fR@g®h, 2¢—s),
so that s = c¢ is the center of symmetry for the functional equation. The global sign
e(f ® g® h) = £1 appearing in this functional equation determines the parity of the
order of vanishing for A(f®g®h, s) at s = ¢, and can be expressed as a product of local
signs

e(fogeh) =]e(fegeh), e(f®geh)c{£l},

varying over all the rational places. It is known that €,(f ® ¢ ® h) = +1 for all v { Noo,
and

+1 if (k,£,m) is not balanced,

tx(f®g® M) =
( ) {—1 if (k,¢,m) is balanced.

Recall that we are considering a classical point x = (x, A, 1) € U, = U UG < U,
and we will now focus on the balanced region?®

Upaly = {(5, A ) € Uy 1, - Wh(k) + Wt(A) + wt () > 2max{wt(r), wt(X), wt(p)} — 2} .

Let ¥~ (x) denote the set of primes ¢ | N such that the local sign €,(f. ® gx ® hy,) in the
functional equation for the Garret—Rankin L-series L(f ® g®h, s) is —1. It is well-known
that ¥~ (z) actually does not depend on the choice of classical point z, and so we may
write just X~ in analogy with the above classical discussion. Assume that

¥~  has odd cardinality. (7.2)

Then, the global sign e(f ® g®h) is +1, and hence A(f ® g® h, ¢) is not forced to vanish
by sign reasons. In this case, the value

A(f®g®h,c) _
(f, £)(g,9)(h, )

3 Recall our convention that the weight of a classical specialisation of a Hida family differs by two with
the weight of the corresponding classical point in the weight space.
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is algebraic. Assume also that the Hida families f, g, and h fulfill Hypothesis (CR, ¥7) in
[Hsi21]. Then, by Theorem B in [Hsi21], there exists a unique £ (f, g, h) € Frac(Re g n),
which we will regard as a function Egal(f ,8,h) :Up g n — Cp, satisfying the interpolation
property that

bal K 2 _ —(k+£+m+3) g(fa g, h‘)2 . A(f 02y g & h7 C)
(" (5, 8, ), A, p))° =2 EALFNEAL (G)EALH) . Flg9) o )
(7.3)

for every triple (k, A, 1) € Ugl | (recall our notation (7.1)). Here, £(Ad’(—)) is defined
as in (1.4), and

E(f,9,h) = (1 _ M) (1 . M) (1 _ Bfﬁgah) (1 _ ﬁfﬁgﬁh)
' Y pc pc pc pc

We warn the reader that our normalisation for /j;"“l(f ,g,h) differs slightly from the
one in [Hsi21] because of the absence of the congruence numbers and the presence of
Hida’s periods instead of Gross periods (see [Hsi21], Def. 4.12, for the definition and
comparison); in particular, we do not claim that C?al(f .8, h) belongs to R¢ g n, but only
to its fraction field.

Consider now a pair of Hida families (f,g) of (again) squarefree tame level N > 1.
Let £ > k > 1 be odd integers, and consider now weights such that wt(k) = 2k — 2,
wt(A) = £+ 1 as in the previous sections, so that f = f. € S5V (N), g = ga € SPEY(N)
are normalised newforms of level N and weights 2k and £+ 1, respectively. In this setting,
the decomposition of representations

ViV, @V, ~V;® (1®Ad%(V,)) @ det(V,)
yields, by Artin formalism, a factorisation of complex L-functions
L(f©g®g,s) = L(f,s —O)L(f © Ad°(g), s — ). (7.4)

Note that the choice of weights for f and g implies that the triple (2k,¢ + 1,£+ 1)
is balanced, according to the above introduced terminology. Assuming the same sign
hypothesis as above, one expects the above complex factorisations to be mirrored on
the p-adic side by a (two-variable) factorisation of the corresponding p-adic L-functions.
Falling a bit short in this wish, we prove in this section the expected factorisation when
restricted to £ = k, i.e. we prove a one-variable factorisation of p-adic L-functions sug-
gested by the above complex discussion.

Using the same notation as in previous sections, consider the A-algebra

R = ﬁf (2N Rg = 7?/f ®A,U Rg7

and its associated weight space
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Wgr = Wf Xw We =~ We Xy o We.
Recall that, on classical weights, we have
Wr ~ {(k,\) € W§' x Wg wi(k) = 2wt(A) } .
In particular, observe that there is a natural embedding
L:Wr S Wrge =We X Weg X We, (K, A) = (K, \,N),

through which we can identify % with the classical triples (k, A, \) € Z/{f}g, g With wt(k) =
2wt(A). The image of U$ lies actually in the balanced region L[Rag{g - Uf}gg defined as
above. Also, the hypothesis (7.2) is equivalent to £(f) = +1, thanks to our assumption
(Sign) (see the discussion before the latter, and the above discussion about the sign of
triple products). Therefore, assuming that e(f) = 1 and the hypothesis (CR, X7) of

[Hsi21] as above, let
Le(f,g,8) (Ur < Upgg — C,p

be the restriction of the p-adic L-function Lgal(f , 8, g) explained above (with h = g) to
Ur through the embedding ¢. Also, consider the pullback

Lo(f,w ) iU — Us — C,

of the one-variable Greenberg—Stevens p-adic L-function Ep(f ,w" 1) normalised as in
Proposition 5.10, via the natural map Ugr — Ug, v — &, which is generically nonvanishing
thanks to our assumption e(f) = 1.

Theorem 7.1. Let (f,g) be a pair of Hida families as in Theorem 6.5. If e(f) = 1, then
we have a factorisation of p-adic L-functions

a(f)
Ebal,o f, ; 2 _ . ¢. <1 __p
p(f,8,8)° =n PP

where n, € € Frac(R) are non trivial functions such that

) L6, A (g)) - £3(F, ),

n(w) = (EAL(£))QH0) T, e) =227 RiN T,

forallv = (k,\) € U§, and where a(f), a)(g) are naturally defined by setting a(f)(v) =
ap(f(r)) and ap(g)(v) = ap(g(X)).

Proof. We will check the claimed factorisation at an arbitrary classical point v = (k, A) €
U for which f(x) and g(\) are the ordinary p-stabilisations of newforms f,, € Si™(N)
and gx € Sp{Y(IV), respectively. So let us fix such a point for the rest of the proof.
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After completing each of the three complex L-functions in (7.4) with the corresponding
archimedean Euler factors, one gets a factorisation of completed L-functions

A(fx ® 92 ® gx,8) = M fr ® Ad°(92), 5 — k) - A(fr, s — k). (7.5)

In addition, recalling that at the end of section 3.1 we choose Shimura’s complex periods
Qi € C* attached to f, with the extra property that Q};Q;ﬂ = (fu, fx), the above
identity also yields a factorisation of algebraic central values

A(fs © gr @ gx,2k) _ A(f @ Ad(gr), k) A(fs, k)
<fmffi><g>\ﬂg)\>2 B <g,\,g,\>2Q;N Q;‘h € Q(fmgk)- (76)

One easily checks that the interpolation property in (7.3) implies that

g(flivg)\ag)\)2 . A(f/{®g)\®g)\,2k)
E(A(f.)EA (n)?  (fxs fu) (92 90)

(L5°(F. 5. 8)())? = 274+ (D)

whereas the interpolation property for the p-adic L-function £ (f, w1 tells us that

L3807 0) = O E(fwr ! pyit - A (78)
I

Using oy, By, = pF it is easily seen that

2

af, o ro—

Elfnian? = (1= 2 ) (7 AP @) - £ )
gx

Thus combining equation (7.6) with equations (7.7), (7.8), and the interpolation formula

in Theorem 6.3 we find

(L (8, 8)(1))?

Z'k: —1 o 2
— @0 (A1) o (12 2 ) EAC@)0) - L0 0)

Using the expression of Theorem 1.2 for € (N, k), and the fact that i®(—1)I*/2l = ;.jk=1.
(—1)*=1/2 = j since k is odd, we obtain

2
] a K o] o To—
(L0 ) () =) €0+ (1= 2 ) L300 A )0) - L3800
gx
Since all the functions appearing are A-adic, possibly except 7, it follows that there exists
a unique A-adic function 7 € R extending n(v) in a small enough neighbourhood of a
point of weight ko — 1 (see [BD14, Theorem 3.4] and [BSV22, Lemma 3.4] where they
consider the neighbourhood of a point of weight 0 in our notation). 0O
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As our notation suggests, the factorisation in this theorem must be seen as the one-
variable shadow of more general factorisations of p-adic L-functions in two and three
variables. Indeed, the balanced p-adic triple product L-function introduced above has
been recently extended in the works of [HY] and [GS20] to a four-variable p-adic L-
function incorporating a cyclotomic variable, that we still denote £ (f, g, g) by abuse
of notation. Write

L (f,g,8) :Usg x W — C,

for its restriction via the natural embedding
Upg X W — Us g e X W, (KX 0) — (K, A\, 0).

And similarly, write

LH(E,w™ ) i Upg x W — C,
for the pullback of £,(f,w™ 1) via the natural morphism

Us g X W — U x W.

Then, we can envisage a three-variable p-adic L-function

Ly (f,8.8)
* 0 ._ P il
L35, A(g) 1= T

always under the relevant sign assumption. The following diagram may help to under-
stand the sources of the different p-adic L-functions involved in the above digression,

with the different embeddings used for the restrictions.

v—(K,\)

Ur Us x Ug Us X Ug x W Lx(f,Ad%(g))? (7.9)
\L(K,A)»—)(R,A,)\) \L
Us X Ug x Uy —= U X Ug X Ug X W £r(f, g, g)

\L k= (k,wt(k)/2+1) \L
Uy Us x W L,(F, w0 1)

On the right hand side, each of the p-adic L-functions listed is written next to its nat-
ural domain. On the left hand side, the one-variable p-adic L-functions Lp(f, Ad%(g)),
L£habeo(f, g, g), and L;(f,w™ ') are defined on Ug, and L2*°(f, g, g) and L;(f) are re-
strictions of £2*(f, g, g) and L£,(f,w™ ') through the obvious maps. The (expected)
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two-variable p-adic L-function alluded to in Remark 1.4 would be the restriction of
Ly(f, Ad°(g)) under the obvious map.

It would be interesting to put the above picture into a broader framework, by em-
bedding it within the line of work started by Schmidt [Sch93] and culminating with
Januszewski’s contributions in [Jan15,Jan]. Without entering into a detailed study, let us
just mention here that our p-adic L-function and the one-variable (cyclotomic) Rankin—
Selberg p-adic L-function by Schmidt (further generalized in [Janl5]) are defined in
different domains. However, the recent work of Januszewski in [Jan] provides a p-adic
L-function (varying both on the weight variable and the cyclotomic one) that should
specialize to both, in the corresponding domains. This idea is represented in the dia-
gram

‘C;<f7 Ado (g)) MR w E%chmidt (fm) ® Ado (g)\o ))

Vm A)\O,U)

Us X Ug X W Lx(f,Ad%(g))?

(7.10)
For arithmetic purposes, it would be desirable to achieve a direct construction of
Lx(f, Ad°(g)), which relies on explicit formulas and that is independent of any sign
assumption, fitting in this big picture.
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Appendix A. Computations from Section 4

In this appendix we complete the proofs of Theorem 4.3 and Corollary 4.4 in Section 4.
Recall the notation in that passage: f € S5V (V) is a normalised newform, and F €

S,(jzl(N ) is the Saito-Kurokawa lift of a (non-zero) half-integral weight cusp form h €

+,new
S /2
follows we will abbreviate a, = a,(f). We start with the following proposition, which

(N) in Shimura—Shintani correspondence with f. To lighten the notation, in what

fills the omitted computations in the proof of Theorem 4.3.

Proposition A.1. Let ¢ € Si1+1(N) be a normalised eigenform, and suppose that wy(F) =
Ao® X @. Then

We(UF) =Xy (Apx ¢+ BopxVep+CVopxdp+DVepxVe),

where

Ao TP =1) +ap)a(0) =P+ DO T+ 1) +ap)
ap(¢)? —p*~L(p +1)? ’
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and B, C, D are given by the formulae

_ pap(¢)

B=C
p+1

(pk —pk71 +ap — A), D= _karl(pk +ap — A).

Proof. As indicated in the proof of Theorem 4.3, one has to solve the system of linear
equations arising from the identity (4.2). One easily checks that C' = B, and then the
system to solve becomes

(pk - pkil + ap)‘lp(¢)2 - pk(pk71 + ap) = A(ap(¢)2 - pkil) + 2Bap(¢) + D,
ap(@)p(p* — P! + ap) = Aay(d)p+ B(p+ 1),
PPHP" +ap) = ApFT = D.

From the last equation, we get
D= —phtt (pk +a, —A),
and from the second one,

pap(d)) k k—1
B = — + A).
b1 (p p ap )

Plugging these expressions into the first equation of the above system yields

kL 2pF + 2pa,
p+1

(pk_l(P 1)+, - 2 > ap(¢)? —p 1 —p)P" ' (p+1) +a,) =
_ 2ap(¢)2p> .

=A (ap(¢)2+pk1(p2 —1) o1

Multiplying by p+ 1 and dividing by 1 —p both sides of the equality, one eventually finds

Ao PP —1) +ap)ap(9)? —p* e+ DO T P+ 1) +ap)

ap(¢)? —pr=1(p +1)2

Once we have described w(UF), the following corollary completes the proof of Corol-
lary 4.4. As usual, write ay, B for the roots of the p-th Hecke polynomial of f, and let
Fo = SKnp(ha) € S,:rH/Q (Np) be the Saito-Kurokawa lift of the p-stabilisation of h on
which U, acts with eigenvalue ay.

Corollary A.2. Let ¢ € Sp41(N) be a normalised eigenform, and oy, B4 be the roots of
its p-th Hecke polynomial. Then we have

we(Fa) = Ao < — %) (Apdp X ¢+ Bod x Vo +ColVop x d+ D, Vo x Vo),
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where the coefficients Ay, Ba, Co, and D, are given by the formulae

(p+1) (1-375)
)

=)
pag

Proof. From equation (3.6), we know that

arFa = (U= 87)(1 = p"V)F = UF — (b + 8;)F + BV F.
Therefore,

a;wy(Fo) = @ (UF) — (0" + Br)mys(F) + Bsp"V x Vay(F).

Writing wg(F) = As¢ X ¢, it follows from Proposition A.1 that wy(Fy,) vanishes if
A¢ = 0. Thus we may write

we(Fa) = Ng ( — 5—]’:) (Aad X ¢+ Badp X Vo + ColVd X ¢+ DoV x Vo)

for some coefficients A, B,, Cn, D, to determine. Letting A, B, C, and D be as in

2k—1

Proposition A.1, and using that a8y = p , we deduce that

(af —p" A =A— (" +8f), (af —p" " )Ba=B, (af—p"")Ca=C,
(af —pk_l)Da =D+ 6fpk.

And now we only have to use the values for A, B, C, D obtained in Proposition A.1.
Indeed, noticing that

(0" + B)(ap(9)* = p* 1 (p+1)%) = pPay(9)? + Bray(¢)® =™ (p+1)% - %p’“(zﬂr 1),
from Proposition A.1 we have

(af =P Nay(9)? = (o =" HO" + 810+ 1)
ap(9)? — pF=1(p+1)2 ’

A— (" +8f) =

and hence we deduce that

ap(9)> — (" + B)(p + 1)
ap(¢)? —pF=t(p+1)2

A, =
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Letting a¢ and Sg denote the roots of the p-th Hecke polynomial for ¢, so that ag+ 8y =
ap(¢) and ayfy = p”, one checks that the above is equivalent to the expression given in
the statement.

Once we have determined A, the rest of coefficients follow easily. First, observe that
C = B implies C, = B,. And to find B,, notice that

pap(¢)
p+1

B— pap(¢)
p+1

@ =P +a,—A)= (ay —p" ' = (ap —p* 1) AL),

and therefore

B :pap<¢)(1_A )
o p+1 a)-

Finally, one can proceed similarly for D,. Indeed, we have

D+ Byp* = p"H(A = ap — p¥) + Bpp® = p" T ((ap — pPTH A — ap) + Bypt =
= (af _pk—l)pk+1Aa —pkﬂaf + prk
= (ay — p" )P (A0 — 1) = (op — " By,

which implies that
Dy =p"(Aa —1) —pfy. O

Finally, with the same notation as above, in the proof of Proposition 6.2 we have
omitted part of the computation of

{ora (@ (Fa)); Pa X Pa)
(Pas ha)? ’

which equals the coefficient of ¢ X ¢, when expressing wy(Fy) in terms of the basis
Do X Poy P X P, O3 X Go, Pg X ¢pg. We complete this in the corollary below.

Corollary A.3. Let ¢ € Si41(IN) be a normalised eigenform. Then

(eord (@p(Fa))s ba X o) _ E°(f,Ad(9)) (@(F), ¢ x ¢)
(bar Pa)? E(Ad°(¢)) (.02 7

where

eotraon = (1-2) (1- 25000 eqaen = (1-22) (1- L),

p p Qg bay
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Proof. From the definitions of p-adic stabilisations we have that

¢a_¢ﬁ
ap— By

¢:0¢¢¢a—5¢¢5’ Ve —

ag — By

In other words, the matrix

=)
Qg — ﬂ¢ _ﬁqb -1
gives the change of basis from {¢,V¢} to {¢a,ds} on Siy1(Np). Taking the tensor
product of this matrix with itself, it follows that

ai Qg Qg 1
ap —B)? | —¥%Pe —Py —Qg —
B3 Bo By 1

gives the change on Siy1(Np)[¢] ® Sk+1(Np)[d] from the basis {¢ X ¢, x Vo,V x
¢, Vo x Vgl to the basis {¢q X da, da X 08, ¢s X ¢a, ¢s X ¢g}. Using the expression for
wy(Fy) computed in the previous corollary, we find that

A¢>(1‘p—)(

eord (e (Fa)) = m A + Baay Yy, ally '+ D, alty Do X da,
(1-2)
where \y = W And using the expressions for A, By, Cy, D, from Corollary A.2
we find that
eord (@We(Fa))

_ M (Aa_(Aa—l)%—i—((Aa P~ pBy)— )oéa X fo =

X (12t
:7‘1’( p><(,4a—1)<1—%+%>+ pﬁf)%xsba—

M (1=2) (-1 (1-22) (1- §£1)+(1m) Do X Par

p
2 k—1
B _ s _ ﬁ_¢> P
(1-2) (r-52) (»- 22

where we have used that
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_ 2pap(9) | pBs _ pas +as = 2pas — 2By + p*By + PPy

ag(p+1)  ag ag(p+1)
_ ag —pag —pBy +p*By _
ag(p+1)
_ _ PBe
_1-p—pBe/ag+p*Bylag _ P 1)(1 %)
p+1 p+1

and that

(p+1)( ﬁil)
(h-52) (r-2)

After some elementary algebra, the above computation eventually yields

(eoalmolFul)obn x 0y _ P (1= ) (1= 25¢7) (- 52) (1- 2) |

e I )

Qg

D (1 _£ ( Bfﬁzt/‘%) )\¢ _ (1 _ ﬁ_ﬁ) (1 _ Bfﬁ:k/a¢) )\(z”

) -) (1-2) (-5)

thereby proving the result. O

Ap—1=—
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