AUTOMORPHIC SL;-PERIODS AND THE SUBCONVEXITY PROBLEM FOR GLs x GL3
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ABSTRACT. We prove a new (conditional) result towards the subconvexity problem for certain automorphic
L-functions for GLga x GL3. This follows from the computation of new SLa-period integrals associated with
newforms f and g of even weight and odd squarefree level. The same computations also lead to a central value
formula for degree 6 complex L-series of the form L(f ® Ad(g), s), extending previous work in [PdVP19].

1. INTRODUCTION

Let f € Sox(Ny) and g € Sg41(Ng) be two normalized newforms of weight 2k and ¢+ 1, and level T'o(Ny)
and I'o(NNy), respectively. We assume throughout that £ > k > 1 are both odd integers, and that the levels N
and N, are both squarefree and odd. We set £ — k = 2m, with m > 0. We emphasize that we consider level
structure of I'g-type, hence both f and g have trivial Nebentype character.

Associated with f and g, one has a degree 6 complex L-series

L(f ® Ad(g), s),

which is the Artin L-series corresponding to the tensor product V(f) ® Ad(V(g)) of the (compatible system of
p-adic) Galois representation(s) attached to f and the adjoint of the one attached to g. This L-series admits a
representation as an Euler product

L(f ® Ad(g),5) = [ [ Lp(f © Ad(g), s),

where p varies over all rational primes. For example, if p is a rational prime not dividing Ny N, and {a,, a, 1}
and {8y, 8, 11 are the Satake parameters of f and g at p, respectively, so that

1— af(p)X +p2k71X2 _ (1 7pk71/2OépX)(]. 7}7’971/2@;1){),

1—a,(p)X +p'X? = (1 p"2B,X)(1 - p"/?8, ' X),
then one has
L,(f ® Ad(g),s) = det(1s — A, ® By 'p_s_e)_lv

where we put

B2 0 0
A, =pFt/? <Og’ Oﬁl) ., By=pl0 1 0
P 0 0 B;?

The above Euler product converges absolutely for Re(s) > 0, and the completed L-series
A(f © Ad(g), s) = Loo(f © Ad(g), s) [ Lp(f © Ad(g), 5),
P

where Loo(f ® Ad(g), s) :=Tc(s)Tc(s+ O)Tc(s+ £ —2k + 1), T'c(s) := 2(27)~°T'(s), has analytic continuation
to the whole complex plane and satisfies the functional equation relating its values at s and 2k — s, with
center of symmetry at s = k. In our previous paper [PdVP19], we proved an explicit central value formula for
A(f ® Ad(g), k) under certain hypotheses, extending a previous formula of Ichino [Ich05]. Such formula was
obtained by making explicit a decomposition formula due to Qiu [Qiul4] for a certain automorphic SLo-period,
and in classical terms it involves a half-integral weight modular form h € S];:_l /2(N 7) in Shimura—Shintani
correspondence with f and its Saito—Kurokawa lift. The purpose of this note is two-fold: on one hand, we
generalize the central value formula in [PAVP19], and on the other hand, we make some progress towards the
subconvexity problem for automorphic L-functions for GLy x GL3. For both goals we need new computations
of local SLa-periods, and for the second one we also use recent work of Nelson [Nell9].

To be more precise, let 7 and 7 be the automorphic representations of GL3(A) (actually, of PGL2(A))
associated with f and g, respectively. In addition, let ¢ denote the standard additive character of A/Q, wy

be the Weil representation of the metaplectic group S\]:;Q(A) on the space S(A) of Bruhat-Schwartz functions
(on the one dimensional quadratic space with bilinear form (z,y) = xy/2) with respect to 1y = ¥~!, and
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7 € Wald(m) be an automorphic representation of §I:2(A) belonging to the Waldspurger packet of m with

respect to 1. Associated with the triple 7, 7, wy, Qiu defines a natural automorphic SLa-period functional
Q:TRTRTRTRW; ®wy; — C

and studies its main features. Most importantly, he shows that when Q is not identically zero, then it decomposes

as a product of local SLy-periods

Ty Ty @ Ty ® Ty ®Tv®w1ﬂ,v®wﬂ_f’v — C

up to certain L-values, including the central value A(f ® Ad(g), k). The non-vanishing of Q is well-understood,
and it is equivalent to the central value A(f ® Ad(g), k) being non-zero together with some local conditions on
the choice of 7 in Wald; (7). With this, the strategy followed in [PdVP19] consists in finding a test vector on
which @ does not vanish, and then evaluating both the global period @ and the local periods Z, at such vector.
From Qiu’s decomposition formula, one can then isolate the desired central value A(f ® Ad(g), k).

The assumptions made in [PdVP19], mainly that N, = Ny and ¢ = k, simplified the still involved compu-
tations of the local periods Z,, as well as the evaluation of the global period itself. Both of these assumptions
can be relaxed, leading to the following result:

Theorem 1.1. Suppose that Ny, Ny are both odd and squarefree, and that Ny | Ny. Suppose that £ > k > 1
are both odd, and set { — k = 2m. If the Atkin—Lehner eigenvalue of f at p is +1 at all primes p dividing
Mg, = N¢/Ngy, then there exists a half-integral weight modular form h € S,:FH/Q(Nf) in Shimura—Shintani
correspondence with f such that

<f7 f> |<F‘\H><?-L7g X VMgg>|2
(h,h) (9,9)? ’

where F € S?_ﬁl (I‘(()2) (Ny)) is a nearly holomorphic Siegel form closely related to the Saito-Kurokawa lift of h (cf.
Proposition 7.9), v(My) denotes the number of primes dividing My, and Co(f,g) and C(f,g) are non-zero
rational constants that depend on the levels and weights of f and g, respectively (cf. Theorem J.1 for their
explicit value).

A(f ® Ad(g), k) = 26 TR o) Gy (£, YO (f, 9) -

When N, = Ny and ¢ = k, one has m = 0 and Coo(f,g) = 1, F' = SK(h) € S;H_l(FéQ)(Nf)) is the Saito—
Kurokawa lift of h, and the above formula recovers [PdVP19, Theorem 1.1] (assuming in loc. cit. that g has
trivial Nebentype character, see Remark 1.2 in op. cit.). If in addition N, = Ny = 1, then it recovers the
original formula of Ichino [Ich05]. We also point out that the case N, = Ny and £ > k has been considered in
[Chel9], by extending Ichino’s approach instead of using Qiu’s strategy via SLo-periods. Finally, we point out
that the same strategy used to prove Theorem 1.1 can be pushed further to remove the assumption Ny | Ny,
at the cost of performing more local computations. Note, however, that this mild extension would not improve
Theorem 1.2 below.

In the above statement, the Petersson products (f, f), (g, g) are defined as usual, namely

(S = “?ler/ F@ Ry 2dz, (g.g) = M?vi/ 9(2)9(2)y " dz,

Lo\ Lo(Ny)\H
where z = x + /=1y and p; = [SL2(Z) : T'o(t)] for t € Z>;. For the half-integral weight modular form h we
similarly have

() =nih, [ R
To(4Ns)\H

Finally, the Petersson product <13‘|HX7.[, g x Vi, g) is defined by (notice that Ny = lem(Ny, Ny) because of our
assumption that N, | Ny)

o _ - z1 O — (-1 4
<F‘\’HX’H7g X VMgg> = ‘uNi / / F <(01 P )> g(Zl)g(MgZQ)yf 1yg 1d21d22.
Co(Np)\H JTo(Np)\H 2

As we have already pointed out above, the above theorem is an extension of the main result of [PAVP19)].
The proof requires to extend both the global and local computations involved in our strategy of making explicit
Qiu’s decomposition formula. Special attention in this paper is deserved to the local side, because the new
computations of local SLo-periods Z, at a specific test vector done in this note, together with those already
carried out in [PAVP19], allow us to derive new advances in the subconvexity problem for GLy x GL3 by using
recent work of Nelson [Nel19]. This is the most interesting novelty of this paper, and also the main motivation
that led us to write this note. Namely, in Section 8 we address the subconvexity problem for automorphic
L-functions’

(1) L(m ® ad(7), s), m on PGL, fixed, 7 on GLg varying.

n analogy with classical L-series, we follow the convention that automorphic L-functions L(II, s) refer always to the finite part
of the L-function, omitting the I'-factors at the archimedean place. When including such factors, we will write A(II, s).
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This problem consists in establishing a subconver bound for L(m ® ad(7),1/2) when 7 is a fixed automorphic
representation of PGLo(A) and 7 varies in a family G of automorphic representations of GLa, i.e. proving the
existence of constants ¢ = ¢(G) > 0 and 6 = 6(G) > 0 such that

(2) |L(r @ ad(1),1/2)| < ¢C(x ® ad(7))/479

for all 7 € G, where C(m ® ad(7)) € R>1 denotes the analytic conductor of 7 ® ad(7). The inequality analogous
to (2) with 6 = 0 is the so-called convex bound, and can be obtained by using the Phragmen—Lindel6f principle.
Therefore, establishing a subconvex bound requires to break this barrier and improve the convex bound. Interest
in subconvexity problems as the above one relies on their relation to fundamental arithmetic equidistribution
questions. In the case of (1), it has applications towards the limiting mass distribution of automorphic forms,
also known as the ‘arithmetic quantum unique ergodicity’ (see [Sar95], [IS00], [HS10], [NPS14], [Sarl1]).

Our contribution to the subconvexity problem in (1), under some assumptions on the family G, follows
from the observation that our computations of local SLo-periods provide the required bounds in recent work of
Nelson [Nell9] concerning this subconvexity problem. And it is important to remark that the local SLo-periods
computed in [PAdVP19] alone would not have been enough to improve Nelson’s result. Let us illustrate in this
introduction an easy but relevant example in which we can push Nelson’s result one step further in the above
subconvexity problem, referring the reader to Section 8 for a more detailed and general statement.

In line with our notation above, fix at the outset an odd integer £ > 1, and let ¢ traverse an infinite increasing
sequence 9 of (odd) prime numbers. For each prime ¢ € Q, choose a newform g € S7f{(q) of weight £ + 1
and level T'g(q), and let G be the infinite collection of all the automorphic representations 7 = 7(g) of PGL3(A)
associated with the newforms g as ¢ varies. We assume the following hypothesis on the family G, which is the
existence of a subconvex bound for L(T ® 7 ® x,1/2) in the 7-aspect with polynomial dependence upon the
Hecke character x:

Hypothesis: there exist absolute constants cg, Ag > 0, §g > 0 such that for all 7 € G and all unitary characters
x of A*/Q*, one has

IL(r®7®x,1/2)| < coC(r @ T ® x)/4%C(x) .

The following statement is a particular instance of Theorem 8.1 in Section 8, which strengthens [Nell9,
Theorem 1] in the sense that we allow f to have arbitrary (odd) squarefree level instead of level 1. Modulo
the above hypothesis, the main novelty of the following result is precisely that we remove the assumption on f
having trivial level.

Theorem 1.2. With the above notation, assume that the family G satisfies the above hypothesis. Then, there
exist absolute constants ¢, A >0 and 6 > 0 such that

L(m ®ad(1),1/2) < cC(x @ ad(r))Y47°C (n)4

for all T € G and every automorphic representation m = w(f) of PGLy(A) associated with a newform f €
STEW(Ny) of weight 2k, with 1 < k < { an odd integer, and odd squarefree level Ny.

Observe that we have omitted the absolute value on the left hand side of the inequality in the statement.
This is because the L-value L(r ® ad(7),1/2) = L(f ® Ad(g), k) is non-negative (this can be deduced from
Theorem 1.1).

Concerning the emphasized hypothesis in the above theorem, we note that via the factorization

Lt @7 ®x,1/2) = L(x,1/2)L(ad(7) ® x,1/2),

the subconvexity problem for L(T7 ® 7 ® x, s) can be reduced to that for L(ad(7) ® x, s) (with 7 varying and x
fixed), and a proof for the latter problem was announced by Munshi [Mun] (at least when y is trivial). Assuming
the existence of a subconvex bound for L(ad(7) ® x, s) with 7 varying and y fixed, our hypothesis would be
fulfilled and could be dropped from the theorem. In addition, Theorem 1.2 would (unconditionally) lead to
strong quantitative forms of the arithmetic quantum unique ergodicity conjecture in the prime level aspect.

Let us close this introduction by briefly describing the organization of the paper. Section 2 below collects
general notation that is used through all the text, mainly about metaplectic groups and orthogonal groups. In
Section 3, we recall some general notions on quadratic spaces and theta correspondences, with special attention
to the cases needed for our purposes. In Section 4 we explain in more detail the strategy to prove Theorem 1.1,
and state again the result in more precise terms (see Theorem 4.1). After that, Sections 5 and 6 are devoted to
describe our choice of test vector and to compute the local periods alluded to above. Section 6 deserves special
attention, since the local period computations therein (together with those in [PdVP19]) are the key ingredient
for our application in Section 8 towards the subconvexity problem for automorphic L-functions for GLy x GLj3
and the proof of Theorem 1.2 above (which is a particular case of the more general version in Theorem 8.1).
Section 7 is devoted to complete the proof of the central value formula stated in Theorem 4.1, and can be
skipped by the reader interested in the subconvexity problem considered in Theorem 1.2.



4 APRAMEYO PAL AND CARLOS DE VERA-PIQUERO

Acknowledgements. We are pleased to thank the referee for her/his valuable suggestions that helped to
improve the exposition of this article. During the elaboration of this work, A. Pal was financially supported
by the SFB/TR 45 “Periods, Moduli Spaces, and Arithmetic of Algebraic Varieties”, and C. de Vera-Piquero
received financial support from a Junior Research Grant (through AGAUR PDJ 2012) and also from the Euro-
pean Research Council (ERC) under the European Union’s Horizon 2020 research and innovation programme
(grant agreement No 682152).

2. NOTATION

Through all the paper, we write A = Ag for the ring of adeles over Q. We write ((s) for Riemann’s zeta
function, admitting the usual Euler product representation ((s) = [[,(y(s) for Re(s) > 1, where (p(s) =
(1 —p=)~t. We write (g(s) for the completed Riemann zeta function given by (g(s) := T'r(s)((s), where
I'r(s) := m~*/2T'(s) and T'(s) is the usual Gamma function. We will also use I'c(s) := 2(27) T (s).

If r, M > 1 are integers, and 4 is a Dirichlet character modulo M, we denote by S,.(M, ) the (complex) space
of cusp forms of weight r, level M and character 1. When ) is trivial, we just write S,.(M) or S, (I'o(M)), where
I'o(M) C SLo(Z) is the usual Hecke congruence subgroup of level M. Similarly ST(Fgf)(M )) will stand for the
(complex) space of Siegel forms of degree 2 and weight r for the Hecke congruence subgroup I‘éQ)(M ) C Spy(Z)
of level M.

If M > 1is an odd integer and k > 0 is an integer, we write Sy1/2(4M, (%)) for the (complex) space of cusp
forms of half-integral weight k 4 1/2, level 4M and character (2), in the sense of Shimura [Shi73]. We denote
by Sk . /2( ) Kohnen’s plus subspace in Sy /2(4M, (%)) consisting of those forms h whose g-expansion has

the form
h= Z e(n)q".
n>1,
(—1)*n=0,1 (4)

We refer the reader to [Koh82] for a careful study of these spaces.

If v is a place of Q, we write SL, (Q,) for the metaplectic double cover of SL2(Q, ), and similarly, we denote by
éig(A) the metaplectic double cover of SLy(A). We will identify SL, (Qy), resp. §f42(A), with SLy(Q,) x {£1},
resp. SLa(A) x {1}, where the product is given by the rule

(91, €1][g92, €2] = [9192, €0 (g1, g2)€1€2] (resp. [g1,€1]]g2, €2] = [9192, €(g1, g2)€1€2]).
At each place v, €,(g1,g2) is defined as follows. First one defines x : SLy(Q,) — Q, by

ifc#0
_ (ab _Je i ,
9=1(cd) *(9) {d if ¢ = 0;

then, €,(g1,92) = (z(91)x(9192), ©(92)2(9192))v. When g1, g2 € SLa(A), we set €(g1,92) =[], €2(g1,92). When
v = 00, we put so(g) =1 for all g € SLo(R), and when v = p is a finite place, we set

c,d)p if ecd # 0, ord,(c) odd,
(e = { o0 ottt o0

1 otherwise,

forg=(29%) € SLy(Qy). If pis an odd prime, then the homomorphism g — [g, 5,(g)] gives a splitting of SL, (Qp)
over the maximal compact subgroup SLo(Z,,), while for p = 2 this is only a splitting over I'1(4; Z3) C SLa(Zs).
If p is an odd prime (resp. if p = 2), and G is a subgroup of SLo(Z,) (resp. of I'1(4;Zs2)), then we will write
G C ﬁg(Zp) for the image of G under the previous splitting. We will also regard SL2(Q) as a subgroup of
SLy(A) through the homomorphism g — 9,11, sv(9)]-

When working in SLy(Q,) (or SLa(A)), we will often use the notation

u(m):((l) f) t(a)=<8 aol), 3_(01 (1)>

for z € Q, (or A) and a € Q) (or AX).

If V is a finite-dimensional quadratic space over Q, with bilinear form (, ), and ¢ is an additive character of
A/Q, we equip V(A) with the Haar measure which is self-dual with respect to 1, unless otherwise stated. In
other words, we consider the Haar measure such that F(F(¢))(z) = ¢(—=x), where F(z fV(A (z,y))dy
is the Fourier transform of ¢. We note that the orthogonal group O(V) is not connected and choose a measure
on O(V)(A) as follows. First, we equip SO(V)(A) with the Tamagawa measure. Secondly, at each place v we
extend the local measure on SO(V')(Q,) to the non-identity component of O(V)(Q,). And finally, we consider the
measure dh, on O(V)(Q,) to be half of this extended measure, and define dh =[], dh,. This is the Tamagawa
measure on O(V)(A), and [O(V)] = O(V)(Q)\O(V)(A) has volume 1 with respect to dh. If S(V ( )) denotes
the space of Bruhat—Schwartz functions on V(A), and ¢1, ¢2 € S(V(A)), we set (¢, o) = fv ¢2(x)dz,
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where dx is the Haar measure that is self-dual with respect to . If 7 is an irreducible cuspidal unitary
representation of G(A), and fi, fo € m, we define the pairing (f1, f2) to be:

i) f[SLg] fl(g)@ga ifG = §I:’2§

ii) f[PGLg] fi(g)f2(9)dg, if G = GLa;
iii) Jig f1(9)f2(9)dg, if G = SO(V) or O(V).

3. QUADRATIC SPACES AND THETA CORRESPONDENCES

3.1. Quadratic spaces. Let F' be a field with char(F") # 2, and V be a quadratic space over F, i.e. a finite-
dimensional vector space over F' equipped with a non-degenerate symmetric bilinear form (, ). We denote by
@ the associated quadratic form on V, given by

Qz) = %(m,m), zeV.

If m = dim(V), fixing a basis v1,...v,, of V and identifying V with the space of column vectors F™, the
bilinear form (, ) determines a matrix (that we still denote with the same letter) @ € GL,,(F) by setting
Q = ((vi,v5))i;. Then we have (z,y) = 'zQy for z,y € V. We define det(V) to be the image of det(Q) in
F*/(F*)2. The orthogonal similitude group of V is

GO(V) = {h € GL,, : 'hQh = v(h)Q, v(h) € G},

and v : GO(V) — G,, is the similitude morphism (also called scale map). From the very definition, observe
that det(h)? = v(h)™ for every h € GO(V). If m is even, we also set

GSO(V) = {h € GO(V) : det(h) = v(h)™?}.

Finally, we let O(V') = ker(v) denote the orthogonal group of V, and write SO(V') = O(V)NSL,, for the special
orthogonal group.

3.2. Explicit realizations in low rank. We are particularly interested in orthogonal groups for vector spaces
of dimension 3, 4 and 5. We fix in this paragraph the explicit realizations that will be used later on to describe
automorphic representations for SO(V)(A) and GSO(V)(A). We keep the same choices as in [PdVP19], which
follow quite closely the ones in [Ich05, Qiul4].

When dim(V) = 3, there exist a unique quaternion algebra B over F' and an element a € F* such that
(V.q) ~ (Vg,aqp), where Vg = {x € B : Trg(z) = 0} is the subspace of elements in B with zero trace, and
gp(x) = —Nmp(z). The group of invertible elements B* acts on Vg by conjugation, and this action gives rise
to an isomorphism

PB* = SO(Vg,qg) ~ SO(V, q).
When B = Ms is the split algebra of 2-by-2 matrices, PB* = PGLy and the above identifies PGLy with the
special orthogonal group of a three-dimensional quadratic space.

In dimension 4, we consider the vector space V := Ma(F') of 2-by-2 matrices, equipped with the quadratic
form q(x) = det(z). The associated non-degenerate bilinear form is (x,y) = Tr(zy*), where

x*—( T _:62) forac—(ac1 CEz)GMQ(F).

—Z3 Z1 T3 T4
There is an exact sequence
(3) 1 — G, — GLy x GLy - GSO(V;) — 1,

where 1(a) = (ala,a '13), p(h1,ha)x = hizhi. One has v(p(hi, he)) = det(hihz) = det(hy)det(hs). In
particular, when F' is a number field, automorphic representations of GSO(V}) can be seen as automorphic
representations of GLy X GLo through the homomorphism p in the above short exact sequence. Here we warn
the reader that our choice for p in (3) agrees with the one on [Qiul4] and [GT11], but differs from the one
considered in [Ich05] (or [I108]), leading to a slightly different model for GSO(V}).

Finally, in dimension 5 we will describe a realization of SO(3,2), the special orthogonal group of a 5-
dimensional quadratic space (V, q) of Witt index 2. Although the isomorphism class of such a quadratic space
depends on det(V), the group SO(V, q) does not. We describe a model Vi of such a quadratic space with de-
terminant 1 (modulo F*'2). Namely, start considering the 4-dimensional space F'4 of column vectors, on which
GSp, C GLy4 acts on the left. Let e; = #(1,0,0,0), ..., e4 = ¥(0,0,0,1) denote the standard basis on F4, and

equip V := A2F* with the non-degenerate symmetric bilinear form (, ) defined by the rule
xAy=(x,y) (e1 ANea ANeg ANey), forall z,ye V.

Set xg := e1 Aesz + es A ey, and define the 5-dimensional subspace Vi C V to be the orthogonal complement of
the span of xg, i.e.
Vs :i={z €V :(z,29) =0}
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Then the homomorphism j : GSpy, — SO(V) given by p(h) = v(h)~ A2 (h) satisfies p(h)zo = 20, and therefore
induces an exact sequence

(4) 1 — G, — GSp, 2 SO(V5) — 1,

where t(a) = aly for a € G,,. This short exact sequence induces an isomorphism PGSp, >~ SO(V5).
We fix an identification of V5 with the 5-dimensional space F° of column vectors by

5

t
§ T;v; — ($17$2,$3,x4,x5),
i=1

where v1 = es Aey, v9 =e; Aey, v3 =e1 ANez —ea ANey, Vg = ez Nes, v5 = ez Aeg. Upon this identification, we
consider the non-degenerate bilinear symmetric form (, ) on V defined by (z,y) = t2Qy for x,y € F°, where

-1 0 0 1

Q= Q1 , =0 20

-1 1 00

We shall distinguish the 3-dimensional subspace V3 C V5 spanned by vs, vs3, v4, equipped with the bilinear

form (x,y) = ‘2Qyy, for x,y € F?, under the identification V3 = F? induced by restricting the above one for

V = F5. Notice that V5 = (v1) ® V3 @ (—vs), where v; and —v5 are isotropic vectors with (vy, —vs) = 1, and V3
is the orthogonal complement of (vy, —vs) = (v1, vs).

Also, we shall distinguish a 4-dimensional subspace of V;. Indeed, the subspace {x € V : (z,v3) = 0} =

(v3)+ C V3 is a quadratic 4-dimensional subspace of Vs, and it can be identified with the space V; defined above

by means of the linear map

s xr1 T2
(vg)™ — Vi, @1v2 + 2201 + T3U5 + T4V4 — ( o5 14 )

By restricting the homomorphism p from the exact sequence in (3) to
G(SLg x SLa)™ := {(h1, ha) € GLa x GLg : det(hy)det(hy) =1} € GLy x GLo,
one gets an exact sequence
(5) 1 — G —= G(SLy x SLy)~™ - S0(Vy) — 1.
Now notice that G(SLy x SLg)~ is isomorphic to
G(SLy x SLy) := {(h1, h2) € GLy x GLy : det(h;) det(hg) ™! = 1} C GLg x GLy

through the morphism (hq, ho) — (hy,det(h2) ths). Composing this isomorphism with the natural embedding
G(SLy x SLy) < GSp, given by

aq 0 bl 0

ap b as b 0 ay 0 by
(( C1 d1 )’( C2 d2 >) — C1 0 d1 0 ’

0 (6] 0 dg

one gets a commutative diagram

1—— Gy — G(SLy x SLy)™ ——S0(V;) —— 1

!

1 G L GSp, 5 S0(Vs) —— 1

and hence an embedding SO(Vy) C SO(V5). This embedding will be of crucial interest later on.

3.3. Weil representations. Let now F be a local field with char(F) # 2 (for the purposes of this paper, we
can think of F' being Q, for a rational place v), and (V,Q) be a quadratic space over F of dimension m as
above. Let S(V) denote the space of locally constant and compactly supported complex-valued functions on
V. This is usually referred to as the space of Bruhat—Schwartz functions on V. If F' is archimedean, we rather
consider S(V) to be the Fock model (which is a smaller subspace, see [YZZ13, Section 2.1.2]).

We fix a non-trivial additive character ¢ of F. The Weil representation wy v of SL, (F) x O(V) on S(V),
which depends on the choice of the character 1, is given by the following formulae. If a € F*, b€ F, h € O(V),
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and ¢ € S(V), then

wow (W)9(x) = o(h~"a),
wa ([ta),d) 6(@) = "Xy (a >\a|m/2 (az)
wow ([u(b), 1)) () = ¥(Q)b)¢
wo ([5.1)) 6lx) = v >/¢»

Here, (1, V) is the Weil index, which is an 8-th root of unity, and y, v : F* — S! is a function satisfying
Xo,v(ab) = (a,b)Fxyp,v(a)xyv(b) for a,b € F*, where (-,-)r denotes the Hilbert symbol. When m = 1 and
Q(z) = 22, we will simply write wy, xy, and v(¢) for wy v, xu,v, and v(¢, V), respectively. In this case, the
function x, can be written as

— (oD () = (q 1) X&)
Xw(a)_( ) 1)F’V( »1/1) ( ) 1)F 7("/})7

where the function (-,%) : F* — S is defined by 7(a, ) = v(¥*)/v(1)) and satisfies

fY(abv 1/)) = (a7 b)p’)/(av 1/))’7(57 d))v '7(01)27 TP) = fY(aa 7/}) for all a, be F*.

Thus xy(ab) = (a,b)pxy(a)xy(b) and xy(ab?) = xy(a) for all a,b € F*, and furthermore Xye = Xy - Xq, Where
Xa stands for the quadratic character (a,-)p.
For the standard additive character ¢, of F' = Q,, with p an odd prime, one has () = 1 and

ifp=1 (mod 4),

1
'Y(aawp)zlforanaez;;’ 7<p’wp>:{\/71 ifp=3 (mod4)

This completely determines the functions v(-,%,) and x., by the above properties. One can easily deduce
similar formulae for twists dzg of the standard additive character.

For a general quadratic space V, if Q(z) = a12? + - -+ + a,,x2, with respect to some orthogonal basis, then

V)= Hv(z/ﬂ“) and  xy,v = waaqz.

This does not depend on the chosen basis. For example, consider the 3-dimensional quadratic space V3 as before,
with quadratic form whose matrix is ;. The eigenvalues of this matrix are 1, —1, and 2, thus (¢, V3) =
YD)y (™ y(?). If ¢ = Yy for some unit a € Z,, this yields v(¢, V3) = Y(1p)® = 1. Besides, we also have

X Vs = Xib " Xop=1 X2 = X3~ X—2-

When m is even, the above simplifies considerably. Indeed, if m is even the Weil representation descends to
a representation of SLy(F) x O(V) on S(V). Further, the Weil index (1, V') is a 4-th root of unity in this case,
and x,,v becomes the quadratic character associated with the quadratic space (V, Q). This means that

Xov(a) = (a,(=1)™?det(V))p, acF*.
It will be useful in some settings to extend the Weil representation wy, . If m is even, one defines
R =G(SLy x O(V)) ={(g9,h) € GLy x GO(V) : det(g) = v(h)},
and then wy, v extends to a representation of R(F') on S(V) by setting

oo mo=wov (3( g guy-r ) 1) H0G for (0. € R(F) and 6 € S(V),

where L(h)¢(z) = |v(h) ;m/4¢( x) forx e V.

3.4. Theta functions and theta lifts. Now let F' be a number field (for our purposes, we can think of
F = Q), and consider a quadratic space V over F of dimension m. Fix a non-trivial additive character ¢ of

Ap/F and let w = wy v be the Weil representation of SLa(Ap) x O(V)(Ap) on S(V(Ap)) with respect to .
Given (g,h) € SLQ(AF) x O(V)(Ap) and ¢ € S(V(AF)), let

0(g,hi0) = Y wlg,h)d(x).

eV (F)

Then (g, h) — 6(g, h; ¢) defines an automorphic form on SLy(Ar) x O(V)(Ag), called a theta function. When
m is even, this may be regarded as an automorphic form on SLa(Ar) x O(V)(Ap).

Let f be a cusp form on SLo(Ap) if m is even, and a genuine cusp form on SLo(Ag) if m is odd. If

o€ S(V(Ar)), put
0(h: f. ) — / 0(9,h:6)f(9)dg, e OV)(Ap).
SLa(F)\SL2(AF)
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Then 0(f,¢) : h — 0(h; f,$) defines an automorphic form on O(V)(Ap). If m is even and 7 is an irreducible
cuspidal automorphic representation of SLa(AFg), or if m is odd and = is an irreducible genuine cuspidal auto-

morphic representation of SLa(Ap), put
Ost, o) (™) ={0(f,¢) : f €™ ¢ € S(V(AF))}.

Then Og_ ¢ V)( m) is an automorphic representation of O(V)(Ag), called the theta lift of 7. Going in the

opposite direction, one defines similarly the theta lift 6(f’, @) of a cusp form f/ on O(V)(Ar) and the theta lift
O0(v)x5L, (") of an irreducible cuspidal automorphic representation 7’ of O(V')(A).

Suppose that m is even. As we did for the Weil representation, theta lifts can also be extended. If (g, h) €
R(Afp) and ¢ € S(V(AF)), one defines 0(g, h; ¢) via the same expression as above (using the extended Weil
representation). Then, if f is a cusp form on GLy(Ap) and h € GO(V)(AF), choose ¢ € GLy(Afr) with

det(g’) = v(h) and set
O(h; f, ) = / (g9’ 1 ) f(99')dg.
SLa(F)\SLa2(Ar)

The integral does not depend on the choice of the auxiliary element ¢’, and 6(f, ¢) : h — 0(h; f, ) defines now
an automorphic form on GO(V)(Ap). If 7 is an irreducible cuspidal automorphic representation of GLy(Ap),
then its theta lift ©qr, xco(v)(7) is formally defined exactly as before (and the same applies for ©govyxar, (7')
if 7’ is an irreducible cuspidal automorphic representation of GO(V)).

4. SL5-PERIODS AND A CENTRAL VALUE FORMULA

Let f € S5¢"(Ny) and g € SyfY (Ny) be two normalized newforms as in the Introduction. Thus £ > k > 1 are
odd 1ntegers and N¢, N, > 1 are odd squarefree integers with N, | Ny. We let m € Z be such that £ — k = 2m.

Let m and 7 denote the irreducible cuspidal automorphic representation associated with f and g, respec-
tively. These are automorphic representations of PGLy(A), although we will often regard them as automorphic
representations of GLg(A) with trivial central character.

Let v : A/Q — S! be the standard additive character of A, and 1 be its twist by —1. Fix a fundamental
discriminant D < 0 such that xp(p) = w, for all primes p | Ny, where w, denotes the eigenvalue of the p-th

Atkin—Lehner involution acting on f, and consider the automorphic representation 7 := (7 ® x D,ﬂD). The
assumptions on D guarantee that 7 # 0, and hence it belongs to the so-called (global) Waldspurger packet

Waldy;(7) = {non-zero ©(r ® Xa, 0") i a € QF/(Q¥)?} = Wald. (m® xD)-

Waldspurger’s theory (see [Wal9l]) tells us that the set Wald;(r) is finite. Further, these global packets can
be conveniently described by means of local Waldspurger packets. Namely, let v be a rational place and B, be
the quaternion division algebra over Q,. Set 7 = O(m,,,) and 7, = O(JL(m,),,), where JL(7,) is the
Jacquet-Langlands lift of m, to PB,¢. Then the local Waldspurger packet Wald% (my) is defined as the singleton
{7F} if m, is not square-integrable, and as the set {77, 7, } if 7, is square-integrable. If € = (¢, ), is a collection
of signs €, € {£1}, one for each rational place, such that €, = +1 whenever m, is not square-integrable (or
equivalently, for each € € {£1}>(™I where X () is the set of rational places where 7 is square-integrable), we
set 7€ = @75v. Then

Waldy(m) = {7 : [[ e = €(1/2,m)}.

The labelling =+ of a given element in Wald;(7) at each place v € X(m) depends on the choice of the additive
character. For the representation # = ©(1 ® xp, ¥ p), we have e, = —1 and €, = xp(p) = w, for each prime
p| Ny

We let h € S,:Zﬁe/;’ (Ny) be any (non-zero) newform in Shimura—Shintani correspondence with f. Then the
adelization of h belongs to 7, and h is unique up to non-zero multiples. We let also F' = SK(h) € Sk11 (F(()Z) (Ny))

be the Saito-Kurokawa lift of h, and II be the automorphic representation of PGSp,(A) associated with it. The
Siegel modular form F' admits a nice Fourier expansion

Z) =Y Ap(B)e*™VTIBL) 7 = X 4+ /1Y € Hy,

where B runs over the half-integral, positive definite symmetric two-by-two matrices, and Ar(B) is given in an
elementary way in terms of the Fourier coeflicients of h (see (21)).

For each integer k > 1, consider the classical Maass differential operator (see (23) below for the precise
definition)

A s SPHTP (Ng)) — ST, (TP (N)))
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sending nearly holomorphic Siegel forms of weight x (and level I‘éz)(N £)) to nearly holomorphic Siegel forms of
weight k 4+ 2 (and level FéQ)(Nf)). By applying A7, := Ay_10Ay_30---0 Ay to F, one obtains a nearly
holomorphic Siegel form

AIc+1F € S€+1(Fg)2) (Nf))

of weight ¢ 4+ 1 and level I‘éQ) (Ny). By using the definition of the Maass differential operator, one shows that

the Fourier expansion of A}, | F' is expressed as

A F(Z) = ZAF(B)C(B, Y)eZﬂﬁTr(BZ)7

where C'(B,Y’) can be written down explicitly by an induction argument (see (24)).

Theorem 4.1. With the above notation, suppose that w, =1 for each prime dividing My := N¢/Ny. Then

<f7 f> |<E'H><’H7.g X VMgg>|2
(h, h) (9,9) ’

where F' € Sg_fl (1"(2)(Nf)) is a Siegel modular form closely related to A}, | F' defined explicitly in Proposition

A(f ® Ad(g), k) = 201 O (f, ) Coo (. 9) -

7.9, lj’mx;{ denotes its restriction or pullback to H x H C Ha, v(My) denotes the number of primes dividing
My, and the constants Co(f,9), Cx(f,g) € Q* are

Mipx, Mg
Ny Ny

(p+1)2,
pINg
_ @m)! (k+m—1)! (2m—j)2m—-j—-1)
Culfi9) =~ 1) > I (G+2)2k+j+1)

CO(fa g) -

0<s<2m, O<j<s 2,

s even j even

The strategy to prove the central value formula in this theorem is the same as in [PdVP19]. Indeed, let

w = wy; denote the Weil representation of SAI/JQ(A) acting on the space S(A) of Bruhat-Schwartz functions (for

the one dimensional quadratic space endowed with bilinear form (z,y) = 2xy) with respect to the additive

character v (note that 7 belongs to Wald;()). Associated with 7, 7 and w, there is a (global) SLo-period
functional

Q:TRTRTRITRWRw — C

defined by associating to each choice of decomposable vectors hy,hy € 7, g1,82 € T, ¢1, 2 € w, the product of
integrals

Q(hy, hy, g1,82,01,82) := (/[SL ]m&(g)@q&l (9)d9> : (/[SL ] hy(9)g2(9)O¢, (9)d9>~

Let us assume for now that the global SLy-period functional @ is non-vanishing (which is true under the
assumptions of Theorem 4.1, see Proposition 4.2 and Corollary 4.3 below). Then, we know by [Qiul4, Theorem
4.5] that Q decomposes as a product of local SLy-periods up to certain L-values. Namely, one has (notice that
Qiu’s formula in loc. cit. involves a factor (g(2) due to a different choice of Haar measures, cf. [PdVP19,
Remark 6.1])

1 A(r®ad(r),1/2)

(6) Q(hlthag17g27¢l7¢2) = ZA(].,TF,ad)A(l T, a

d HI h1’h27g17g27¢1a¢2)

where for each rational place v, the local period Z,(hy, hs, g1, 82, ¢1,¢2) is defined by integrating a product of
matrix coefficients, and equals

L(1,m,,ad)L(1, 7,,ad)
L(m, ® ad(7y),1/2)

Now, the L-value A(r®ad(7),1/2) coincides with the central value A(f ® Ad(g), k) in the above theorem. Thus,
Qiu’s decomposition formula provides a way to compute this central value, by finding a test vector at which
the global period does not vanish, and then computing both the global period and all the corresponding local
periods evaluated at this test vector.

Let us elaborate a bit on formula (6) above, writing Q(fl,é,&) = Q(fl, B,g,g,&s, qvb) for each pure tensor

/ <7~r(gv)h1,vv h2,v> <T(g7j)g1,m g2,v> <wv (gv)¢1,m ¢2,v>dgv'
SL2(Qv)

h® g ®q75 € 7™ ®7T ®w, and using similar conventions with the local periods. Setting
Z,(h,g.9) _ L(hg9)

Ti(h, g, ¢) == —— —— = — —
(hy, Bo) 8oy 8o) (D, D) |[ol[2]|&0 ]2, ]2
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one has
b o5 L(1,my,ad)L(1, 7p,ad) 4 = o«
(7) T¢(h, g, 6) = Lim @ ad(r) 1) © t(h, 8, ),
with
(8) (fl (Z,) <ﬁ(gv)flv,flv> (1(90)8v, &) <%v (gv)qﬁv,q&v)dgv-

) [he? LAy |8, [?

L2(Qy
If b, g and JS are chosen so that Q(fl, g, (?)) is non-zero, then we deduce from (6) that

401w, ad)A, 7, ad) (H H(h, &, ) ) (i, . 6).

(h,h)(g, &) (¢, ¢)

We will choose a suitable test vector h ® g ®(;5 € ™ ® 7 ®w such that Q(fl, g, (75) # 0, and we will compute
the terms on the right hand side of the above expression to obtain the central value formula claimed in the
theorem. By virtue of a comparison theorem between the global SLo-period Q and a global SO(4)-period due
to Qiu (see [Qiul4, Theorem 5.4], or Section 7.3 below), the global contribution Q(h, g, ) is the responsible
of the term |<F’|7_L><H, g x VMgg>\2/(g,g>2. Hence, the proof of Theorem 4.1 follows by making explicit the right
hand side of (9).

For the sketched strategy to work, it is essential that the SLo-period Q is non-vanishing. A criterion for this
is proved in [Qiul4, Proposition 4.1] (see also [GG09, Theorem 7.1]):

9) A(f @ Ad(g), k) =

v

Proposition 4.2. The functional Q is non-zero if and only if the following conditions hold:
i) A(r ®ad(7),1/2) #0;
i) #=7° with e, =€(1/2,71, @7, @ 7));
i) €(1/2,m, ® 7, ® 7)) = 1 whenever m, is not square-integrable.

In our current setting, the non-vanishing of Q is equivalent to the non-vanishing of A(f ® Ad(g), k):

Corollary 4.3. With the same assumptions as in Theorem 4.1, the functional Q is non-zero if and only if

A(f ® Ad(g), k) # 0.

Proof. Condition iii) in the above proposition clearly holds, thus we may prove that ii) is satisfied under the sign
assumptions made in Theorem 4.1. We only need to consider places v | Nyoo. At v = 0o, we have e, = —1 and
also €(1/2, m, ®7,®7,) because of our choice of weights with £ > k. Let p be a prime dividing N,. Then both 7,
and 7, are (quadratic twists of) Steinberg representations, and in this case [Prad0, Proposition 8.6] implies that
€(1/2,m, @1, ® 7)) = €(1/2,7m,) = wy, which agrees with xp(p) = €,. At primes p | Ny /Ny, the representation
7p is an unramified principal series instead, and [Pra90, Proposition 8.4] tells us that €(1/2,m, ® 7, ® 7)) = 1.
Since we assume that xp(p) = wp, = 1 at such primes, we see that this coincides with €,, and hence condition
ii) in the previous proposition holds. O

5. CHOICE OF THE TEST VECTOR

We keep the notation and assumptions as in the previous section, and proceed now to describe our choice of
test vector
hogdeciaTew
that will be used to prove Theorem 4.1 following the already explained strategy.
To begin with, let us describe the Bruhat-Schwartz function ¢ = ®,¢, € S(A). Recall that we regard S(A)
as the space of Bruhat—Schwartz functions on the one-dimensional quadratic space endowed with quadratic
form Q(x) = x2. Our choice JS is determined by its local components, which are defined as follows:

i) if v = p is a prime, then we let qvbp = 1z, be the characteristic function of Z, in the space S(Q,) of
Bruhat—Schwartz functions;
ii) at the archimedean place v = oo, we define ¢, by setting ¢ (z) = e=2m" for all z € R.

Lemma 5.1. For each rational prime p, q;Sp is invariant under the action of SLa(Z,) C SL2(Q,), and in addition
H¢ |? = (¢p,¢ ) = 1. At the archimedean place, one has || =271 hence also ||¢||? =271

ool

Proof. The invariance assertion follows easily from the definitions. If p is a prime, then

18,1 = @) = [ 8,018, ()dx = vol(z,) = 1.

P

And besides, ||¢ = [ e=4m dy = 1/2. O

ool
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Now let us describe our choice for h € # and gerT. Todoso,leth =®,h, € 7Tand g = 8, €T
denote the adelizations of the cuspidal forms h € S,:FH /2 (Ny) and g € Sp41(Ny), respectively. At each rational
prime p { Ny (resp. p { Ny), the local component h, (resp. g,) is an unramified or spherical vector in the
local representation 7, (resp. 7,). These are unique up to scalar multiples. If instead p is a prime dividing Ny
(resp. N,), then h, (resp. g,) is a newvector in 7, (resp. 7,) fixed under the action of To(p) (resp. Ko(p)).
Such local newforms are also unique up to scalar multiples. At the archimedean place, 7 is a discrete series
representation of PGLa(R) of weight ¢ + 1, and g, is a lowest weight vector in 7.,. Similarly, 7, is a discrete
series representation of SLo (R) of lowest §()(2)—type k+1/2, and h, is a lowest weight vector in T,. Again,
such lowest weight vectors are uniquely determined up to multiples. We will define h = ®,h, and g = Ru8y
by describing their local components at each place v, according to the following cases:

(1) v =pis a prime not dividing Ny;

(2) v =pis a prime dividing Ng;

(3) v —p is a prime dividing My, = Ny /Ny;
(4) v = oo is the archimedean place.

5.1. Primes not dividing N¢. If p is a prime not dividing 2Ny, then both 7, and 7, are unramified principal
series representations, of SL, (Qp) and PGL2(Qy) respectively. At such primes, we choose both ﬁp = h, and
g, = g, to be an unramified (or spherical) vector in 7, and 7,, respectively. At p = 2, we adopt the same choice
as the one explained in [PAVP19, Section 9]: we let g, = g} := 7 (£(2)"!)gs and hy = 75((£(2),1))hy, where
t(2) = (2,%) € SLa(Q2).

5.2. Primes dividing N,. Let p be a prime dividing N,. By our assumption that IV, is squarefree, 7, is a
twist of the Steinberg representation by an unramified quadratic character x : Q; — C*. That is to say, 7,

is the unique irreducible subrepresentation of the induced representation (x| - | 11,/ 2 XY p S 2)

Tfo C 7, of vectors fixed by

The subspace

Ko = Ko(p) = {( “! > € GLy(Z,) : c=0 (modp)}

is one-dimensional, and it is generated by the newvector g, : GL2(Q,) — C in the induced model characterized
by the property that

1
8)|GL(2,) = 1Ko — ElKome

where w = (§}). We choose the p-th component of g to be this newvector: g, = g,.
As for 7,, observe first that m, is also a twist of the Steinberg representation by an unramified quadratic

character. Then, by our choice of 7 = O(7 ® x D,ED) in the Waldspurger packet Waldf( ) = WaldED (T®XD),
the local representation 7, = O(m, ® XD,ES) is the special representation & (w ) of SLQ(Qp) where § € 75 is

any non-quadratic residue. This representation is realized as the space of functions ¢ : SL2 (Qp) — C such that

(10) ([(* ) o) —em@niaso.

where x5 = (-, 0), is the quadratic character associated with ¢ € Z) and XgD = Xy : Qy — S'is as in Section
3.3. Recall that the fundamental discriminant D € Q* has been chosen so that D € Z,' and xp(p) = w,.
If T denotes the image of I' = Ty (p) C SLy(Z,) into SL, (Z,) under the canonical splitting, then the space of

[-fixed vectors in 7p is one-dimensional. Moreover, this space is generated by the newvector hy, : §f12(@p) —-C
characterized by the property that

h i, z,) = s,z — P+ D1f

Here, 157, ) denotes the (genuine) function on éiz((@p) sending [g, €] to 0 if g ¢ SLo(Z,), and to es,(g)

SL(Z,
otherwise. Similarly, 17 is the function on SL2(Q,) that sends [g,€] to 0 if ¢ ¢ I', and to 1g @, )([ €])

otherwise. We choose the p-th component of h to be this newvector: hp =h,.

5.3. Primes dividing M,. Let now p be a prime dividing N but not Ny, i.e. p divides M. In this case,
the local type of 7, is as in the previous paragraph, and we continue to choose flp = h,, to be the newvector
as described there. Besides, 7, is now the unramified principal series representation 7(, x 1) associated with
an unramified character x : Q; — C*. The representation being unitary, we have x~! = X. The subspace
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TZ? La@) 7p of GLo(Z,)-fixed vectors is one-dimensional, and generated by the unramified (or spherical) vector

g, : GL2(Q,) — C characterized by the property that

x@x(d)|ad';* if z € GLa(Z,), (* ) € B(Qy) with a,d € Q,
0 otherwise,

gp((“?‘z)fﬂ)Z{

where B denotes the Borel subgroup of GLy of upper-triangular matrices. In particular, notice that g,(x) =1
for all x € GLy(Z,). This gives a well-defined element g, by virtue of Iwasawa decomposition for GL2(Z,). We
define the p-th component g, of g to be the old vector

g, :=V,8, = T,(w,)gp, where w, = (pgl [1)) € GL2(Qp).

It is elementary to check that the vector g, is now fixed by Ko = Ky(Z,), and it is not fixed by GL3(Z,). One
can also easily give an explicit description of g,(x) for z € GL2(Q,), but we will not need it. We just note for
later use that since the spherical vector g, is normalized to have norm 1, the same holds true for g, because
the norm pairing is GL2(Q,)-invariant.

Lemma 5.2. We have ||g,||* =

5.4. The archimedean place. We consider now the archimedean components of 7 and 7, and choose the
corresponding local vectors g, € Too and floo € 7. On the one hand, 7., is a discrete series representation
of PGLy(R) of weight £+ 1, and we choose g, € 7o, to be a lowest weight vector. Similarly, Moo is a discrete
series representation of weight 2k, and consequently 7 is a discrete series reprebentatlon of SLQ( ) of lowest

SO(2)-type k + 1/2. We choose a lowest weight vector hae € 7o, and define hoo as follows. Let gl(2,R) be the
Lie algebra of GLa(R), and gl(2,R)¢ be its complexification. Consider the weight raising element

V+::<(1) 01>®1+(0 1) ©v—1 € gl(2,R)c,

and normalize it setting 1~/+ = ——V+ Then we define hoo f/l”hoo, where recall that 2m = ¢ — k. Thus hu
is a weight ¢ 4+ 1/2 vector in 7. The vector hy, is (up to a non-zero multiple) the archimedean component of
the adelization of the modular form h € S,:FH /2 (Ny), while ho is (up to a non-zero multiple) the archimedean

component of the adelization of the nearly holomorphic modular form 4;", | /211 € SZ_?;LQ(N ), where

Opq1/2 Sl?il/2(Nf) - Slgis/z(Nf)

is the usual Shimura-Maass differential operator sending nearly holomorphic modular forms of weight &k 4 1/2
to nearly holomorphic modular forms of weight k& + 5/2. It is defined as

PR S (6 L 2’”1)
M2 on /=1 \Or | dyy/—1

and we set 52”“/2 = 0¢_3/2 00 0k41/2-

T=x4+vV-1lyeH,

6. COMPUTATION OF LOCAL PERIODS

Let h® g® (}5 € TR T ®uw be the test vector as described in the previous section. The goal of this section is
to compute the value of all the normalized local periods Z% (Fl g, JS) for v a rational place.

For every rational prime p { M, = Ny /N, the local components hp, g, and ¢ are the same as in [PAVP19],
and therefore the computations done there still apply:

Proposition 6.1. If p is a prime not dividing My, then

.o 1 ifptNy,

Lbgd) =] U0

p if p| Ng.
Proof. The case p 1 2Ny actually follows already from [Qiul4, Lemma 4.4], and the case p = 2 is proved in
[PAVP19, Proposition 9.2]. The case p | Ny is covered in [PdVP19, Proposition 7.15]. O
It only remains to perform the computation of the normalized local periods Iﬁ( qvS) at primes dividing

M, and of the archimedean period Zf, (h, g, ¢)
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6.1. The normalized local period at primes p | M,. Let p be a prime dividing M, = N;/N,, as in Section

5.3. In this case, the three vectors ﬁp, g, and <;§p are fixed under the action of I' = I'g(p) € SL2(Z,,). Therefore,
the matrix coefficients involved in the computation of the local integral (8) will be I'-biinvariant. In particular,

one can compute Oég)(fl, g,&)) as a sum
ab(h,g,¢) = Z ;. (r)®; (r)vol(T'rT),
where R is a set of representatives for a decomposition of SL2(Q)) into double cosets for I', and we abbreviate
7p(r)h,, h
Oy, (r) = <7Tp(|;})l |p|; o) for r € SLa(Qp),
P

and similarly for @5 and (I>$ . A set of representatives R as required above is furnished by the elements
P

an—(o pn), Bm—sam—<_pm 0 )

with n and m varying over all the integers, and where s = (Pl (1)) Indeed, by combining the Cartan de-
composition for SLa(Q,) relative to the maximal compact open subgroup SLg(Z,) with the so-called Bruhat
decomposition for SLy over F), yields a double coset decomposition

SLy(Q,) = | | Ta,T U | | DB.T.

nez meZ
Hence,
(11) L(h,g,6) =Y Py (an)P, (an)®y (an)vol(Tan L) + > P (), (Br)®g (B )vol(TnT).
nez meZ

For later reference, let us also add that the volumes of these double cosets are given by the following formulae:

2n—2 _ : 2m—3 _ :
(p—1) ifn>0, vol(TB,T) = {p (p—1) ifm>0,

p
12 (T nF =
( ) Vo ( Q ) {p—2n—2(p _ 1) ifn<o, p_2m_1(p — 1) ifm <0.

Since p divides M, note that Bp =h, € frzl: is a newvector in the one-dimensional subspace frzl: C 7p of
[-invariant vectors, and so the same computation as in [PdVP19, Propositions 7.9, 7.12] applies for <I>}~1p (an)
and <I>}~1p (Bm)- Similarly, the values Py (o) and Py (Bm) were computed in [PdVP19, Proposition 7.13]. We

P P

collect these computation for later reference:
Proposition 6.2. If p divides My and n,m € Z, then
y (o) =Xz, (0"~ @y (Bm) = xg, (0",

and
@Ep(an) = (*1)"XE5 (pﬂ)p73|n|/2’ (ﬁm) = (- )m+1X f(pm)p7|3m/2,1|'

It thus remains to compute the normalized matrix coefficients ®z (o) (n € Z) and ®g (Bn) (m € Z).
Notice that, since [|g,|[* = 1 by Lemma 5.2, we have ®5 (9) = (7,(9)&p,8p)- Recall that 7, = 7(x,x ")

is the (unramified) induced representation associated with an unramified character x : Q; — C*, and that

g, = Tp(wp)gy € T;{O is fixed by Ko = Ko(p) 2 T'o(p) = I, where g, € TPGLZ(Z o)

normalized so that g,(1) = 1. To simplify the notation, we set & := x(p)x(p) ™' = x(p)*.

is the spherical vector

Proposition 6.3. With the above notation, for all integers n it holds

p~ " (é'”(pf — 1)+ &I —p)>
p+1 -1 ’

Proof. As noted above, since ||g,||* = 1 by Lemma 5.2, we have

(I)ép (an) =

(I)ép(an) = (1p(an)8p, 8p) = (Tp(n)Tp(wp)8p, Tp(p)8p) = <Tp(w;1anwp)gpvgp>~

Since g, is the unramified vector normalized so that ||g,|| = 1, the right hand side equals ®g, (w, 'a,w)).
Writing

2n
w;lanwp = Qp = p_n (po ?) if n Z O7

1 {10 (0 1\ /p2 0\/0 1 .
W, Wy = Qp =P (O p2n =P |1 0 0 1 10 if n <0,

and
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cuton o0 (72 0))

and the statement then follows from Macdonald’s formula (cf. [Bum98, Theorem 4.6.6]). O

we see that

Proposition 6.4. With notation as above, for all integers m it holds

p~Im—1l <£m‘1(p€ — 1)+ ¢ Im1(g —p))
p+1 §—1 '

Proof. One can argue similarly as in the previous proposition. Indeed, we have

(I)ép (5m) =

(I’ép(ﬁm) = <Tp(6m)gpagp> = <Tp(ﬁm)7p(wp)gp’Tp(wp)gp> = <Tp(w1?15amwp)gp7gp>a

where recall that s = ( 0 1) Now we may observe that

_ 0 pl—m _ 0 1\ /p*™2 0 .
1 _ . 1-m
W, S0y Wy = <—pm_1 0 > =p (_1 0) < 0 1 itm>1,
_ 0 pl—m _ p2—2m 0 0 1 .
1 _ _.m—1
W, S0y Wy = (—pm_l 0 ) =p ( 0 1121 o ifm<1,

to deduce that in both cases
p2\m—1\ 0
(I)gp(ﬁm):q)gp << 0 1))

The statement now follows again by invoking Macdonald’s formula (cf. [Bum98, Theorem 4.6.6]). |

and

Remark 6.5. Observe from the previous propositions that for every integer n one has ®g (Bn) = ®g, (n_1).

Having computed the matrix coefficients that were missing for this case, we can finally tackle the computation
of the normalized local period. First, we compute the local integral (cf. (11))

ab(h,g ¢) =Y Q(an)vol(Tanl) + Y (B )vol(T5,T)
nez meZ

where we abbreviate ,(g) := @, (9)Pg, (g)<I>$ (9) for g € SL2(Q,).

v

Proposition 6.6. Let p be a prime dividing M,. Then the local integral aﬁ( g, ) vanishes if w, = —1. And
if w, =1, then one has

2(p - 1)*(p -9 1)
PPp+1p+&KPE+1)
Proof. We focus first on the computation of 2, (e, )vol(I'a,,I'). From Proposition 6.2, using that XgP = Xg XD

aj(h,g.¢) =

and (D, p), = wp, we have
By, (@)% (@) =p (1) .
Since vol(Ta,I') = pl2™=2(p — 1) (cf. (12)), we get
Qp(ap)vol(Te,, IT') = p_z(p — 1)(—1)”w"<l>gp(an).
Now we now look at €,(5,,,)vol(I'3,,I'). Similarly as before, from Proposition 6.2 one has ®}, (Bm) (ﬂm) =
p*|2m*1‘(—1)m+1w;”, and using that vol(I'3,,T") = p/>"~1p=2(p — 1) we find

(B )Vol(ToBnT0) = p~(p — 1)(=1)" ) B, (B).
Altogether, the above yields (using Remark 6.5)

. 1 . _ p—1 .
af(h, g, ¢) = 2 2 (F1) w0y Oy, (o) + (=1)" twp g, (1)) = (1+wp) =5 > (~1)"wy g, ().
nez neZ
Here we see that the desired local integral vanishes if w, = —1. Assume in the following that w, = 1. By using

that ®z (a_p,) = @z, (a,) (cf. Proposition 6.3), we have

ab(h,g,¢) = =1 D (1) "wp P, (an) = M ( 142 (—1)"0g, (an ) .

p2 nez p n>0
Now, @3 (1) = 1, and by Proposition 6.3
—_1\"dy n:pgi_l _ - len 6;19 1 —1n.
20" (e) = Gy L e 27 )

n>0 n>0 n>0
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These geometric series are computed easily, and one eventually finds

e T (R AR AR )
2P = T T et D)

n>0

Back to the computation of ag(fl, gé)), the above yields

) s (a1 2EHPE P4 (=D - OPE-1)
P, (1) +2 ) (1) g, (o) = 1= e D) = G DT O D)

This gives the claimed formula. O

Finally, in the next proposition we bring the local L-values into the picture to conclude the computation of
the normalized local period Iﬁ(h, g, 9):

Proposition 6.7. Let p be a prime dividing Ny but not Ng. Then the normalized local period Ig(ﬁ,g,&)
vanishes if w, = —1. And if w, =1, one has

. Y 2
¢ (h, g = —.
»(h,8,9) P
Proof. The vanishing statement in the case w, = —1 follows from the previous proposition, so we may assume

that w, = 1. Let us look at the local L-values involved in the definition of Ig(ﬁ, g,&) On the one hand, using
that 7, is a special representation and 7, is an unramified principal series representation, we have (see [Hid86,
Section 10] or [GJ78])

P P’ P’
L(1,m,,ad) = = , L(1,7,ad) = .
R [ K e e |y
Besides, it is well-known that L(m,,1/2) = ﬁ = #, whereas for the triple product L-function we have (see

[Kud94, Section 3], for example)

M &0 &7 U2 = G P+ w0, 00+ e ) o P+ Op+E D

Therefore, we have

 L(mp®T1,®7,,1/2) P’
M @ad@h 2 = =200 TR~ pr Do+ Op e

and as a consequence

L(1,mp,ad)L(1, 7p,ad) — pPp+Dp+ &+ pPlp+OPE+1)

L(m, ®ad(7),1/2)  pPlo+ D) —-12p-p—-£¢1Y (-1 p-9@E-1)
Multiplying with the value of Otg)(fl, g,¢) we get as claimed

2= -HwE-1) PP+ OPE+D) 2

Pe+Dp+@E+1) (p—12p-@e—1) p+1

T} (h,g.¢)

O

6.2. The normalized local period at the archimedean place. To address the computation of the normal-
ized period Zf, (fl, g,«}), we follow the approach of Xue [Xuel9]. We fulfill some details missing in loc. cit. in
order to provide an explicit formula.

In order to lighten the notation, let us write in this paragraph ¢ = ¥, so that ¥(z) = e~2mV=1z and
Woo = wy. By Iwasawa decomposition, recall that every element g € SLy(R) can be written as

=5 ) (o 1)

for some y € R+g, 2 € R and k € SO(2). We consider the Haar measure dg = y~2dzdydk, where dz and dy are
the usual Lebesgue measure on R, and dk is the Haar measure on SO(2) for which the volume of SO(2) is 7.

Recall from Section 5.4 that 7o is a discrete series representation of PGL2(R) of weight ¢ + 1, and that
g € T is a lowest weight vector. Similarly, recall that 7, is a discrete series representation of ﬁg(R) of
lowest S‘:E)(2)—type k+1/2; and h. = f/f‘hoo with h, a lowest weight vector in 7.
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Let J be the Jacobi group, which arises as the semidirect product of SLy with the so-called Heisenberg group
H, and it can be realized as a subgroup of Sp, (see [BS98, Section 1.1]). In explicit terms, elements in J can
be written as products

1 Iz
a b B 1 A1l p & a b
<C d>(>",u'7§) c d 1 =\ ) <C d ) GSLZ?(AN”?S)GH‘
1 1

By virtue of [BS98, Theorem 7.3.3], Too ® weo is isomorphic to a discrete series representation po, of J(R)
of lowest K-type k + 1. In particular, the vector hoo ® oo € Too ® W is then identified under the previous
isomorphism with a lowest weight vector in p.,, which we shall call Jo, € ps. By an abuse of notation, we will
simply write Joo = hoo ® @0, keeping in mind that this equality is through the isomorphism between 7o, ® weo
and peo.

Before entering in the computation of the archimedean period Igc(fl, g,&), it will be useful to fix once and
for all an explicit model D(k + 1, Ny) of the discrete series representation po,, which can be found in [BS98,
Chapter 3], and to describe its main features. As vector spaces, one has

Dk+1,N)= B C-o,

r,s>0,s even
and SO2(R) acts on v, s through the character u wkt1+r+s The element vp,0 is a lowest weight vector, and
SO2(R) acts on the line spanned by vg o through the character u — u**1. Let t be the Lie algebra of J(R),
and denote by t¢ its complexification. There are certain operators X, X_, Y}, Y_ acting on t¢ (see loc. cit.
for the precise definition) satisfying dpee X _-Joo = dpecY-Jo = 0. The action of these operators on the above
model is given by the following recipe:

1

dpooYJrUr,s = Ur+1,s;, dpooX+vr7s = — 577 Ur+2,s,
27TNf

s
dpocY_ s = =20 Nprv,_1,5, dpocX_vps = TNpr(r — 1)vp_g s — Z(Qk +5— 1)V 5_2.
The space D(k+1, Ny) is further endowed with an inner product (, ), and the vectors v, s form an orthogonal

basis with respect to this inner product. Setting ||v||? = (v,v), from [BS98, pages 46, 47] we know that

(s+2)2k+s+1)
4

From now on, we normalize the inner product by requiring that ||[va,.o||? = (vam.0, Vam.0) = 1.

|* = 27N (r + 1)fvrs]*.

(13) ||UT',S+2||2 = H'U»,-,SHQ’ HUH—LS

Lemma 6.8. With the above notation, if s is an even integer with 2 < s < 2m, then

G+2)@k+j+1)
11 (2m —j = 1)(2m —j)

||U2m—s78||2 = (4mNy)™*
0<j<s—2,
J even
Proof. The claimed identity follows by applying recursively the relations in (13). Indeed, using the first of them
one easily gets

(14) lloom—ssl® =47 Jozm—sol®  T] (s=)@k+s=5=1) =2 llam—sol® [[ (+2)2k+j+1).
0<j<s—2, 0<j<s-2,
J even j even

In a similar manner, we can now use recursively the second identity in (13) to deduce that

1
15 m—sol®> = (27N ~* — ||vomol||? = (27 Nf)~®
(15)  Nosmsol? = @eN) ™[] g ol = @V~ ]
0<i<s—1 0<i<s—1

1
om—s+i+1

- 11 : - 11 :
pjis o, @ —(s=j=2)=1Nm—(—j=2) i1, @m—j-1)2m—))
j even j even

using that ||ve,, 0| = 1 according to our normalization. The statement follows by combining (14) and (15). O

We shall now focus our attention on the space

D(k+1,Np2m)= € C-ups,

r4+s=2m,
s even

which is the largest subspace of D(k + 1, N;) on which SO2(R) acts through the character u ~ u‘*?.
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Proposition 6.9. Up to a scalar, there is a unique non-zero vector viel € D(k + 1,Ny;2m) such that
dpee X_v8% = 0. Such a vector is given, up to scalar, by

/Uggi B Z CsV2m—s,s, Co = 17 Cs = (47TNf)S/2 H

0<s<2m, 0<j<s—-2,
s even J even

(2m—j)2m—j—1)
G+2)2k+j+1) (s >2).

Proof. Let vl € D(k + 1, Ny;2m) be a putative solution of dpso X_v59! = 0, and let

hol
Vo = E CsV2m—s,s

0<s<2m,
S even

be its representation in terms of the basis {vom—ss : 0 < s < 2m even}. From the description of X_,

dpooX —Vom—s,s = TN§(2m — s)(2m — s — 1)vam—s—2.5 — 2(2]6 +5— 1Dvgm_s,s—2-

By linearity, we can then write down explicitly dpoo X_v5° in the form

dpooX UhOl Z A5V, — (s+2),s

0<s<2m,
S even

where we understand that v_s 2,, = 0. Imposing that dp.X_ thI = 0 then means that ds must be zero for all
s. From the description of dp,X_, one easily checks that

2
ds =7mNy(2m —s)(2m — s — 1)cs — + (2k + s+ 1)cg4a,

hence ds = 0 if and only if the recursive formula
(2m —s)(2m —s — 1)
Cs
(s+2)(2k +s+1)

holds. In particular, for each non-zero ¢y one can solve recursively all the ¢g for 2 < s < 2m even. Setting
co = 1, this yields the expression in the statement. O

hol

Corollary 6.10. For the vector vy, in the previous proposition, one has

hol 2 (2m —j)(2m—j—1)
mr= > Il S
0<s<2m, 0<j<s—2, (j+2)2k+j+1)

s even j even

Proof. With notation as in Lemma 6.8 and Proposition 6.9, observe that if s is an even integer with 0 < s < 2m,
then co = ||vam—s.s||"2(47N;)~%/2. Using that the basis v, is orthogonal with respect to the inner product,
we find out that

_ (2m—j)@2m—j—-1)
sl = > P= ) (nNpT > I ST
0<s<2m, 0<s<2m, 0<s<2m, 0<j<s—2, (G+2)@k+5+1)
s even s even s even j even

]

Now we come back to the isomorphism 7o, ® Wee ™~ pPoo, under which we identify Joo = h ® (}500. One
can check further that he, ® ¢ = Vh,, © ¢ is identified with a multiple of Jo, = Y2™J,,. Since
the local normalized period we want to compute does not depend on replacing hoo ® ¢ by a multiple, and
Moo @ Woo = Poo is an 1sometry7 we may assume that hOo ® d) is identified exactly with J o0, S0 that we will
simply write JOO = hOO ® qﬁoc. Therefore,

Yov v T S0, 8oo) (T floo’floo Weo “OO’“OO T S oos Eoo jomjoo
t (b, 0) :/ ( (9):% 2g ) { (g)v : ) (gv)¢ ¢ >dg:/ ( (g)jé 2g ><P(9)v : >dg
SLa(R)  |[Booll B oI sLa®) |8l ([T ool|

In view of this, we will compute the local 1ntegral af (fl (Z)) by actually computing the integral on the right
hand side, which we will denote by of_(&ss, J oo ).

Proposition 6.11. With the above notation, we have

272
£||’Uh0l||2

b (h, g, ¢) =
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Proof. With respect to the above model, 7. might be realized as a subrepresentation of puc|sr,(r), spanned by
v%‘f’,}, and hence we can assume the inner product for 7, to be given by the restriction of the inner product for
. Besides, af_ (&0, J o0) 18 invariant when replacing g, and J, by multiples of them, so that we may choose

goo = 113?,} and J = Vgpm,0. Therefore,

hol , hol

« g I = 'g 2 IC g 9 1 )

00( Sk 00) /S < ( )U m U2m>< ( )Uzmao U2m50> :1] = ho /S < ( ) 2m>» 2’!71>< ( ) ,0, V2 7O> -97
Lo(R hol||2 ] g 112 g (Y V. P g V2 0,V d
2( ) Hv || HUQ"’VMOH ||U || I (]R) m m m

where we have used that ||va,, o||> = 1 according to our normalization of the inner product. Now, the orthogonal

projection of va,, o to the line generated by v39! is prio! (ve,, o) = [|vho!||~2vhol. Therefore,

1
(p(9)V2m,0, V2m,0) = (T(9)Prben (V2m.0), P (V2m,0)) = e h°1|\4<T(Q)U§$’U%>7

and we deduce that

v 3 1 o o
ot (oo Joo) = ———ggggb/" | (g)oh, okl 2dg.
HUz || SL2(R)

At this point, recall that using Iwasawa decomposition for SLo(R), which tells us that any element g € SLo(R)

is written in the form
(v 0 1 =
o=(5 ) (0 T

for some y € R+, € R and k € SO5(R), we have chosen dg to be the Haar measure y~2dzdydk, where dr and
dy are the usual Lebesgue measure on R and dk is the Haar measure on SO3(R) for which the total volume is

7. Define now .
A+;:{( € ot > ;tzo},

(SO2(R) x AT x SO2(R))/{£1} — SLy(R),

t t
(7 )W) ()

where on the left hand side —1 = (—1,1,—1). This map is a bijection outside the boundary of A™, by virtue
of Cartan decomposition. The product measure dkdtdk’ on SO2(R) x AT x SO5(R), where dt is the Lebesgue
measure on R and both dk and dk’ are the Haar measure on SO2(R) for which the total volume is 7, induces a
measure on the quotient (SO2(R) x AT x SO5(R))/{£1}. Under the above bijection, one deduces (by a similar
argument as the one in [IT10, Section 12]) that dg = 2 - sinh(2t)dkdtdk’. On the other hand, it is well-known

(cf. [Kna]) that
¢
<T°° (( e >) vgr%»v§311> = [Jus|[Pcosh(t) =Y,

e 3>—i*/ K@w%wmwﬁzfﬂmmwmmmw 2
= OB Sty e tom R ElEs

and consider the map

and therefore

O

v

Proposition 6.12. We have Z!_(h, g,¢) = 12722"C(k,0)~', where the constant Cuo(k,0) € Q% is given
(setting £ — k = 2m) by
(+k—-1)X 2m—j5)2m—j—-1)
Coo(k, ) := (2m)! Z 11 . . :
(2k = DX E_ ! 0<s<2m, 0<j<s—2, (G +2)@2k+5+1)

s even j even

Proof. From the previous proposition, we know that af_(h, g,¢) = 2720~ ||v2°!||~2. Besides, we have
L(1, 7o ad) L(1, 7oy ad)  2(27) " 'T(¢ + 1)mT(1)2(20) 2*T(2k)7—'T(1)
Lmw @ ad(70), 1/2)  22(2m) 2 T(0 + WD( — k+ 1)227) T (k)
Q1A= 2kp—=2k=31(2) — 1)! mt=k=29t=k=1p1(2k — 1)!
o222k 20kl e — DI R)(E-1)!  (+k—1)I—k)(E-1)
Recalling that 2m = ¢ — k, it follows from the definition of Igo(lul, g,&) that
1 (2k — D)I(£ — 1)!
[[vhol]|2 . (2m)! (€ + k — 1)1(k — 1)1

and the claimed expression results from replacing ||[v52!||?

I! (b, g, ¢) = 72m22™

by its expression computed in Corollary 6.10. (I
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Remark 6.13. Observe that when ¢ = k, i.e. m = 0, the above expression reduces to Igo(ﬁ,g,is) =1 (when

m = 0, one has v8! = vy, and the inner product is normalized in this case so that ||vool||?> = 1), which is

coherent with [PAVP19, Proposition 9.4].

7. GLOBAL COMPUTATIONS AND PROOF OF THEOREM 4.1

After the computation of normalized local SLo-periods, this section is devoted to prove the explicit (global)
theta identities that will allow us to conclude the proof of Theorem 4.1 following the strategy explained in
Section 4.

7.1. An explicit theta identity for the pair (GLs, GO22). Let 7 be the automorphic representation of
GL2(A) associated with g. We can regard 7 X 7 as a representation of GSO2 2(A), and it extends to a unique
automorphic representation T of GO2 2(A) having a non-zero O(V})(A)-invariant distribution, where V{ = {z €
Vy @ tr(z) = 0}. Then, the representations 7 and Y are in theta correspondence for the pair (GLg, GO22):

orn) =7, o) =r
As in previous sections, write g € 7 for the adelization of the newform g. The cusp form g® g € 7 X 7
extends to a cusp form G € T on GOz 2(A) satisfying G(hh') = G(h) for all h € GO32(A) and 1/ € ps(A),
where p9 is the subgroup of Og 2 generated by the involution * on V4. Observe also that, by construction,
GigL,xcL, = g®g e TN
Associated with g, we define a Bruhat-Schwartz function ¢g = ®u¢g. € S(Vi(A)) by describing its local
components as follows:

i) ¢gq= 1, (z,) at all primes ¢ 1 Ng;
ii) at primes p | Ng,

bgp (31 32)) = 1z, (21)1z, (24) 1z, (23) (12, (22) — p~ ' 11z, (22)) ;
iii) at the archimedean place,
oo (33 33)) = (21 + V—Tap + V—Tag — 24) exp(—tr(a'z)).
By using the rules of the Weil representation of §f42 x GOg2,2(A), one can easily check the following:

Lemma 7.1. Let p be a finite prime. Then the following properties hold.

o Ifpt Ny, then ¢gp is fized by SLa(Z,) C SLa(Qp) and by GLy(Zy) x GL2(Z,) € GO22(Qp).
o Ifp| Ny, then ¢g p is fized by I'o(p) C SLa(Zyp) and by Ko(p) X Ko(p) € GL2(Zp) x GLa(Zp).

With this, [PAVP19, Corollary 5.4] shows that
(16) UG, b) = 20(2) 2105 (9. 0)e,

where py, = [SL2(Z) : To(Ny)]. We want to derive an explicit theta identity analogous to (16) involving the
old form g instead of g. To begin with, define g* = 7(¢(272),)g € 7, where the element #(271), is concentrated
at the place 2. In parallel, we also define a Bruhat-Schwartz function by ¢g: = 2 2w(t(271)2,1)pg. That is, if
Pgt = Qudgi ., then we keep ¢g: , = g for all v # 2 and set gs o = 27 2wa(£(271)2,1)Pg,2. One can easily
check that ¢g: o = 1y, (27,). With this slight modification at the prime 2, [PdVP19, Corollary 5.5] shows that

(17) 0(G, 6gs) = 21 (a(2) 2yt {9, 9)8".

Next, with this modification at p = 2 observe from Section 5 that g is obtained from gf by applying the level
raising operator on 7 defined by

Vo, o= T(w,)e,

where My, = Ny /N, and wyy, € GL2(A) is 1 away from My, and equals @, = (pgl g) € GLy(Q,) at primes

p | My, hence § = V,g*. Besides, consider the element h, = (1,w@,) € GL2(Q,) x GL2(Q,) for each prime
p | My, and identify it with its image p(hy) € GSO22(Qp) C GO22(Q,). Let Y, be the operator acting on
T by Y(hy), and Yy, be defined as the product le M, Y, (each acting on the corresponding component).
Equivalently, we may write hy, € GLa(A) x GLa(A) for the element which is trivial at all places v { M, and
which equals h, at each prime p | My, and identify it with its image p(har,) € GSO22(A). Then Yy, is the
operator acting on T by Y(hyps,). With this, consider the automorphic form

é = YMgG S T,

and observe that
G|GL2><GL2 =g@Vy,geTXT

For each prime p | M, the automorphic form G is fixed by the action of GLy (Zp) x Ko(p) € GO2,2(Qp).
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Along similar lines, define a Bruhat-Schwartz function ¢z = ®,¢g,, € S(V4(A)) by keeping ¢g ., = dgt , at
places v t My, and setting
¢§,p = pilwp(wpv hp)¢gﬁ,p
at each prime p | M,. Note that in this definition we are using the extended Weil representation. Again, a
routinary check easily shows the following:

Lemma 7.2. Let p be a prime dividing My. Then ¢g,, is fized by the action of T'o(p) C SL2(Q,), and by the
action of GLa(Z,,) x Ko(p) € GO2,2(Qp).

Proof. The proof just uses the invariance properties of ¢g: , = ¢¢g ;,, the definition of ¢z ;,, and the fact that if
v € Ko(p) C GLa(Zp) (resp. T'o(p) € SLa(Zy)), then yw, € w,GLa(Z,) (resp. w,SLa(Zy)). O

With these definitions, the above explicit theta identities recalled from [PdVP19] can be adapted easily to
identities relating g and G through the theta correspondence with respect to ¢g. Indeed, most importantly for
our purposes we have the following:

Proposition 7.3. With the above notation,
(18) 0(G, dg) = 27" M,y Go(2) (9, 9)8-

Proof. If x € GL2(A) and y' € GO22(A) is such that det(z) = v(y'), then notice that det(xwas,) = v(y hu,),
hence we can write by applying the definitions

0(G, dg)(x) = M, ! Z w(zwar,, y'yhar, ) bg: (v) | G(y'yhar, )dy =
[02.2] \wevy (@)

=M, > wlawn,, v'har,y)bg: (v) | Gy has,y)dy,
[022] \vewi(@)
and from this we deduce that 6(G, ¢g) = M m(war,)0(G, ¢gt). The statement follows directly from (17). O

For later use, we compute in the following lemma the precise description of ¢5 at primes p dividing Ny.
Recall that Ny = NyM,, and ged(Ng, M,) = 1.

Lemma 7.4. With the above notation, if p is a prime dividing Ny = NgM, we have

1z, (1)1z, (24) 1z, (23) (12, (22) — p 111z, (22))  if p | N,
1z, (x1)1z, (22)1pz, (23)17, (74) if p | M.

Proof. The case p | Ny was already recalled above. When p | My, one just has to compute

bep (25 23)) = {

Pgp = p_le<wpv hp)¢gﬁ,p = p_lwp(ww hp)¢g,p = p_lw(wp, hp)lMQ(Zp)

using the rules of the (extended) Weil representation. Recall that if g € SL, (Qp) and h € GO22(Q,), then

wp(g,h)p = w (9 ((1) det(Og)_l) ,1> L(h)o,

where L(h)p(x) = [v(h)]; ' ¢(h~" - ). Applying this for (g,h) = (wp, hy), where h, = (1,w,) € GL2(Q,) x
GL3(Q,) and v(h,) = p~', one obtains the expression in the statement. O

7.2. An explicit theta identity for the pair (§f427PGSp2). We now focus on an explicit theta identity
for the pair (ﬁ;g,PGSpQ). In [PAVP19, Proposition 5.10] we proved an explicit theta identity relating the
adelization h of the newform
h= Z c(n)q™ € S,jH/Q(Nf)
n>1

with the adelization F € II of its Saito-Kurokawa lift F' € Sk+1(F(()2)(N 1)). We will now proceed along the same
lines to prove an analogous identity between h and the adelization of Ajl | F. Before doing so, let us first recall
some properties concerning the classical forms h and F', as well as of their adelizations.

Let € € Qg, and write £ = 05]‘2, where 9¢ € N is such that —d¢ is the discriminant of Q(v/—¢)/Q and f¢ > 0.
If ¢ is an integer, then it is well-known that

) =ce) Y pd)x—e(d)d" as(fe/d),
(AN

where we write af(n) for the Fourier coefficients of f. If p is a prime not dividing Ny, we let {a, a;l} be the

Satake parameter of f at p. If p is a prime dividing Ny, we instead define oy, := pl/Q’kaf (p)=-p
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Besides, writing £ = Dgf% € Qs¢ as before, let e, := val,(£) and define ¥,,(&; X) € C[X, X~ !] by

ep+1_ 7ep71 _ ep _ —ep .
= -0 P () 5= i pt Np,ep >0,
(19) Up(§X) = x—e(0)(x—e(p) +wp) X if p| Ny,ep >0,
0 if e, < 0.

As explained in [PAVP19, Lemma 3.1], one has the identity

(20) c(&) = 27" Mee)ie P ] wo(& ap),

where one reads ¢(§) = 0 if £ is not an integer. On the other hand, one also has c(§) = 2™ Wi, ¢(1), where

Whe(g) = /@ (e s

is the £&-th Fourier coefficient of h with respect to the standard additive character i of A.
As for the Saito-Kurokawa lift F' = SK(h) € Sk+1(F(()2)(Nf)) of h, its Fourier expansion

F(2) =Y Ap(B)e*™V=INEBL 7 = X 4 /1Y € Hy,
B

can be explicitly given in terms of the coefficients c¢(n). Indeed, for each symmetric, half-integral two-by-two

matrix B = (b5}2 bzf) one has

(21) Ap(B)= > d'e(dg/d),
0<d|ged(br ,babs),
(d,N;)=1
where & = det(B). The adelization of F is the automorphic form F : GSpy(A) — C determined by
F(790ck) = det(goo) “ V2 det (CV =1 + D) ™* 1 F(goo v/~ 1),
whenever v € GSp,(Q), k € KSQ)(NJ:), and goo = (& ) € GSpy (R). Here, Ké2)(Nf) =11, Kéz)(Nf;Zp) with

K®(Nj2Z,) = {(é g) € QSpy(Z,): C =0 (mod Nf)}

If B € Sym,(Q) is a two-by-two symmetric matrix, then the B-th Fourier coefficient of F is defined as the
function

Wr p(h) = / F(n(X)h)y(Tr(BX))dX, h e GSpy(A).
Sme(Q)\Sme(A)

This Fourier coefficient is determined by its values at elements

(22) heo = n(X)m(A, 1) = (12 i) (A tAl) € GSpy(R),

with X € Sym,(R) and A € GLJ (R), and one has
WF,B(hoo) _ AF(B) det(}/)(k-i-1)/262‘11'\/—71'1"1'(32)7
where Y = A*A and Z = X ++/—1Y € Hs.
Finally, let Agyq - Sgﬁl(F(()Q)(Nf)) — S,’C‘_’is(F(()z)(Nf)) be the Maass differential operator sending nearly

holomorphic Siegel forms of weight £+ 1 (and level 1"82) (Ny)) to nearly holomorphic Siegel forms of weight k+3
(and level FéQ)(Nf)). Writing

Z = (7; f) , Ti=xi+V-1ly, z=u+vV-1lv, Z=X++V-1Y,
2
the Maass differential operator Ay is defined as (see [Maa71])

1 [(k+1)(2k+1) 0? 0? 2(2k+1)ﬁ( 0 0 8)}7

5002 | det(y)  Comom 0%z T dey) \Uom T%ar, V5

(23) Apyr =

and A} F € S?fl(FE)Z)(Nf)) has Fourier expansion

A F(Z) = ZAF(B)C(B, Y)eQﬂleTr(BZ),
B
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where for each B one has

N~ gpyiem LE=mtg)  (m j j—m
(24) C(B)Y) = :0( 4r) T—2mtj+ 1) ( ) det(B)? det(Y)? ™ x
= (2m 2] ) z j—m £+1 )7n i i—n
ZZ il( —]—z) N ; €—|—1—n (n)Tr(BY)

The adelization of A}, | F' is the automorphic form DTF, where D, = —5 47r2 D, for a certain standard
weight raising element D, € U(sp(2,R)¢) (see [PSS]). One defines analogously the B-th Fourier coefficients of
D''F, which are again determined by their values at elements h., as before, and one has

(25) Wpyp plhee) = Ap(B)C(B,Y) det(v) (1) 22V ITEZ),

Having collected these facts, we now proceed with our main goal of this paragraph. We need to define a
Bruhat-Schwartz function ¢, € S(V5(A)) with respect to which we will compute the theta lift of h. To do so,
we use the same model for V; as explained above, together with the embedding V4 C V5 obtained by identifying
the former with the four-dimensional subspace (v3)* of V5. With respect to this embedding, we define the
Bruhat-Schwartz function ¢; as a product of two Bruhat—Schwartz functions, namely

on = 05 0y,
where gi)( ) = ®U¢(1) € S((vs)) ~ S(A) is given by

R (v A

e if v = o0,

and gbgl) = ¢g € S(Va). In precise terms, with respect to the basis v1,...,v5 of V5, for an arbitrary element
Z = X101 + ToVo + X3V3 + X404 + XT5V5, We have

o (2) = ol (w)ol” ((2251)) = o) (w3) g (52 52)).

Recalling the description of the Bruhat—Schwartz function ¢z (see Section 7.1, especially Lemma 7.4), the
function ¢, = ®,¢y, , is described locally at each place as follows.

i) At v=2,

T2 T1
s X4

Piy 0(2) = 1z, (3) g2 (( )) = Loz, (21) 12z, (v2)1z, (x3) 12z, (¥4) L2z, (25).

ii) If v = p is a prime not dividing 2Ny, then

b6 = 1z, ety (22 11)) =12, (o)1, (001, ()12, o)1, o),

T5 T4

iii) If v = p is a prime dividing N, then

B (2) = 12, (2)0, ((m 9”)) = (1o, (@1) — p 11z, (21)) Lz, (22)1, (23) 1z, (22) Ly, (25).

Ts5 T4

iv) If v = p is a prime dividing M, = Ny /Ny, then

Bi,(2) = 1z, (5)bgp (( )) = 15, (1)1, (22) 12, (25) 1z, (24) 1y, ().

Ts X4

v) If v = oo, then

Is T4

D oo(2) = 6_2m§¢§7oo ((xg Il)) = (zo + V—1z1 + V=125 — 24)exp(—7(z? + 22 + 222 + 22 + 22)).
At each finite prime p, the invariance properties of the Bruhat—Schwartz function qbf‘_p with respect to the
actions of SL2(Q,) and GSp,(Q,) are collected in the following lemma.

Lemma 7.5. Let p be an odd finite prime. Then the following assertions hold.
o Ifpt Ny, then ¢y, , is fived by SLa(Zy) € SL2(Qy) and by Spy(Zy).
o Ifp| Ny, then ¢y, is fized by I'o(p) € SLa(Zy) and by F(()2)(p) C Spo(Zy).
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By construction, it follows that the theta lift 6(h, ¢y,) belongs to the space of K(SZ)(N ¢)-fixed vectors in II,
and hence it is the adelization of a classical (nearly holomorphic) Siegel modular form in Sy (I‘éQ)(N ¢)). In

v

order to prove a relation between 6(h, ¢;) and the adelization F of the Saito-Kurokawa lift F', we will compute
the B-th Fourier coefficients

B> Wagh 00 = [ 0k, 63) (n(X)) I (BX))AX, b € GSpa(A),
Sym, (Q)\Sym, (A)

of the theta lift §(h, ¢y;), for each positive definite rational symmetric two-by-two matrix

B=Q% %ﬂewm@)

The Fourier coefficients Wg(ﬁ 6.),B are completely determined by their value at elements ho, € GSpy(R) as in
(22). Setting & = det(B) and 8 = (b3, b2/2, —by), it follows from [Ich05, Lemma 4.2] that

Wiy ),5 (1) = / (g, h)oy (B0, 1)Wy, (9)dg.
U(A)\SL2(4)

where

90 Wyelo) = [ Blu(e)g)iEe)ds

Q\A
is the £&-th Fourier coefficient of h, (;ASB = ®1,<;ASB,U € S(V3(A)) ® S(A?) is the Bruhat-Schwartz function obtained
from ¢y, by applying a change of polarization, and & denotes the Weil representation acting on S(V3(A)) @ S(A?)

(by the rule w(g, h)p(x) = (w(g,h)d)").
If £ = det(B) > 0, we write £ = Dgfg with f¢ € Q>0 and ?¢ € N such that —0, is the discriminant of the

quadratic field Q(1/—¢). Then we have (compare with [PdVP19, Lemma 5.14])

(26) W _ [ @0ee)f T 2 (2) T T, Wee i€ >0,
bhos)B = feeo

where the local functions Wg ,, are defined as the integrals

vol(SL2(Zp)) "t if v =p,

(27) Wa o (h) = / vol(S0,) ! if v = 0.

L‘:}U(g? h)qg)fl’v (67 07 1)WU,f(g)dg X {
U(Qv)\SI—&(Qv)

Here, for each place v the function W, ¢ is a suitably normalized local Whittaker function associated with h.
Namely, at the archimedean place v = co we consider

(28) Weoe = ‘N/inWhomg,
where Wh,__ ¢ is the Whittaker function of SO(2)-type k + 1/2 defined by

th,g(u(x)t(a)lzzg) _ 627r\/j15mak+1/26727r5a26\/jl(k+1/2)0’ z €R,a € RY,,0 € R/AnZ,

where for § € R/4n7Z the elements ky € SO(2), kg € S?j(2) are defined by

cosf sinf ~ [ko,1] if —w<O<m,
ko = : ; ko = .
—sinf cosd [ko,—1] if T <0 < 3m.

Observe that Wy ¢(1) = e 2™, And if v = p is a finite prime, then W), ¢ is the non-zero multiple of the
local Whittaker function Wy . determined by requiring that Wpe(l) = ¥,(& ). That is to say, W, =
Wﬁpvg(l)*llllp(f; ap) - Wi, ¢~ In Appendix A below we recall the definition of the local Whittaker functions
WEWE and collect some special values of them that will be used in this section.

We will determine W, ) p by computing via (27) the local values Wg ,(1) at all finite places, and the
values Wg o (hoo) at special elements ho, € GSpy(R) as in (22). We start dealing with the case of finite places.
At rational primes p 1 M, the computation of Wg ,(1) was already carried out in [PdVP19, Section 5]. With
the same notation as before, if £ # 0 and p, = [SL2(Z) : T'o(p)], then (check Equations (35), (36), and (37) in
loc. cit.):

1z, (b1, ba, by) Sy ™ ) pE W, (p720¢; ) if p 2Ny,
(29) Wep(1) = { 1z, (b1, by, )27 S0 (0)) 9% gy (9-2042¢ 1) if p = 2,
1z, (b1, b2, b3)p, ' W, (&5 o) if p| Ng.

Thus we assume from now on that p is a prime dividing My = Ny /N, and first study the change of polarization.
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Lemma 7.6. Let p be a prime dividing My, and let x = (1,22, 23) € V3(Qp), and y = (y1,y2) € QZ. Then

Qgﬁm(z; Y) = dp,1(x) - Pp2(y)
where the functions ¢p1 € S(V3(Qp)) and ¢p 2 € S(QZ) are given by
Gp1(2) = Lz, (21)1z, (22)1z,(x3),  dp2(y) = Lpz, (y1)1z, (y2)-

Proof. This follows straightforward from the definition of the partial Fourier transform,

éﬁap(x;y) :/Q ¢E,p(z§x§yl)¢p(_y22)dzz

With this change of polarization, one has

Gplg, M)y, (8;0,1) = wy(g, ) bp 1 (B) - bp2((0,1)g),

and using equation (27) we can now compute Wg ,(1). A first key observation is to use the I'g(p)-invariance of
h and of qSh , together with the fact that SLo(Q,) = U(Qp)T(Qp)SL2(Zy), to rewrite Wg ,(1) as

(30)  We,() =t Y / Bp(t@)r )y, (8:0. )W, e (Ha)lal, *d a = iy S I(B,r

TERp reER,

where R, is a set of representatives for SLy(Z,,)/I'o(p). We can choose the set R, to consist of the elements

rb:(é ?) withbe{O,l,.n,p—l}aaﬂds:<—01 (1)>

and so we are reduced to compute the values I(B, 1), I(B,s), and I(B,r,) for b =1,...,p — 1. To compute
these values, first we point out that the local Whittaker functions W), ¢ satisfy

Wp.e(t(a)g) = xu (@ )xs(a™)]alt W, a2¢(9), a€Qy, g€ SLhy(Qy),
and recall also that x(z) = (—1,2),7v(z,v). In particular, using this one easily finds that

= an/zXé (pn)XdJ (»") /Z>< (a,p")pwp(t(p"a)r, 1)¢p,1(6)¢p,2((07 1)t(pna)r)wp,p2"a2£(r)dxa'

neEZ P

We fix B and split the discussion according to whether r = 1, 7 = s, or = 1}, for some b € Z7. To compute
the terms wy(t(p™a)r, 1)ép.1(8), we will need to apply the rules for the Weil representation, relative to V5 and
¢ =, P Tt is easy to check that y(¢, V) = 1 and xy, v, (2) = (=2, 2)pxy(2)? for z € Q) (cf. Section 3.3). In
the discussion below, we put v; = val,(b;).

Case r = 1. Start observing that for n € Z and a € Z) we have (0,1)t(p"a) = (0,p"a""'), and hence
¢p2((0,1)t(p"a)) = 1 if n < 0, and vanishes otherwise. Therefore, we obtain

D= S5 o) [ (0 (5" 0). D (W (1)

n<0 P

By applying the rules of the Weil representation, one finds

wp(t(p"a), 1)1 (8) = (=2,0")p(a, ™ )pxu (") p =" ? 12, (p"b1) 12, (9" 02) Lz, (0" 3).
Therefore, using that W), yengz¢(1) = W) p2ne(1) for all @ € Z) and that vol(Z,,d*a) = 1 (and also that
Xu (") = 1),
= ZP_"Xé(Pn)(—ZPn)plZp (P"01)1z, (p"b2)1pz, (P"03) W) pane (1) =
n<0

min(vq,v2,v3—1)

= Y D) (20 Wy (1),

n=0

Case 7 = s. Similarly as before, we now have (0,1)t(p"a)s = (—p~"a"*,0), thus ¢, 2((0,1)t(p"a)s) = 1 if
n < —1, and vanishes otherwise. Therefore,

5) = Z pn/2X6(pn)Xw(pn) /ZX (a,p")pwp(t(pna)&1)(;51,,1(ﬁ)Wpypzna%(S)an.
n<—1 P

Now applying the rules of the Weil representation yields
wp(t(p"a)s,1)p,1 (B) = (=2,0")p(a, P )pxw (™) 0™ 1z, (9"b1) 1z, ("b2) 12, (p"b3).
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From this we conclude, using again that W), j2n42¢(s) = W), p2ne(s) for all a € Z), that

min(v1+1,v2,v3)

IB,s)= > 2" M) (20" Wy pne(s):

n=1

Case r =1y, b € ZY. We have now (0,1)t(p"a)r, = (p~"a~'b,p~"a~"), and hence ¢, 2((0,1)t(p"a)r) = 1
if n < —1, and vanishes otherwise. Thus again we can rewrite

I(B, 1) Z p" XzS (p")/X(a,p")pwp(t(p"a)rb, )bp,1(B)Wp penaze(r)d ™ a.
n<—1 Ly
We can now use that Wp’p2na2§(’r‘b) = (b7 'p?"a?& )W), y2ng2¢ () to rewrite this as
I(B,rp) Z p" X§ (pn)/X(aapn)p'l/)p(b_1p2na2£)wp(t(pna)rbv1)¢p,1(ﬁ)Wp,pz’”a?E(S)an'
n<—1 Zp

To deal with the term wy,(¢(p"a)ry, 1)ép,1(8), we first notice that

ro = u(b~)s (‘Ob ‘bll) .

The rightmost element belongs to I'g(p), and hence leaves invariant the function ¢, ;. We must therefore
compute w,(t(p"a)u(b1)s)¢,1(3). By applying the rules of the Weil representation, we have

wp(t(p"a)u(b™")s)dp1(8) = (=2,0™)p(a, p")pxw (0"’ 2" 1y (b= Ta2p? €)1, 17, (p"1) 1z, (p"b2) 12, (p"b3).
From this, it follows that

min(v1+1,v2,v3)

IBr)= Y 0 ) (20" W ane(s),

n=1
and hence I(B,r,) = I(B, s), independently on b.
Putting all the above discussion together, defining m(B) := min(vy +1, v, v3) and n(B) := min(vy, va,v3—1)
we can rewrite (30) as
n(B) m(B)
(31) WB,]) Z p X& )p PP~ 2n§ Z p X& )pr’p—Z'ng(S)

by by/2
b2/2 b3
by & Z,, or bz & pZy,, then Wg ,(1) = 0. Otherwise, let { = det(B) and define integers

m(B) := min(ry + 1,v9,v3), n(B):=min(r,ve,v3 — 1),
where v; = val,(b;). Then m(B) > n(B) > 0, and
WBJD(I) = SP(B)HI;I\IJP(EQ Oép)»

Proposition 7.7. Let B = € Sym,(Q) be a two-by-two symmetric matriz. If by & Z,, or

where p, = [SL2(Z) : To(p)] and
n(B)
EB) =141 —=p7") Y p""x-25(0)" + (n(B) = m(B))p*" P+ x_gs(p)" .

Proof. It is clear from (31) that Wg (1) = 0 if either by & Z,, by & Zy, or by & pZ,. Let us thus assume that
by € Zy, by € Zp, and bs € pZ,, and notice that then we have m(B),n(B) > 0. It is also clear from their
definition that m(B) > n(B), and one can easily check that 2n(B) < val,(§). In addition, when m(B) > n(B)
one necessarily has m(B) = n(B) + 1. In particular, observe that the factor n(B) — m(B) in the definition of
&p(B) is either 0 or —1, according to whether m(B) = n(B) or m(B) > n(B), respectively.

From our computations in Appendix A, for n = 1,...,m(B) we have W), ,-2n¢(s) = pW,, ,~2(i-1)¢(s). Using
this and reindexing the second sum in (31), we get

n(B) m(B)—1

WByp(l) = Zp X— 25 pp—2"£(1)+p2X*25 Z pX- 25 p,p‘“f( ) ﬂ;l'

Now, forn =0,...,m(B)—1 we also have W, ,~2n¢(s) = —p~ W), ,~2n¢(1), and since W, ,—20¢ (1) = ¥, (p™ 2" ) =
p"¥,(§; ap), we deduce that

m(B)—1
W (1 Zp2">< 26(0)" = pX-25(p) Y P"x-25(D)" | 1ty ' ¥p(E5 ).
n=0
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If m(B) = n(B), this reduces to
n(B)
Wep(1) = [ 14+ 0 =p™") > 0™ x26(0)" | 1y T (& ),
n=1

while if m(B) > n(B), then m(B) — 1 = n(B) and the above reads

Wep(1)= [ 14+ 0 =p™ ") D> p™x26(p)" — p*" P X _a5(p)" | 11" 0, (& ).

n=1
O

We must emphasize that the quantities £,(B) in the proposition are non-zero rational numbers, and that
they depend only on p and B, as the notation suggests.

Now we deal with the computation of Wg o (hoo), for an arbitrary heo = n(X)m(A4,1) as in (22), with
X € Sym,(R) and A € GL3 (R). We recall that by definition

WB,oo(hoo) = VOI(SO2(R))_1 /U(]R)\SL ®) d)(ga h)(lgflvoo(57 07 1)Woo,§(g)dga

where W ¢ is the Whittaker function of SO(2)-type £+ 1/2 defined in (28). An inductive argument shows that

this satisfies
m

—orga? —m 2, L(E+1/24+m) (m
k+1/2 —27€a . j—m 2j
W e(t(a)) =a e JE:O( 4m) a —F(k 12137) <j> for a € R<g.

Proposition 7.8. With the above notation, one has

26+1 Jet(YV (@—i—l)/QC B,Y eQ‘nw/jTr(BZ) if B> 0,
Wg oo(n(X)m(A,1)) = { ¥) ( ) /

0 otherwise,
where Y = A'A7Y, Z = X ++/=1Y, and C(B,Y) is defined as in (24).
Proof. This is [Chel9, Lemma 5.6). O

We can now finish the computation of W, 65) 5(hoo), where hoo = n(X)m(A,1) € GSpy(R) is as in (22).
So fix B € Sym,(Q) be as usual, with entries given by b1, by/2 and bs, and set £ = det(B). If £ < 0, the above
proposition implies that We(ﬁ,%)yB(hoo) = 0, so let us assume that £ > 0 and write £ = ngg with conventions

as above. To simplify the notation in the computation, for each prime p dividing M, = N;/N, we let €,(B) be
as in Proposition 7.7, and define
=[] &B

p| M,
With this, it follows from (26), (29) and Proposition 7.7 that Wy, 65) p(hoo) = 0 if either by € Z, by € 7Z, or

bs & MyZ. And assuming that by, by € Z and by € M,Z, combining (26), (29), Proposition 7.7, and Proposition
7.8 we find

min(v;)
—v — — k—
WQ(B,%),B(hoo):Q (V) NQ#N%Q(Q) c(d )f g E(B)Wg,0(h H Z P < o’ ap)]:[ (&),
MNf n=0 ple

where we have used that for an odd prime p f Ny one has ¥,(p~2"¢ ) = U,(4p~2"E; ). We also have

04¢ = 0¢ and fk 12 - 2_k+1/2fzgl/2, hence we can rewrite the above expression as

27’673#&;C@(Q)ilg(B)WB,oo(hoo) Z —v(Ny) (D §)fk 1/2d1/2 H \If < > H \I/ g’ap

d|(b1,b2,b3), PNy PNy
(d,N¢)=1

Now, for each integer d with (d, Ny) = 1 and each p | Ny we have ¥, (& ap) = V,,(4d72&; ). We also have
O4¢ = 0y¢/q2 and f4§ 1/2

ko — _ e 4¢

Wath gy ) = 25251 2)EB) der(y) (B Y)Y TIOD S e ().
d|(b1,b2,b3),
(d,Ng)=1

= dk_1/2f4§/d2, and hence using Proposition 7.8 and equation (20) one deduces that

But now the last sum is exactly the B-th Fourier coefficient of F' = SK(h). Comparing with (25) we obtain

{w 21y o) T EBWpp plhee) if by € MyZ,

Wiyt ooy 5 (hoo) =
9(h,¢>f,)-,B( %) 0 otherwise,
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and hence we have proved the following statement:
Proposition 7.9. With the above notation,
0(h, o) = 22"y Co(2) ',

where F is the adelization of the nearly holomorphic Siegel form F € Sﬂ}l(f‘@)(Nf)) whose Fourier coefficients
are given by

Ap(B) = {g(B)AA’leF(B) if by € M,Z,

0 otherwise.
By recalling that Aay, p(B) = C(B,Y)Ap(B), with C(B,Y) as in (24), we see that

Ax(B) = E(B)C(B,Y)Ar(B) ifbs e MyZ,
r o otherwise.

7.3. Conclusion of the proof of Theorem 4.1. We can now finish the proof of Theorem 4.1. Suppose first
that A(f ® Ad(g), k) # 0, so that Q is non-vanishing by Corollary 4.3. Then we know from (9) that

4A (1,7 ad)A(1, 7, ad) oo oo
32 A Ad(g), k) = ——2= — h g h, g, 9),
(32) (f ® Ad(g), k) B (& £) (. B) (H f(h,g.6)" ) Q(h,g,9)

where h ® g® JS €T ® T Q®w is our test-vector as chosen in Section 5. Now we can compute all the terms on
the right hand side. First of all, by Propositions 6.1, 6.7, 6.12, we have

[[Zih,g.6) ! =7 2m272mCo (k, 027" MIN, T (p+1) = 72272V O (k, €) Ngping,
v p|Mgy

v

Secondly, we have ($,$> =271 (g,8) = (o(2) " {g,9) and (cf. [Walg0, page 22])
om I'(k + ﬂlz(—ik—; i/f}Q)(m +1) (h,h) = 2_1CQ(2)_1(47T)_2WF(k + Tlri(—]: i/f}l;)(m +1)
om L+ E =1k — 1)!m!< ),

(k+m—1)!2k—-1)!
Besides, by applying [Hid00, Theorem 5.15], [Wat02, §3.2.1], we find

AL mad) = 225N (. ), A(L 7ad) = 259N, L, (g, 9),
and altogether the first term on the right hand side of (32) reads
4A(1, 7 ad)A(L, 7, ad) 2m 28m 3RS0 (2) 2w, v, (k+m — D2k — 1) (f, f)
(h,h) (g, &) (b, ¢) NyN, L+ k -1k —1)m! {(h,h)

Finally, it remains to compute the value of the global SLa-period evaluated on our test vector, Q(Fl7 g, ).

By Proposition 7.3 we have

(h,h) = (47)" (h, h)

=27 172" (2) " (4m)

V)

0(G,¢g) = Ci'g,  Cr=2""Myun,G0(2)°(9,9) "
and hence [Qiul4, Theorem 5.3] implies that Q(h, g, @) = C2P(8(h, ¢;.), G), where
P:IeIeY®Y — C

is the SO(Vy)-period defined by associating any choice of decomposable vectors F1,Fy € TI, G1,G2 € T the
product of integrals

P(F1,F2,G1,Gy) = / F1(h)G1(h)dh / Fy(h)Ga(h)dh |,
[SO(Va)] [SO(V4)]

and we abbreviate P(G(ﬁ,gbﬁ), G) = P (u,gbﬁ),ﬁ(ﬁ,gbﬁ),é,é). But from Proposition 7.9 we know that
o(h, o) = C,yF with Cy = 227~ QMNfCQ( )~%, hence Q(h, g,¢) = C2CZP(F,G). Now, F is the adelization of
F and é‘GLQXG]_Q = g ® Vg, which is the adelization of g x Vi, g, hence P(F,G) = C§|<F‘Hx%g x Var, 9)|?
with C3 = 271¢g(2) 72 (cf. [I110, Section 9]). Altogether,

|<F\ny7g X Vg, 9)?

Q(h, &,6) = (CLC2C5)*|(Flpocrs g x Virg)[? = 22~ ¢q(2) > Mppx i, (9,92

Combining all the terms, we obtain that

My, i, (k+m— DIk - 1! (k,0) - A
ool h,h

) |<F\HXH79 x Vg, )2
Nrix,  (E+E—1D)(k—1)ml ( '

A A _ obmtk+1-v(M,)
(f®Ad(g),k) =2 ) (0.9)?
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By using the definition of C(k, ¢), we see

(k+m—1)!(2k - 1)! _em)! (k+m—1)! @m—j)@m—j—1)
(£+k—1)!(kz—1)!m'0°°(k’€)_ m! (€—1)! 0<SZ:<2m O<]1<_£2 (G+2)2k+j+1) = Coolf,9),

and so the claimed formula in Theorem 4.1 follows by noticing that un, = pn, pin, -

If A(f ® Ad(g),k) = 0, then Corollary 4.3 tells us that the functional Q is identically zero, and hence the
central formula stated in Theorem 4.1 holds trivially because all the local periods continue to be non-zero
whereas Q(fl, g, 55) =0, and hence <F"H><H7g x Vi, g) = 0. O

One can use the explicit formula in Theorem 1.2 to prove Deligne’s algebraicity conjecture for A(f®Ad(g), k):
Corollary 7.10. Let f € Soi(Ny) and g € Ser1(Ng) be as in Theorem 4.1. If o € Aut(C), then
( U®A«m,»” A(f7 @ Ad(g7), k)
(9,9)%ct(f) (97,97)ct(f)

where ¢ (f) is the ‘plus’ period associated with f as in [Shi77]. In particular, if Q(f,g) denotes the number
field generated by the Fourier coefficients of f and g, then

A(f ® Ad(g), k)
(9,9)%c¢(f)

The corollary can be proved along the same lines as [PdVP19, Corollary 6.5] or [Chel9, Corollary 8.2], using
Kohnen’s formula [Koh85] relating Fourier coefficients of h and central values of twisted L-series for f (see also
[CC19, Theorem A] for a different approach). We leave the details for the reader.

A(f ® Ad(g), k)™ == € Q(f,9).

8. APPLICATION TO SUBCONVEXITY

This section is devoted to derive a partial result towards the subconvexity problem stated in (1) in the
Introduction, as a direct consequence of the computation of local SLs-periods in Section 6 (some of those
computations already carried out in [PdVP19]).

As a piece of motivation, let us recall that the subconvexity problems for the families of automorphic L-
functions

(33) L(r®T,s), m on GLg fixed, 7 on GLy varying,

(34) L(m ® ad(7), s), m on PGL;y fixed, 7 on GLg varying,

are closely related to fundamental arithmetic equidistribution questions. Indeed, the subconvexity problem
in (33) is related for instance to the distribution of integral points on spheres, representations of integers by
ternary quadratic forms, Heegner points and closed geodesics on modular surfaces, etc. (see, e.g., [[S00], [MV06],
[Mic07]). Besides, the subconvexity problem in (34) has applications towards the limiting mass distribution of
automorphic forms, also referred to as the ‘arithmetic quantum unique ergodicity’ (see [Sar95], [IS00], [HS10],
[NPS14], [Sar1l]). This motivated and pushed the efforts to tackle these problems by many authors. The major
achievement of these efforts was the solution for the subconvexity problem in (33) given by Michel-Venkatesh
in [MV10], relying crucially on Michel’s observation that (33) can be reduced to the subconvexity problem for
L(m ® x, s) with 7 on GLj fixed and x on GL; varying (cf. [Mic04]).

Concerning the subconvexity problem in (34), much less progress has been done until very recently (except
for the case where 7 is dihedral, see [Sar01]). We focus our attention here in the work of Nelson [Nel19], who
reduces the subconvexity problem in (34), under important local assumptions, to the subconvexity problem for

(35) Lir®1Y ®YX,s), x on GL; fixed, 7 on GLy varying.
Thanks to the factorization
Lir® 7" ®x,5) = L(x, ) L(ad(7) ® X, 5),
one can further reduce the subconvexity problem in (35) to that for
L(ad(1) ® x, $) x on GL; fixed, 7 on GLg varying.

Recent work of Munshi [Mun] on this latter problem, which can be seen as a specialization of (34) upon
restricting 7 to an Eisenstein series, motivates Hypothesis (H) below in Nelson’s study of (34).

As commented in the Introduction, our contribution to the subconvexity problem in (34) relies on providing
the bounds for local SLa-periods required in the main result of Nelson [Nell9]. Let us fix an odd integer ¢ > 1,
and let ¢ traverse an infinite sequence 9 of (odd) primes. For each prime ¢ € 9, choose an automorphic
representation 7 of GLa(A) such that

the local component 7, is a twist of the special representation,
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and let G be the infinite family of all such representations 7, when varying ¢ in Q. We may also refer to elements
in G as pairs (g, 7), in order to keep track of the distinguished prime ¢ of each automorphic representation 7 in
the family.

We consider the following hypothesis on the family G, namely the existence of a subconvex bound for L(7 ®
7V ® x,1/2) with polynomial dependence upon the character y:

Hypothesis (H): there exist an absolute constant 6o = do(G) > 0 such that for all 7 € G and all unitary
characters y of A*/Q* one has

Lror' ®x1/2) < Crery @ x)/*7%00(x)°W.

Here, we use the usual ‘big O’ and Vinogradov notation, so that the above hypothesis is equivalent to the
existence of absolute constants ¢y, Ag > 0 and dp > 0 (depending only on the family G) such that

ILir @ 7" ©x,1/2)| < coC(r @ @ x) /= 0(x)*
for all 7 € G and all unitary characters x of A* /Q*.
Theorem 8.1. Fiz an odd integer £ > 1. With the above notation, suppose that every T € G is the automorphic
representation associated with some newform g € Sp41(Ng) of odd squarefree level Ny (and trivial nebentypus),
and that G satisfies Hypothesis (H). Then, there exists an absolute constant 6 = 6(G) with the following property:
if m=m(f) is an automorphic representation of PGL2(A) associated with a newform f € Sak(Ny) of weight 2k,
with 1 < k < ¢ odd, and odd squarefree level, then

L(r ®ad(7),1/2) < C(r @ ad(r)) /4= pOO)

where P = C(m) - [],.,C(7p).
Proof. The theorem follows by checking that the hypotheses of [Nell9, Theorem 2] hold. Indeed, it is enough
to check that for every 7 = 7(g) € G and every m = w(f) as in the statement, and every rational prime p, either
mp is unramified or the conclusion of the conjecture in [Nell9, §2.15.1] is satisfied. If p does not divide Ny, then

7p is unramified and there is nothing to say. If p | Ny, then we must prove that (with notations as in Section
6) there are unit vectors 1 € 7p, Y2 € T, @3 € wy, such that

(36) (1, 02, 03) (C(mp)C(1,))° > 1 and - S(ipy) < (C(my)C(7))°W (i =1,2,3),

where of (1,2, ¢3) is the normalized local integral as defined in Section 4, C(m,) and C(7,) denote the
analytic conductor of m, and 7,, respectively, and S(p;) are the Sobolev norms of ¢; (on the corresponding
representation, in each case) as defined” in [MV10, Section 2] (see also [Nel, Sections 4.6, 5.3]). We let ¢1, o,
3 be the p-th components hp, Ep, ¢ of our test vector chosen in Section 5, normalizing them so that each of
the ¢; has norm 1. Since each of the ¢; is fixed by I'g(p) C SLa(Z,), it is well-known that the Sobolev norm of
@i satisfies S(;) = ||@i|[p°™) = p®M). Having this into account, we divide the discussion in two cases.

p , then = (C/(7p) = p. Besides, from |Pc ), Proposition 7. we have
If p| Ng, then C(mp) = C(7p Besides, fi PdVP19, P ition 7.14 h
2
p—w —w
pCp()li(p 210)7
D+ wp p

and therefore we clearly see that both conditions in (36) hold.
b) If pt Ny, we have C(mp) = p and C(7,) = 1. In this case, we may invoke instead Proposition 6.6, which

tells us that
2(p—1)%(p—&)(p€ — 1)

Pp+1)(p+E(pE+ 1)’
where ¢ = x(p)? with x : QF — C* the unramified character such that 7, = w(x,x'). Again, it

follows that both conditions in (36) are satisfied.

0‘2(@1, P2, 903)

ag(@lu Y2, 303) -

O

Some final comments are in order:
i) For a family G as in the Introduction, we immediately see that P = C(x), and hence Theorem 1.2 is
just a particular instance of the above statement.
ii) If the quantity P in the statement satisfies log P > log ¢, then the conclusion is worse than the convex
bound. So the theorem becomes interesting only under the assumption that

H C _ qo(l
PFq

where o(1) is a quantity tending to 0 as ¢ tends to co. One may hence assume this, which implies in
particular that m, is unramified, and that 7 is ‘essentially unramified away from ¢’.

20One actually defines a family of Sobolev norms Sy, for each integer d, and then S denotes a Sobolev norm of the form Sy for
some fixed large enough d (the “implied index”).
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iii) As hinted in the introduction of [Nell9], modulo the Hypothesis (H) the above theorem should lead
to strong quantitative forms of the arithmetic quantum unique ergodicity conjecture in the prime level
aspect.

APPENDIX A. COMPUTATION OF LOCAL WHITTAKER FUNCTIONS AT SPECIAL ELEMENTS

We collect here some special values of Whittaker functions attached to the local components of fl, needed in
Section 7.2. If p is a prime, and & € Q, we define

Wi, o) = [ Buls™ u(e)g) T (En)de = /Q by (s~ u(@)g) 0y (—€2)dz, g € SLa(Qy),
where s = (_01 E‘)) and ¢, denotes the standard additive character of Q,. Assume that p divides Ny. By using
the definition of flp € 7, given in Section 5, together with the transformation property spelled out in (10), one
can prove the following statements. The details are left to the reader.

Proposition A.1. With the above notation,

(L + (=p€,p)p)  if valy(§) = 2,7 >0,
Wi, e =p7 70 +1) if valy(€) = 2r + 1,7 > 0,
0 if val,(§) < 0.

Proposition A.2. With the above notation,

71)77‘71(1 + (7p§ap)p) if Valp(g) =2r,r >0,
b e(s)=q-p"2(p+1) if val, (&) = 2r + 1,7 > —1,
0 if val,(§) < —1.

Proposition A.3. With the above notation, if b € Z; and 1, = (19, then

— (b1 )p (L + (=p,p)p) if valy(€) =2r,7 >0,
Wﬁp,é(rl’) = (07 p T2 (p+ 1) if val, () = 2r + 1,7 > —1,
0 if val, (&) < —1.
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