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LOCAL POINTS ON SHIMURA COVERINGS OF SHIMURA CURVES AT BAD
REDUCTION PRIMES

CARLOS DE VERA-PIQUERO

ABSTRACT. Let Xp be the Shimura curve associated with an indefinite rational quaternion algebra of
reduced discriminant D > 1. For each prime £ | D, there is a natural cyclic Galois covering of Shimura
curves Xp ¢ — Xp constructed by adding certain level structure at £. The main goal of this note is to
study the existence of local points at primes p # ¢ of bad reduction on the intermediate curves of these
coverings and their Atkin-Lehner quotients.
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INTRODUCTION

Let Xp/Q be the Shimura curve associated with a maximal order Op in an indefinite rational quater-
nion algebra Bp of reduced discriminant D > 1. The existence of points on Xp rational over local fields
was studied by Jordan and Livné in [JL85]. At primes p | D (the primes of bad reduction for Xp), their
results rely mainly on the p-adic uniformisation theory of Cherednik and Drinfeld (see [Dri76l, [BC91]),
together with the combinatorial description of the special fibre of admissible curves over Z, obtained by
Mumford uniformisation through their dual graphs, following previous work of Kurihara [Kur79]. Simi-
larly, Ogg analysed the existence of local points on the Atkin-Lehner quotients of Xp at primes
of bad reduction.

In contrast, a systematic approach to the problem of the existence of global points on Shimura curves
or their Atkin-Lehner quotients is not known so far, and in spite of this, they are expected to provide
non-trivial candidates to test cohomological obstructions to the Hasse principle. One strategy to tackle
this problem is to apply descent to étale coverings of these curves. Then the question is transferred to
these coverings and their twists, where one hopes to find a simpler resolution. In this direction, this
note addresses the study of local points at primes of bad reduction on the intermediate curves of a cyclic
Galois covering of Shimura curves Xp  — Xp associated to a prime ¢ | D, which was first introduced by
Jordan [Jor81] in his investigations of the arithmetic of Xp. As described in [dVP13], the curves Xp ,
give rise to étale Galois coverings of the classical Shimura curves Xp and their Atkin-Lehner quotients,
and hence play an important role in the understanding of the diophantine arithmetic of the latter curves
(cf. for example [Sko05],[Jor81) Ch. 5],[RAVDP]).

Curves X p ¢ admit a moduli interpretation in terms of abelian surfaces with quaternionic multiplication
and a suitable level structure at £, and they are of arithmetic interest also in other scenarios. For instance,
the Jacobian variety Jp, of Xp , provides a compatible system of Galois representations whose local
conductor at ¢ is £2. Further, the theory of Jacquet-Langlands on automorphic representations of twists
of GL3 shows that automorphic forms on the classical modular curve Xo(¢D) may be lifted to Xp ¢. This
affords a modular parametrisation
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of any elliptic curve E/Q of conductor /D, which becomes particularly interesting for applications to the
theory of Heegner points and the conjecture of Birch and Swinnerton-Dyer when the local root number
of E at £is —1 (cf. [LRAVP]).

In the next section we describe in some detail the results of this article. The main goal is to study the
local diophantine properties of the intermediate curves of the coverings Xp , — Xp, and to characterise
the existence of local points on them at primes p of bad reduction. The reader may notice that we leave
aside the case p = £, and we do so not because that case lacks interest, but rather because the methods
required to approach that setting are strikingly different from the ones employed here. We hope to cover
this case elsewhere.

1. STATEMENT OF THE MAIN RESULTS

Let Ag and Ay := Ag, ; denote the ring of Q-adeles and finite Q-adeéles, respectively. Write 7= L, Z,
for the profinite completion of the ring of integers, and @D := Op ®7 7. Besides, fix once and for all an
isomorphism ¥ : Bp ®g R = My (R), under which the group of units of norm 1 in B 7 acts as conformal
transformations on the complex upper half plane H := {z € C : Imm(2z) > 0}. Similarly, the group of units
B} acts naturally by linear fractional transformations on H* := P!(C) — P}(R) = C — R.

For any compact open subgroup U C @B, consider the topological space of double cosets

Xy = Bj\ (H* x (Bp ®g As)*/U),

where B} acts simultaneously on the left on both #* and (Bp ®g A;)*, and U acts on the right on
(Bp ®g Ay)*: that is, for 2 € HE, 8= (B,)s € (Bp ®g Af)*, b€ BS and u = (ug), € U,

b-(z,8) - u= (bz,b8u) = (bz, (bByuo)v)-

After the work of Shimura and Deligne (see, for example, [Shi63], [Shi67, Del71l, Mil04]), Xy admits a
canonical model which is an algebraic curve over Q. We still denote this Shimura curve by Xy, which
need not be geometrically connected. Indeed, the connected components of Xy xg C are indexed by the
double coset space (see [Mil04, Lemmas 5.12, 5.13])

(1) Coo(U) := B \ (Bp @g Ap) ™ /U.

Write n : Bp — Q for the reduced norm on Bp and, by slight abuse of notation, denote also by n the
reduced norm induced on the local quaternion algebras Bp , := Bp ®q Q,, where v is place of Q, and
on the adelisation Bp ®g A¢. Since Bp is indefinite, the reduced norm induces an isomorphism

(2) Coc(U) = By .\ (Bp ®g Ap)™ /U = Q7 \ AF /n(U) = 2% /n(U),

which allows us to identify Co(U) with the finite set Z* /n(U).

For 8 € (Bp ®qg Ay)*, the stabiliser of the corresponding double coset with respect to the action of
Bgﬂ_ on the left is easily seen to be I'g := Bgﬂ_ N BUB~L. By using the isomorphism ¥, the groups I's
should be regarded as cocompact subgroups of GLa(R), and the quotients I's \ H are connected compact
Riemann surfaces (we can even consider the image of I's in PGLy(R)). Letting S vary over a set of
representatives in Co(U), one has

XU XQ(C ~ |_|F5\H
(8]

When taking U = OFf, the curve Xp := X@E /Q is the usual Shimura curve associated with the
indefinite rational quaternion algebra Bp, which is the coarse moduli scheme over Q classifying abelian
surfaces with quaternionic multiplication (QM) by Op, also called fake elliptic curves. That is to say,
pairs (A,¢) where A is an abelian surface and ¢ : Op < End(A) is a monomorphism of rings (see
[Shi63l, [Shi67]). The curve Xp is projective and smooth, and it depends neither on the choice of Op nor
of U, which are unique up to conjugation. In this case, Xp/Q is geometrically connected, and Xp(C)
is identified with the compact Riemann surface ¥(O}) \ H, where O} is the group of units in Op of
reduced norm 1.

In general, as U varies, the algebraic curves Xy form a projective system indexed by the compact
open subgroups U of (Bp ®g As)*, as there is a natural projection Xy — Xy whenever U’ C U.
This projective system is endowed with a natural action of (Bp ®q Af)*: if b € (Bp ®g Ay)*, right
multiplication by b induces an isomorphism of algebraic curves

(3) pu(b) : Xu — Xp-1us.
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Notice that if b € Norm(p,,gqa,)x (U), then the isomorphism py(b) is actually an automorphism of Xy .
This leads to the definition of the so-called group of modular automorphisms of the Shimura curve Xy,
namely the group Aut™(Xy) := Norm(p,gqa,)x (U)/Q*U.

Let us fix for the rest of this note a prime £ > 3 dividing D. Associated with ¢, we define a compact
open subgroup Up C @g in the following way. For all primes ¢ # ¢, set Up 4 := Og’q, whereas for the
prime ¢ set Up e =14+ 1, C C’)B’e, where Iy € Op is the unique maximal ideal of Op ¢, consisting
of the non-invertible elements (that is, I, is the unique two-sided Op g-ideal of reduced norm ¢Z;). We
emphasise that Up is maximal outside ¢, thus we are only adding a certain level structure at £.

We denote the canonical model over QQ of the Shimura curve associated to Up by Xp,. As Xp,
this curve has also a moduli interpretation. Namely, it is the coarse moduli scheme over Q for triplets
(A, 1, xy), where (A, 1) is an abelian surface with QM by Op and z; is a generator of the canonical torsion
subgroup of (A,¢) at the prime ¢, regarded as an Op-module (see [Jor81l, p. 110], [Sko05, Section 2]).
However, the curve Xp ¢ is not geometrically connected. Indeed, Xp ¢ xqQ(p¢) decomposes as a disjoint
union of £ — 1 isomorphic geometrically connected components, defined over Q(u) and conjugated by the
action of Gal (Q(u¢)/Q), where Q(u¢) denotes the ¢-th cyclotomic field (cf. [dVPI3] or Section [2] below).

The inclusion Up C @g induces a natural finite flat morphism Xp, — Xp defined over QQ, which is
a cyclic Galois covering with Galois group isomorphic to (cf. [dVP13] and Section [2| below)

O} {1 Up ~ OF J{AEIYA + 1) ~ F /{£1}.

In particular, for every positive divisor d of (¢2 — 1)/2, there is a unique intermediate cyclic Galois
covering Yy — Xp of degree d. Namely, the curve Yy is the Shimura curve corresponding to the unique
intermediate compact open subgroup Up C U; C @E of index d in (/D\E, or, equivalently, to the unique
subgroup Hy C F 5 of index d.

In [dVP13], we studied the geometry of these coverings and the group of modular automorphisms of the
Shimura curves Yy, which are described as a semidirect product of the group of covering automorphisms
of Y; — Xp with the group of lifted Atkin-Lehner involutions from Xp to Yy (ibid.). In particular,
if w,, denotes the Atkin-Lehner involution on X p attached to a positive divisor m of D and @, is the
corresponding lifted involution on Yy, then we have an induced covering

Y™ = Yo (@) — XU = X/ (wm).

The purpose of this note is to study the existence of local points at primes p dividing D/¢ on the
curves Yy and their Atkin-Lehner quotients. Curves Y; have bad reduction at these primes, and we
therefore require the theory of Cherednik and Drinfeld on the p-adic uniformisation of Shimura curves to
describe the formal completion along the closed fibre of the Z,-integral models of the curves Yy xg Q,
as quotients of Drinfeld’s p-adic upper half plane in the category of formal schemes. After a brief review
of the geometry and the arithmetic of the covering Xp, — Xp and its intermediate curves in Section
we devote Section [3[to present this theory, following mainly [BC91] and with special emphasis on the
algebraisation of these formal schemes.

In order to state the main results of this paper, to be proved in Sections[4 and [} fix a positive divisor
d of (¢ —1)/2 and consider the corresponding curve Y;/Q as before. Write ¢4 := (¢2 — 1)/d for the
order of Hy. Even in the cases where Y is not geometrically connected, so that its geometric connected
components are defined over a non-trivial cyclic extension of Q (cf. Section below), it may be the
case that the geometric connected components of Yy xg Q, are defined over Q,. When this happens, we
say that Yy decomposes completely over QQ,. If this does not occur, one can prove the non-existence of
rational points over Q, (and in fact, over infinitely many extensions K/Q,) on Yy by elementary Galois-
theoretic arguments. We refer the reader to Section for the details. In contrast, when Y; decomposes
completely over Q,, we need to invoke Cherednik-Drinfeld theory to describe a Z,-integral model Yy
of Yq xg Q, as a finite disjoint union of quadratic twists of Mumford curves. Namely, if coo(d) is the
number of geometric connected components of Yy, there is a discrete cocompact subgroup I'y € GL2(Q))
(obtained from the definite quaternion algebra whose local invariants at p and oo are the opposite from
those of Bp) such that

Coo (d

)
(4) yd = |_| yf‘d7
=1
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where Yr,/Z, is a quadratic twist of the Mumford CUI‘V€E| Mr, . /7, associated with an index two
subgroup I'y 4 of I'y.

In particular, Yp, is an admissible curve over Z, in the sense of [JL85, Definition 3.1}, and the
existence of Q,-rational points on Yr, (hence on Yy) can be tackled via Hensel’s lemma by studying the
combinatorics of its dual graph. In Section [4] we prove the following statement (cf. Proposition and

Corollary |4.20)):

Theorem 1.1. Assume Yy decomposes completely over Q,. Let K/Q, be a finite extension, and write
fr = f(K/Qyp), ex :=e(K/Q,). Then:
a) If fx is even, then Yy(K) # 0.
b) If fx is odd and ek is even, then Ya(K) # 0 if and only if any of the following conditions holds:
i) Q(v/—p) splits Bp, and 4 | tq,
i) p=2,4]|te, Q1) splits Bp,, and Hy contains a root of 22 +22+2=0, or
iii) p=3, 6| ta, Q(v/=3) splits Bp,, and Hy contains a root of x* + 3z + 3 = 0.
c) If both fx and ex are odd, then Yy(K) # 0 if and only if p = 2, every prime dividing D/2 is
congruent to 3 mod 4 (in particular, ¢ =3 mod 4), 4 | t4 and either Q(v/—2) splits Bpp or Hg
contains a root of x> + 2z + 2.

Combining this result with the work of Jordan and Livné in [JL85], we can find examples where
Xp(K) # 0 but Y4(K) =0 (cf. Corollaries and below).

After proving the previous theorem, in Section [5| we focus on the existence of QQ,-rational points on
the Atkin-Lehner quotients of the curves Y. Suppose that Y;(Q,) is empty (as otherwise Q,-rational
points obviously exist in every Atkin-Lehner quotient of Yy), and choose a positive divisor m of D.
Similarly as above, if Y; does not decompose completely over Q, or w,, does not act trivially on the set
of geometric connected components of Yy, then one can easily predict the emptiness of Yd(m)((@p) in most
of the cases. Thus we may assume that Y; decomposes completely over Q,,, and further that w,, acts as
an involution on each geometric connected component of Y;. Notice that this is clearly the case if Yy is
already geometrically connected.

In this setting, a Z,-integral model of Yd(m) is given from as the union of ¢ (d) copies of the
quotient of Vr, by the action induced by @w,,. In this way, the existence of Q,-rational points on Yd(m)
can be characterised by studying the action of &, on the dual graphs of the Z,-admissible curve Yr,.

When m = p, the quotient of Yr, by w, is isomorphic to the (untwisted) Mumford curve Mr,/Z,
associated with I'g, and by studying the dual graph of this curve we deduce the criterion for the existence
of Q,-rational points on Yd(p ) (cf. Section :

Theorem 1.2. Assume Y, decomposes completely over Q,. Then the set Yd(p) (Qyp) is not empty if and
only if any of the following conditions holds:

i) Q(v/~1) splits Bp, and 4 | ta,
ii) Q(v/—3) splits Bp, and 6 | tq,
111) Q(\/jp) splz'ts BD/p and 4 | td,

In contrast, when m # p the criterion for the existence of QQ,-rational points on the curve Yd(m) is
deduced in Sections [5.9] and [5.4] by studying the action of the lifted Atkin-Lehner involutions induced on
the dual graph of Yr,. The next result summarises Theorems and

Theorem 1.3. Assume Yy decomposes completely over Q, and Y4(Q,) = 0. Let m > 1 be a positive
divisor of D/p and assume @, acts trivially on the set of geometric connected components of Yy. Then:

1) Yd(m)((@p) is not empty if and only if any of the following conditions holds:
i) BD/p ~ (—m, —p)g, and either
a) 4|ta, or
b) p=3,¢|m, 6|ty and Hy contains a root of 2*> + 3z + 3 = 0.
ii) Bp/p ~ (—mp,—1)g and 4| tq.
2) Yd(pm) (Qp) is not empty if and only if any of the following conditions holds:
i) Q(v/—m) splits Bp,, and either
a) £|m ord|ty, or

1Strictly speaking, if the image of I'q  in PGL2(Qy) is not a Schottky subgroup, then Mr, n is not a Mumford curve,

but rather a quotient of a Mumford curve by a finite group. Some authors use the term Mumford quotient instead.
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b) m =3, 6 |ty and s3Hy contains a root of x> + 3x + 3 = 0, where s3 € Fzﬁ s a square
root of 3 mod /.
i) m =2, 4| tg, Q(v/—1) splits Bp/p and syHgy contains a root of 22 +2x + 2 = 0, where
sy € F)5 is a square root of 2 mod £.

We have not tackled in this note the existence of Q,-rational points on the intermediate curves Yy of
the covering Xp ¢ — Xp and their Atkin-Lehner quotients when p = ¢. The main difference with the
case p # £ is that one needs to apply Cherednik-Drinfeld theory for Shimura curves with level structure at
p (that is to say, the subgroups U C 5E to be considered are not maximal at p anymore), which requires
to replace Drinfeld’s p-adic upper half plane by certain étale Galois coverings of it (cf. [BC91l I11.5.7],
[Dri76], or also [Te90]). We content here to mention that using the work of Teitelbaum in [Te90] it can
be shown that the curves Y fail to have QQy-rational points very frequently. More details will appear in
[dVP].

2. SHIMURA COVERINGS OF Xp
As in the Introduction, we fix once and for all a prime £ > 3 dividing D and consider the cyclic Galois
covering of Shimura curves Xp, — Xp. The group of covering automorphisms of Xp, — Xp is
isomorphic to the quotient OF /{£1}Up, which in turn is isomorphic to OF ,/{£1}(1 + I,) because Up
is locally maximal outside ¢. As in [Jor81l p. 4], one can regard Op , as a matrix subring of My(Z2),

x
ODJ = {( Vi g ) 1T,y € ZZQ} g MQ(ZP)a
where z — Z denotes the non-trivial automorphism in Gal (Q,2/Q,), hence we may fix an isomorphism

() 0105, /(L+ 1) = Fj

by setting

T

() :=xmod lZp € F; if = ( e

Therefore, ¢ provides an automorphism between the groups A := Aut(Xp ,/Xp) and F;/{£1}. Fur-
thermore, notice that if v € OF , and ¢(y(1+4 I;)) = x € F;, then

Q=

(6) n(y) mod ¢Z; = NF; JEX (z).

Besides, the group of modular automorphisms Aut™®%(Xp /) is recovered from Aut™*%(Xp) ~ Wp
and A. Indeed, the Atkin-Lehner involutions w,, € Wp can be lifted to involutions &, on Xp ¢, and
they fit again into a group Wp ~ C3". The group Aut™*?(Xp () is then a semidirect (and not direct)
product of the groups A and Wp ¢ (see [dVP13| Theorem 1.2] for further details).

2.1. Intermediate curves: geometry. The intermediate curves appearing in the covering Xp , =+ Xp
arise as the Shimura curves Xy associated with the intermediate subgroups Up C U C @B Since Up
is maximal outside ¢, the curves Xy actually arise when varying U, through the subgroups of OB%
containing 1 + I,. If one of these subgroups does not contain —1, then the subgroup {+1}U, gives rise
to the same Shimura curve, thus we can restrict ourselves to those subgroups U, of OIXM containing
{£1}(1 4+ I;). In turn, these subgroups are in one to one correspondence with the (cyclic) subgroups Oy
of A: the curve Xy defined by U, is the quotient of X , by the action of the subgroup of automorphisms
Op C A, the degree of Xy — Xp is equal to the index [A : ©p], and the group of covering automorphisms
of Xy — Xp is isomorphic to Ay := A/Oy.

Using the identification A ~ ]FZ2 /{£1}, we see the above subgroups U, in correspondence with the
cyclic subgroups H of IFZ; containing {£1}. Then, the degree of Xy — Xp equals the index of H in IE‘ZQ.
For simplicity, let us fix the following notation. For every positive divisor d of (¢2 — 1)/2, we put:

Y;/Q : the unique intermediate curve with deg(Yy; — Xp) = d;

Hy : the unique (cyclic) subgroup of F; with [F}; : Hq] = d;

tq == [Hy| = (¢* — 1)/d;

Uy : the compact open subgroup Uy C (51X) defining Yy, with —1 € Uy g;
Coo(d) := Csxo(Uyg), the set of geometric connected components of Yg;

Coo(d) := |COO(d)|~
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From and (2), the integer c.o(d) equals the cardinality of 7% /n(Uy). After and (6)),

(7) coo(d) = [F; : N(Hg)] = (¢ —1)/|N(Ha)l,

where N = NFEXZ/]F; : IFZXQ — F is the norm map. The kernel of N is F%Q ={z € Feé st =1}, the
unique subgroup of order £+ 1 in F};, hence

(8) IN(Ha)| = |Ha/(Hi NFp)| = ta/ged(ta, £+ 1).

Therefore, the number ¢ (d) of geometric connected components of Yy can be easily computed solely in
terms of d and ¢. Indeed:

Lemma 2.1. With the above notations,
(9) Coo(d) = ged(€ —1,d).
In particular:

a) Coo(d) =1 4f and only if d is an odd divisor of £+ 1;

b) coo(d) =2 if and only if d is an even divisor of 2(£ + 1) and either £ =3 (mod 4) or 4 1d;
¢) coo(d) is even if and only if d is even, or equivalently, if and only if N(Hg) C F2.

Proof. The equality @D follows by direct computation from @ and . And then the three remaining
assertions are immediate, except probably the second part of (c). But notice that (7) tells us that coo(d)
is even if and only if N(Hy) is contained in the unique subgroup of F,* of index 2, which is precisely the
subgroup FZ“ of quadratic residues modulo /. O

Considering the action of the lifted Atkin-Lehner involutions @,, on Xp ¢, as well as the induced
involutions on the curves Yy, we have commutative diagrams

XD,e Yd XD
ngy y(m xim,

where the superscript (m) means quotient by @,, (or wy,, in the case of Xp), and the vertical arrows are
the natural quotient maps.

Identifying the set of geometric connected components of Xp , with F,*, we know (see [dVP13]) that
the action of w,, on it is by multiplication by

n if £1m,
(10 o ={ Ty o1
1) e im

If we consider an intermediate curve Yy, the action of the induced involution @, on its set of geometric
connected components is by multiplication by e4(m) := e(m) mod N(Hg) on F;/N(Hg). Thus eq(m)
is non-trivial if and only if e(m) = —1 and —1 ¢ N(H,). Regarding the last condition:

Lemma 2.2. With the above notations, —1 € N(Hy) if and only if ords(d) < orda(¢ — 1).

Proof. Since —1 € F/ is the unique element of order 2 and F is cyclic, we have that —1 € N(Hj) if and
only if |[N(Hy)| is even. On the other hand, combining and ([9) we have that

-1
ged(£ —1,d)’
hence it is clear that |N(Hy)| is even if and only if ords(d) < orda(¢ — 1), thus the statement follows. O

IN(Hqg)| =

After this lemma, we can easily determine whether a lifted Atkin-Lehner involution w,, acts trivially
on the set of geometric connected components of an intermediate curve Yy or not. In particular, we

can compute the number of geometric connected components of Yd(m)7 which is either coo(d) or coo(d)/2,
respectively. For example, by combining Lemmas and

Lemma 2.3. The curve Yd(m) is geometrically connected if and only if either

i) d is an odd divisor of £+ 1, or
ii) d is an even divisor of 2(£ + 1), e(m) = —1 and £ =3 (mod 4).
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2.2. Intermediate curves: arithmetic. Although the Shimura curve Xp ; is defined over Q, its geo-
metric connected components are only defined over the ¢-th cyclotomic extension Q(u,). Indeed, the
choice of a model over Q for Xp ; induces an action of Aut(C) on Xp ¢(C), which is compatible with the
action of Aut(C) through its quotient Gal (Q*/Q) ~ Z* on the set

CooUp) =~ 2 /n(Up) ~ T}
under the map
Xpu(C) = By, \ (H x (Bp @ Af)* /Up) — Cos(Up) ~ 7> /n(Up)

given by [z,b] — [n(b)]. The open subgroup U, C Z* ~ Gal (Q*/Q) fixing the class [n(c)] corresponding
to a component ¢ € Coo (Up) is

Ue = [[ 27 x 1+ zy),
q#L
thus the number field contained in Q® fixed by the action of U, is Q(su¢), the ¢-th cyclotomic field. It
follows that the £—1 geometric connected components of X p , x Q are defined over Q(u), and conjugated
by the action of Gal (Q(u¢)/Q). Hence we can write

(11) Xpe xq Q(pe) ~ L] (XDe)s
0€Gal (Q(ue)/Q)

where X7, ,/Q(p) is a geometrically connected curve, and the isomorphism is over Q(s).

Analogously, the field of definition of the geometric connected components of an intermediate curve
Y, is determined in the same way. Replacing Xp , by Yy and Co(Up) by Cso(d), the open subgroup
Us CZ* ~ Gal (Q**/Q) fixing the class [n(c')] € Z* /n(Uy) of a component ¢’ € Coo(d) is now

UC/ = HZ; X H(Udj).
q#t

Using again the relationship between the reduced norm n on subgroups of (’)g’ , containing {£1}(1 + Iy)
and the norm map N on subgroups of F, given by @, we see that the subfield of Q fixed by the action
of Uy is the subextension Q C K; C Q(u¢) corresponding, by Galois theory, to the unique subgroup
Gq of Gal (Q(u)/Q) ~ F of index coo(d). In particular, Gal (K4/Q) ~ Gal (Q(u¢)/Q)/Gq is cyclic of
order coo(d), thus [Kg : Q] = coo(d). Similarly as before, we obtain that the co(d) geometric connected
components of Yy are now defined over Ky, and Gal (K4/Q) acts freely and transitively on Coo(d). Thus
we have a decomposition

(12) Yy xq Kq =~ |_| Y3
o€Gal (Kq/Q)

over K4, where now Ydo is a geometrically connected curve defined over K.

Now fix a prime p dividing D, p # £. We consider the curve Xp xg Q, over Q, obtained from Xp
through extension of scalars from Q to QQ,,, and also the curve Xp ; xgQ, obtained in the same way from
Xp,e. Let us describe how the curve Xp ¢ xg Q) and its quotients decompose as a union of geometrically
connected curves over unramified extensions of QQp; this description motivates the p-adic uniformisation
of the curves Xp , and Yy that we will work out later.

The curve Xp ¢ Xg Q, still has £ — 1 geometric connected components, and they are defined over
Qp(pe). Since p # £, the ¢-th cyclotomic extension Q,(ue) of @, is unramified, and the ¢-th cyclotomic
character x, : Gal (Qp(e)/Qp) — F, maps the Frobenius automorphism to the inverse class of p mod .
It follows that [Qp(ue) : Qp] equals the order of p mod £ in F.

For each integer f > 1, let us denote by Q,s the unique unramified extension of @@, of degree f. Recall
that Qs is the cyclotomic extension Qp(u,s_1) obtained by adjoining to Q, the (p? — 1)-th roots of
unity. Hence, if we set f to be the order of p mod ¢ in F;, then Q,(x¢) = Q¢ is the unique unramified
extension of degree f of Q,. Since f divides £ — 1, let us write £ — 1 = fc, where c is a positive integer.

The geometric interpretation is the following. After extending scalars from Q to Q,, the geomet-
ric connected components of Xp ¢ Xg Q, are defined over Q,s. If ¢ > 1, then the Galois action of
Gal (Q,s/Qp) ~ Z/ fZ is not transitive in the set of geometric connected components of Xp ¢ xq Q,, but
it defines ¢ = (¢ — 1)/ f Galois orbits instead, each of them having f components. Each of the geometric
components of Xp , Xg Qp is then isomorphic to

X%,z XQ(ue) Qp(pe) = X%,e XQ(ue) Qps
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where X%l /Q(pe) is as above, hence the p-adic counterpart of can be written as

Xpe XqQ pr =~ |_| |_| J(X%x XQ(pe) pr)-
i=1 o€Gal(Q,s/Qy)

Now we look at the intermediate curve Yy xq Q) in the covering Xp  xqQ, — Xp XgQ,. The field of
definition K4Q, of the geometric connected components of this curve is a subfield of Q,(j¢) = Q,r, thus
it is an unramified extension of @, contained in Q,s. Therefore, we can write K4Q, = Q,s, for some
positive integer f; dividing f. In order to determine the integer fy, observe that the ¢-th cyclotomic
character induces, by passage to the quotient, a character Gal(Q,s,/Qp) — F;/N(Hg). Similarly as
before, the integer fq = [Q,s, : Q] is the order of p mod ¢ in F;' /N (Hy). In particular, fq divides co(d).
Equivalently, f; is the smallest positive integer such that p/¢ mod ¢ € N(Hy). Writing co (d) = ¢,(d) fa,
we eventually find the p-adic counterpart of :

cp(d)

Yd XQ prd ~ |_| |_| U(Ydo de prd).

=1 0€Gal(Q,y, /Qp)

3. CHEREDNIK-DRINFELD THEORY

In this section we review the Theorem of Cherednik and Drinfeld on the p-adic uniformisation of
Shimura curves at primes p of bad reduction, assuming that there is no level structure at p. Especially in
Section we have followed the exposition in [BC91]. By extending the moduli problems for Shimura
curves Xy to moduli problems in the category of Z-schemes, curves X;; admit a proper, flat, integral
(but not smooth) model over Z. We denote by Xy7/Z, the base change from Z to Z,, of these Z-schemes,
so that Xy is a Z,-integral model of the Shimura curve Xy;. In particular, we write Xp, Xp , and Yy for
the Z,-integral models thus obtained for the curves Xp, Xp , and Yy, respectively.

3.1. Statement of the Theorem of Cherednik and Drinfeld. Let p be a prime dividing D, and
assume we are given a compact open subgroup U C @E of the form USUP, where Ug = Og’p and
UP C Il 2, Op, (ie. U is maximal at p). Let also Bp, be the definite rational quaternion algebra
of reduced discriminant D/p. One can think of Bp/, as obtained from Bp by interchanging the local
invariants at the primes p and co. We fix an isomorphism

(13) (Bp @g A})* = (Bpy, ®g A%)*,

obtained from an anti-isomorphism Bp ®q A’; — Bp/p ®q A’} composed by the inversion. Having fixed
this isomorphism, by a slight abuse of notation the image of an element b” = (b}),., € (Bp ®q A})*
will be written as (b7) ™" = ((08)")up € (Bpyp ®g A%)*. In particular, UP C (Bp ®g A%})* can also be
regarded as a subgroup of (Bp,, ®q A?)X, so that we can compare the actions of UP by multiplication on
(Bp ®g A%)* and (Bp/, ®g A%)*: right multiplication by u € UP on (Bp ®gA’})* corresponds with left
multiplication by u~! on (Bp/p®qA’)*. We also fix an isomorphism Bg/p)p = (Bp/p®qQp)* ~ GL2(Qp)
by identifying the local quaternion algebra Bp/,, with M2(Q,). Then GL2(Q,) acts naturally on the
left on the collection of double cosets

Iy = Up \ (BD/p ®Q Af)X/Bg/p.
This action has only finitely many orbits, thus the set
Cp(U) = GLa(Qp) \ Zu = U”\ (Bpp ®q A})*/B},

is finite. The integer ¢,(U) := |C,(U)]| is closely related to the number ¢ (U) := |Coo(U)]| of geometric
connected components of the Shimura curve X;;. Indeed, the reduced norm induces now an isomorphism

GLy(Qp) \ Zu = UP \ (Bpy, ®q A}) /B, — n(UP) \ (A))*/Q>°,
and using (A%)* = Q>%(ZP)* and Q™0 N (ZP)* = (p) = {p® : a € Z} we identify the right hand side with
n(UP)\ (2°)*/(p).

But now observe that the maximality condition at p implies n(U,) = Z, , so that we have

n(U?)\ (2°)* = n(U)\ Z* = Coe ()
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Regarding (p) as a subgroup of (Z”)*, we therefore identify C,(U) with the quotient of Coo (U) modulo
(p)/(m(UP) N (p)). The latter is a finite cyclic group, and its order is the smallest positive integer f,(U)
such that p»(Y) € n(UP) N Q>°. In particular, we have a natural projection map Co,(U) — C,(U) and

(14) coo(U) = ¢, (U) f(U).

Geometrically, the ¢ (U) connected components of Xy xg Q) are classified into ¢,(U) distinct classes,
each of them having f,(U) connected components. Two geometric connected components ¢, ¢’ € Coo(U)
belong to the same p-class if ¢ and ¢’ have the same image in Cp,(U).

Finally, we remark that for UP small enough, the collections of double cosets Zy form a projective
system, as UP varies, on which (Bp,, ®q A’;)X acts naturally by multiplication on the left: if b €
(Bp/p ®q A%)*, multiplication on the left by b induces an isomorphism (compare this with @)

AU(b) y — ZbUb*I .

Theorem 3.1 (Cherednik-Drinfeld). For every UP small enough, and with U = USUP as before, one has
an isomorphism of formal Z,-schemes

(15) Xy ~ GL2(Q,) \ [H,BZ x Zy],

where /’?U is the formal completion of Xy along its closed fiber. This isomorphism is compatible with the
natural projections as UP wvaries, and also with the action of (Bp ®q A})* =~ (Bpy, ®g A%)* on both
sides. It also lifts to an isomorphism between the special formal Op ,-modules associated with the two
formal schemes.

We refer the reader to [BC91l [Dri76] for a proof of this theorem.

Remark 3.2. The group GL2(Q,) acts on ﬁp@@;f through the natural action on ’;qp and through

~ —val,(det ~ ~ _ _
g Fr, valp(deta) on Zy', where Fry, : Z¥ — 7" is the lift of the Frobenius automorphism Fr;, : F;, — [,

to a Zy-automorphism. This action is defined over Z,. Similarly, the right action of an element b, € B, ,

on /?U induced by the isomorphism
pU(l,...,l,bp,L...):XU — Xy

N ~ —val,(n(b

is translated under to the right hand side to the action on Z," through b, — Fr, valn(n€ p)).
Remark 3.3. The compatibility of the isomorphism with the right action of (Bp Qg A?)X on the
left hand side and the left action of (Bp,, ®q Af;) * on the right hand side requires to compare these two
actions by using the anti-isomorphism in . We elaborate more on this in paragraph below.

Remark 3.4. The special formal Op ,-module associated with /'?U is the formal completion of the
universal abelian variety given by the moduli problem associated with U, whereas the special formal
Op p-module associated to the right hand side of the isomorphism in the theorem arises from the moduli

description of ﬁp(}%i;r.

3.2. Algebraisation: decomposing Xy as a union of Mumford curves. Even though is an
isomorphism of formal Z,-schemes, the left hand side is the completion of an algebraic Z,-scheme along
its closed fibre, hence it is obviously algebraisable. As a consequence, the right hand side of is
algebraisable as well, and a closer analysis will allow us to obtain an algebraisation. For every subgroup
G C GL2(Qp), we write ZG := G N Q, and denote by G’ := G /ZG the image of G in PGL2(Q,).

First of all, choose representatives b; € (Bp/, ®q Ay)* for the distinct p-classes in C,(U) such that
bip=11i=1,...,¢,(U). For each i, the stabilisers

T := Stabar,(g,) () = {9 € GL2(Qy) : g, - b € UPB; B, } = Bjy , Nb; UPD;

are discrete and cocompact subgroups of GL2(Q,), and it is easy to check that they are conjugated one
to each other. Further, they contain some power of p € Q) C GL2(Q,). We assume throughout that the

groups I'; are closed under the canonical involution b — b induced from Bp /p- 1t is enough to assume
this for one of the I';’s, for example for I' :=1"; = Bg p 0 UP, and this amounts to assuming UP = UP.
Then the natural projection map

(16) pr: GLa(Qp) \ [Hp®ZL x Zuy] — Cp(U) = {[bu], - - -, [be, 0]}
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induces a decomposition into p-classes
cp(U) cp(U)
(17) GLy(Qy) \ [H, 82y x Zuy] = |_| pr ([b; |_| i\ (H,82y),

and using that the I'; are conjugated one to each other we conclude that each p-class is isomorphic to
(18) I\ (H,RZ1).

Now define k = k(I") > 1 to be the positive integer such that val,(ZT') = kZ. Equivalently, since every
element in ZT' = T'NQ* is of the form p" for some integer r, k is the smallest positive integer such that
pk € I'. Similarly, define f = f(I') as the positive integer such that val,(n(T')) = fZ. In other words, f
is the smallest positive integer such that there is an element v € I' with val,(n(y)) = f.

Lemma 3.5. With notations as before, n(I') = n(UP) NQ>°. In particular, f(T') = f,(U) (cf. (14)).

Proof. The inclusion n(I') € n(UP) N Q>? is clear, because Bg/p is definite. So let ¢t € n(U?) N Q~°,
regarded in A%, and choose u € UP with n(u) = ¢. Since n(B[X)/p) = Q7Y we can choose b € Bg/p
with n(b) = t. Therefore, bu™' € (Bp,, ® A%)* has reduced norm 1. By the Eichler-Kneser strong
approximation theorem (see [Vig80, Ch. III, Théoreme 4.3]), there are elements b, € BD/p, up € UP,
both of norm 1, such that bu~! = bju;. Therefore, bl_lb = uju holds in UP N Bg/p = I" and both sides of

the equality have norm ¢. This shows the inclusion n(T') 2 n(U?) N Q>?, thus the first part of the lemma
follows. The second part is now a direct consequence of the definitions of f(I') and f,(U). O

Since I is closed under conjugation, we have n(I') C I' N Q* = ZT, hence val,(n(I')) C val,(ZI'). As
a consequence fZ C kZ, so that k divides f. Further, from ZI' C I" we deduce 2kZ = val,(det(ZTI")) C
val,(n(I')) = fZ, hence f divides 2k and we must have either f =k or f = 2k. Write
Iy :={y el :val,(n(y)) € 2kZ}, W :.=T/I;.

If f =2k, then I'y =T and W is trivial, whereas if f = k, then I' ;. has index 2 in I'y and W is cyclic of
order two, with its non-trivial element represented by any w € I' such that val,(n(w)) = f = k.

Proposition 3.6. Let Xr be the formal Z,-scheme corresponding to the formal quotient , and let
Mr, /Z, be the Mumford curve associated with I, whose formal completion along the closed fibre is the

formal quotient T4 \ﬁp. Then /\A,’F is the formal completion along the closed fibre of a projective scheme
Xr/Z, such that:

a) if f =2k, then

XI‘ Xpr =~ |_| MF+ XZ prv
i=1
the f copies of Mr, Xz, Z,s being conjugated by the action of Gal (Q,s/Qyp);
b) if f =k, then

f
XF X Z |_| ./\/lI‘Jr XZ )fa
where now the superscript & means that /\/lp+ Xz, Lps 1s twisted by the 1-cocycle

~ f .
&: Gal (szf/pr) — Aut(/\/lp+ X7, szf/szf), FI'p — w X id,

the f copies of this curve being conjugated by the action of Gal(Q,s/Qy).

Proof. By construction, ﬁ,@igr is the extension of scalars of the formal Z,-scheme 7—Alp to Z;r, thus we
can endow it with its natural Weil descent datum «. Since p* is the smallest power of p in ZI', and ZI'
acts trivially on H,,

T\ (H,®ZY) ~ T'\ (ZD \ (Hp@ZY)) ~ T'\ (Hp®Zyer) ~ T\ (Hp@Z,2x).

In other words, a?* is effective, and as a consequence of étale descent, « is effective as well. Therefore,
we may regard as an algebraisable formal scheme over Z,, thus it is the formal completion of a
projective scheme A1 /Z, along its special fibre.

From the above observation, using that I acts trivially on Z,2x we have therefore an isomorphism

X ®Zppr = W\ (Ty \ Hp) DLyt )| DZ o



LOCAL POINTS ON SHIMURA COVERINGS AT BAD REDUCTION PRIMES 11

Now the formal quotient ' \'qu is algebraisable (see [Mum72, [Kur79]) by a geometrically connected
projective scheme My of relative dimension one over Z,, (a finite quotient of) a Mumford curve. By
a slight abuse of notation, we call Mr, the Mumford curve associated with I'y.. If f = 2k, then W is
trivial, thus the base change to Zpzx of the Z,-scheme Mr, xgz, Z,2x is isomorphic to f = 2k copies of
Mr, Xz, Zy2x (now as a Z,2x-scheme) conjugated by Galois, hence item a) follows.

In contrast, when f = k we find that the formal Z,-scheme

WA (T4 \ Hp)BZ,2r),

hence é’?p, is algebraisable by the quadratic twist (Mr, xz, pr)E as in the statement, regarded as a
scheme over Z,. Then Xr xz, Z,s decomposes as f copies of (Mr, xz, pr)5 (now regarded as a
Z,s-scheme), again conjugated by Galois. This completes the proof in case b). (Il

Remark 3.7. Proposition together with , gives an arithmetic meaning to the the notion of
p-classes. Namely, the curve Xy xq Qp, ~ Ay xz, Q, decomposes over Q, as a union of ¢,(U) copies
of the (not geometrically connected, in general) curve At xz, Q,. Each of these copies corresponds to a
p-class in the set C,(U), and the f geometric connected components in each p-class, conjugated by the
action of Gal (Q,s/Q,), arise only after base change to Q,;.

3.3. p-modular automorphisms. Recall that the group AutmOd(XU) of modular automorphisms of
the Shimura curve Xy /Q is defined as

Aut™Y(Xy) := Norm(p,g.a,)x (U)/Q*U C Autg(Xy).

We now describe a group of automorphisms of Xy closely related to Aut™°(Xy) that can be defined
in a similar way from the p-adic counterpart of Xy;. Indeed, we have seen above that for U small enough
there is a left action of (Bp,, ®q A?)X on the projective system Zy: every element b € (Bp/, ®q Al})x
induces an isomorphism Ay (b) : Zy — Zyyp-1. It follows that the elements in Normp,, , gqar)x (Ur)
induce automorphisms of Zy, hence automorphisms of /'?U. Actually, one has Ay (b) € AutZP(XU) for
every b € Normp,,  g,an)x (UP). On the other hand, if b € (Bp, ®g A%})*, then A\y(b) is the identity
on Xy if and only if b € UP. In view of this, we define

AutP™od(xy) = Normyp,, , @qar) < (U7)/U” € Autz, (Xy)

and call Autp'mOd(XU) the group of p-modular automorphisms of Xy .

In order to exhibit the close relation between Aut?P™°%(Xy) and Aut™(Xy), write (Bp ®g Af)* ~
(Bp ®q A})* x Bp, ,, so that (Bp ®qg A%})* is identified as a subgroup of (Bp ®g Ay)* via the natural
monomorphism x — (x,1) into the first factor. Then, by using the anti-isomorphism in 7 we can also
regard (Bp,, ®q A’})X as a subgroup of (Bp ®g Af)*.

Now let (by)vzp € Norm g, @qaz)x (UP). Then its image ((by*)vzp, 1) in (Bp ®g Af)* clearly nor-
malises U, and furthermore, ((b;!)y2p, 1) € Q*U if and only if (by)vrzp € UP (where here U? is regarded
as a subgroup in (Bp/, ®q AI;)X ). Hence, the group Autp'm‘)d(XU) of p-modular automorphisms of Xy is
naturally a subgroup of Aut™®?(Xy). As Remark points out, the modular automorphisms of Xy of
the form py (((b5)vp, 1)) correspond with the p-modular automorphisms of Xy of the form )\U((bg);;p).

As above, let I := Bg/p N UP be regarded as a subgroup of GL2(Q)), so that

Xp ~ D\ (H,RZY).
Then define
* L P
r .= NormB;/p(U ),
which can also be regarded as a subgroup of GL2(Q,). The natural inclusion of B[X)/p in (Bp/p ®q AZ})X

induces an inclusion I'* — Norm(BD/p@)QA;{)x (UP). Furthermore:

Lemma 3.8. The quotient I* /T is a subgroup of Aut?™°%(Xy), and every p-modular automorphism in
I'*/T acts trivially on the set Cp(U).

Proof. From the definitions, if v € I'*, then v € T" if and only if v € UP. Therefore, the natural inclusion
I — Norm (g, /»®QAP)* (UP) induces by passing to the quotient a monomorphism of groups

F*/F — NOYIII(BD/I)(@QA?)X(UP)/UP = AUtp_mOd(XU).

As for the second part of the statement, every element in I'* normalises I', hence its action on Xy as
a p-modular automorphism preserves the fibres of . O
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4. LOCAL POINTS ON THE CURVES Yy

We keep the notations from the previous sections. Let Xp, — Xp be the Shimura covering of Xp
at a prime divisor £ > 3 of D, d be a positive divisor of (/2 —1)/2 and Y;/Q be the unique intermediate
curve of degree d over Xp. Let also p # £ be a prime divisor of D. The goal of this section is to study
the existence of K-rational points on Yy for finite extensions K of Q,. The main tool for this purpose is
Cherednik-Drinfeld theory described in Section

4.1. p-adic uniformisation of the curves Yy. Let Xp/Z, (vesp. V4/Z,) be the Z,-integral model for
Xp (resp. Yy) as in Section [3| In particular, Xp (resp. );) is a projective, but not smooth, curve over
Z,, with generic fibre Xp xg Q, (resp. Yy xg Qp). Since Uy is maximal at p (because p # /), we can
apply the Theorem of Cherednik and Drinfeld presented in the previous section to the curve Y.

We write

Tp =09 NB}, =(Op, @2 Z1/p))* =08 and Ty:=UY By, .

regarded as subgroups of GL2(Q),) after fixing a monomorphism Bp,, — Bp/,®qQ), and an isomorphism
Bp/p ®g Qp ~ M2(Q,). Notice that T'y is naturally a subgroup of I'p. Indeed, writing

(19) vilp < O,

for the natural inclusion of I'p into O Jpos W€ clearly have I'y = v~ (Uy). By aslight abuse of notation,

X

we will often just write 'y = I'p N Ugy. Furthermore, fixing an anti-isomorphism Of, — (O /ot

compatible with (L3)), the isomorphism in (5)) gives rise to an analogous isomorphism
(20) Y:(1+I)\O5,,, — Fp,

where here we still denote by I, the unique maximal ideal of Op/, ¢, consisting of the non-invertible
elements. If vy € ijj/pe and we set z = ((1 + I;)y) € F 2, then

(21) n(y) mod ¢Z, = Npx /px (x).
YA £
Lemma 4.1. Ty is a normal subgroup of T'p, and [I'p : Tylc,(d) = d.

Proof. First of all, observe that since 1+ I, is normal in Op, , and (14 1,) \ Of, , ~ Fp; is abelian,
Uqg,e is also normal in (’)g It Now we prove that I'y is normal in I'p, which by means of the natural
inclusion v from is equivalent to proving that

v(g'yvg) € v(Ty) =v(Tp)NUgy forall g€ Tp,y €Ty
Since clearly v(g~'vg) € v(T'p), this holds if and only if v(g71yg) = v(¢7)v(7)v(g) € Uae. And this is
true because Uy ¢ is normal in Og/p »V(g) € Og/p ,and v(7y) € Ugy.

Besides, it is clear that v(I'q) C Ugy, thus composing v with the natural quotient homomorphism
(’)B/p’f — Uge \ Og/p,f we obtain a monomorphism

FD/Fd — Ud,l \ Og/p,é'

Furthermore, the quotient of Uy ¢\ O by I'p /T’y can be identified with C,(d), thus [I'p : T'4lc,(d) =
; D/p,t p p

d as claimed. Indeed, since
O\ (Bp, @q AY)* /B,
is trivial, it follows that every class in

Cp(d) = U\ (Bp,, ©0 AD)*/BY

is represented by (1,...,1,a4,1,...) for some a; € Og/p , modulo Uy . Even more, I'p acts transitively
on these classes, and the stabiliser of an arbitrary class is I'y C I'p. O

While the integers k(I'p) and f(I'p) (defined before Lemma are both equal to 1, this might not
be the case for the integers k4 := k(T'y) and f4 := f(['y), but they are easily determined:

Lemma 4.2. kg is the smallest positive integer such that p¥¢ mod £ belongs to Hy C F;Z, and fq is the
smallest positive integer such that p/¢ mod £ belongs to N(Hz) C F).
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X

D/p’
actually the smallest positive integer such that p** € U}. Further, as p € O} /p,q for all primes ¢ # p,
we deduce that pF¢ € T'y if and only if pF¢ € Uqgy. But using the isomorphism 1 from , this is
equivalent to p*¢ mod ¢ € Hy. As for the integer fy, by Lemma we know that fy is the smallest
positive integer such that pf¢ € n(UY). Since Uy is maximal outside ¢, this condition is equivalent to
saying that pfe € n(Uyy). By , this happens if and only if pf¢ € N(Hy). |

Proof. The integer kg is the smallest positive integer such that p*¢ € T'y. Since clearly p € B kq is

Remark 4.3. Plainly, the integers k; and f; are explicitly computable from ¢, p and d. Indeed, let f
be the order of p mod ¢ in F;*. Equivalently, f is the order of the cyclic group (p mod ¢) in F CF;.
Then kg is the order of the image of (p mod ¢) in F )5 /Hgy, thus

f
kg = ——— here tq := |Hy|.
d ng(f,td>7 where tq | d|
Similarly, fq is the order of the image of (p mod ¢) in F) /N (Hy), hence using and (9) we have

_ f
ged(f, [N (Ha)l)’
Notice that the notation for the integer fq = f(T'q) is coherent with the notation used in Section
Indeed, once the integers kq and f; are determined, with ¢ (d) = ¢,(d) fq, Proposition (see also

Remark [3.7)) provides the p-adic uniformisation of the curve Y; and makes more precise our digression in
Section Namely, one has a decomposition (over Z,)

tq (-1
here |N(Hg)| = - '
where |N(Hg)| ged(tg, £ +1)  ged(d —1,d)

fa

cp(d)
(22) Vi~ || Y,
=1

of Yy as a union of its p-classes, all of them isomorphic to a curve Yr,/Z,: two geometric connected
components of ), belong to the same p-class if and only if both are geometric connected components of
the same copy of Vr,. Furthermore,

(23) de XZP prd = |_| J(ygd)v

ocGal (prd /Qp)

where )Jlgd/ Zysa is geometrically connected. Moreover, ygd is isomorphic to either
a) the base change Mr, , xz, Z,s, of the Mumford curve Mr, , /Z, to Z,s,, if fa = 2ka, or
b) the quadratic Frobenius twist (Mr, , Xz, Lypsa )¢, if fq = kq, where ¢ is induced by the 1-cocycle

~ f .
Gal (szfd /prd) — Aut(./\/lrd)_*_ Xz, szfd /szfd)7 Fl“pd = wp X id,

where w,, € T'y represents the non-trivial class in W =T'y/T'q + (i.e., w, € I'y is any element with
valy(n(wp)) = fa)-
As a direct consequence, we find:

Proposition 4.4. Assume fq > 1, and let K/Q, be a finite extension. If Qura € K, then the set Ya(K)
is empty. In particular, Yq(Qp) = 0. In contrast, when Qpsa is a subfield of K:

a) if fa = ka, then Y4(K) # 0 if and only if (Mr, , xz, prd)g(K) #0.
b) if fa = 2ka, then Yq(K) # 0 if and only if (Mr, , Xz, Z,1,)(K) # 0.

Therefore, when f3 > 1 we can prove the non-existence of K-rational points on Yy for infinitely many
finite extensions K/Q, (namely, for all K/Q, not containing Q,, as a subfield), although the set Xp(K)
may be non-empty. By combining Proposition with [JL85], we can give explicit sufficient conditions
for Yy(K) = 0 and Xp(K) # 0 to hold simultaneously. Because of its simplicity, let us point out the
following particular case:

Corollary 4.5. Assume fq > 1, and let K/Q, be a finite extension of Q, whose residual degree f(K/Q,)
is even and such that Q,s, € K. Then Y4(K) =0 and Xp(K) # 0.

Proof. The assertion Yy(K) = () follows from the previous proposition, whereas the non-emptiness of
Xp(K) follows from [JL85, Theorem 5.1]. O

Focusing on the study of @p-rational points, again using the work of Jordan and Livné we find the
following:
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Corollary 4.6. Assume { =3 (mod 4) and D = 24q; - - - g, for pairwise distinct primes ¢; = 3 (mod 4),
1 <i<2r,r>0. Let d be a positive divisor of (> —1)/2. If the order of 2 in F) does not divide
Ny = (£ — 1)/ged(f — 1,d), then Yy(Q2) = 0, although Xp(Qs) # 0.

Proof. By [JL85, Theorem 5.6], the set Xp(Q2) is non-empty because every prime divisor of D/2 is
congruent to 3 modulo 4. Hence, if we set f := OrleeX (2), then we must show that Y;(Qs) is empty if f
does not divide Ny.

From and @, the integer Ny is precisely the order of N(Hg) in F;, where Hy C FZXQ is the unique
subgroup of index d in IFZXZ. From Remark it is immediate that if f does not divide Ny then f; > 1
(and conversely), hence the claim follows by applying Proposition O

As an example, for each prime ¢ = 3 (mod 4) with 7 < ¢ < 23, the positive divisors d of (£2 —1)/2
satisfying the conditions of the previous corollary are listed in Table Therefore, for every pair (£, d)
in Table [£.1] we have Y3(Q3) = 0 and Xp(Qy) # 0 for every D as in the statement of the corollary.

(ln=(*?-1)/2 positive divisors d of n with fg > 1

7 24 3,6, 12, 24

11 60 2,4,5,6, 10, 12, 15, 20, 30, 60

19 180 2,3,4,6,9, 10, 12, 15, 18, 20, 30, 36, 45, 60, 90, 180
23 264 11, 22, 33, 44, 66, 88, 132, 264

TABLE 1. Some examples of pairs (¢, d) for which Y3(Q2) = 0 but Xp(Qz) # 0.

Henceforth, we focus on the case fy = 1 (in particular, k4 = 1 as well). According to the p-adic
uniformisation of the curves Yy described above, studying the existence of K-rational points on Yy for
finite extensions K of @, amounts to studying the existence of K-rational points on the twisted Mumford
curve M%d . As we show below, this can be done very much in the same way as it is done in [JL85] for
the Shimura curve X p. The rest of this section is thus devoted to prove Theorem

Under the assumption f; = 1, from and we have an isomorphism of Z,-schemes

cp(d)
Vi~ |_| Yr,,
i=1
where the curve Yr, /Z, is isomorphic to /\/lléd,+ /Zy, the quadratic twist of the Mumford curve Mr, , /Z,
by the 1-cocycle

£:Gal(Qp2/Qp) — Aut(Mr, | X Zyp2[Zy2), Frp, — wy, xid.

In particular, Yr,/Z, is an admissible curve in the sense of [JL85, Definition 3.1], and its special fibre is
therefore described by a graph with lengths (its dual graph). If K/Q, is a finite extension, with ring of
integers Ok and residue field Fg, by virtue of Hensel’s Lemma there exists a K-rational point on Yy if
and only if the special fibre of a regular model of Vr, xz, Ok contains a smooth F-rational point. The
latter problem can be tackled by studying the combinatorics of the dual graph of Vr,.

Let us recall briefly some basic facts about admissible curves over Z,, following |[JL85 Section 3]. If
X/Z, is an admissible curve over Z,, then its dual graph with lengths will be denoted by G(X/Z,),
and F(X/Z,) will stand for the automorphism of G(X/Z,) induced by the Frobenius automorphism
Xo XF, IF‘Z, — Xo Xp, Fp, where Xy := & Xz, F, is the special fibre of X. The curve Xp, =X Xz, Ok
is again admissible, and if we set fx := f(K/Q,) and ek := e(K/Q,), then

(G(Xoy /OK), F(Xo, [Ok)) = (G(X/Z,) F(X]Z,)'%),
where for a finite graph G and an integer e > 1, G°¢ is the graph obtained by considering the same
underlying graph as G but whose length function fge : EA(G¢) — Ed(G¢) is defined by setting {g-(y) =

elg(y) for every y € EA(G®) = Ed(G). Further, if Xo, denotes a regular model of Xp, , obtained by
resolution of singularities, then

(Q(XOK/OK)v F(/’FOK/OK)) = (g(XOK/OK)v ﬁ(XOK/OK))v

where now for a finite graph G, the graph G is obtained from G by replacing every edge y of non-trivial
length in G such that § # y by a chain of /g(y) edges, and for an automorphism F' of G, we write F for
the automorphism induced by F' on g. Finally, twists of admissible curves are again admissible curves,
and the effect of twisting an admissible curve on its dual graph is described in [JL85] Proposition 3.7].
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The goal of Section below is to determine and describe the dual graph G(Yr,/Z,) of the admissible
curve Vr,. Then in Section we conclude with a proof of Theorem by translating the existence of
a smooth [Fx-rational point on the special fibre of a regular model of Vr, xz, Ok into a combinatorial
condition on G(Yr,/Z,).

4.2. Combinatorics of the dual graphs. As above, we fix a positive divisor d of (/2 — 1)/2 and the
corresponding intermediate curve Y, of the Shimura covering Xp , — Xp. Let Uy be the intermediate
subgroup Up C Uy C O defining the Shimura curve Yy (with the convention that —1 € Uy). When
describing the p-adic uniformisation of Yy, recall that we regard I'y = Uc(lp )N B} /p S A subgroup of
GL2(Q,) through a fixed embedding Bp /), < Bp/pp ~ M2(Q)). We also defined the index two subgroup

Lg4 ={yeTlq:val,(n(y)) € 2Z} C Ty,

so that the non-trivial class in Wy := I'y/T"y + is represented by an element w, € I'y with val,(n(w,)) = 1.
If 7, denotes the Bruhat-Tits tree associated with GL3(Q,), then the quotients

Ga:=Ta\Tp, Gat :=Tas\Tp

are naturally finite graphs with lengths. Since the action of Z(GL2(Q,)) = Q is trivial on T, we can
replace the groups I'y and I'y 4 by their images I'; and I'; , in PGL2(Qj), respectively.

Observe that taking d = 1 we have Y7 = Xp. In this case, I'y = @g)x =: I'p and the finite graphs
with lengths Gp := G1, Gp + = G1 4+ are described in detail in [Kur79]. Let us write £p := ¢ for the
length function on Gp and Gp, . Since we will describe the finite graph with lengths G4 from Gp, and
then we will obtain a description of G4+ from G4 in an analogous way as Gp . is described from Gp, let
us start by recalling briefly the description of Gp (see ibid. for further details).

The set of vertices of 7, is by definition

Ver(T,) = PGL2(Q,)/ PGL2(Zy) ~ By, . /Q O, s

and it is in bijection with the set of maximal orders O in Bp,, which are locally equal to Op/, at
every prime ¢ # p. If & € Ver(7,) is represented by g € Bg/p’p ~ GL2(Q,), then the maximal order
Oj corresponding to ¥ is the unique maximal order such that Oz , = Op/p, 4 = Op/, @z Zg for every
finite prime ¢ and Oz, = gOp/p g~ " The set of vertices Ver(Gp) is then I'p \ Ver(7,,), where I'p acts
naturally on Ver(7,) by conjugation using the above description in terms of maximal orders.

The cardinality of Ver(Gp) is h := h(Bp/,), the class number of Bp /p; write Ver(Gp) = {v1,...,vn},
and choose maximal orders O, := Oj, corresponding to vertices ¥; in 7T, above v;, for each i =1,..., h.
The length £p(v;) of v; is defined to be the cardinality of Stabr/ (v;) = O;/Z*. Unless D/p = 2 or 3,
it follows that {p(v;) = 1, 2, or 3. Further, deciding the number h; of vertices in Gp of length j, for
j =1,2,3, amounts to computing the number of optimal embeddings of Z[v/—1] and Z[(1++/—3)/2] into
the orders Oy, -+ ,Op. By using Eichler’s embedding theorems, it turns out (see [Kur79l p. 291]) that

(24) hg—;q];[/p(1<_q4>>, h3:% H (1(‘5)) hi =h — hy — hs.

q|D/p

Similarly as for vertices, the length ¢p(y) of an edge y € Ed(Gp) is by definition the cardinality of
Stabr: (%), where now g is any edge in T, above y. If v = o(y) is the origin of the edge y and we choose
lifts ¢ “and § = = o(y) in T, of y and v, respectively, then Stabr (7) is clearly a subgroup of Stabr (7),
thus £p(y) divides €p(v). Further, fixed v € Ver(Gp), the number of edges emanating from v having a
given length is easily computed following the table in [Kur79, Proposition 4.2].

In order to describe the graph G; from Gp, recall from Lemma that 'y is naturally a normal
subgroup of I'p. Furthermore, under our assumption that f; = kg = 1, we have p € Uy, so that
I'y =Tp NUg,e contains I'p N Z(GLQ(QP)) Z[1/p]*, hence I'y N Z(GLQ(QP)) Z[1/p]* as well. As a
consequence, since both Z[1/p]* and T'y are normal in T'p we have

I'n/Ty = Tp/Z[1/p)*)/(Ta/Z[1/p]*) ~Tp/Ta.

This implies that dg := [['p : T'y] is the degree of the natural projection map 74 : G4 — Gp (which is also
the degree of 744 : Gg+ — Gp,+). By Lemma dgep(d) = d.

However, let us remark that the natural maps 74 and 74+ might not preserve in general the lengths
of vertices and edges. Indeed, let Z be either a vertex or an edge in 7, as before, and let = (resp. z4+) be
its image in Gg (resp. Ga,+). Then the length of z (resp. of ) is defined to be

Ca(x) = | Stabry (&) (resp. Lot (w4) = | Stabr,_(#))):
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It is easily seen that this definition does not depend on the representative & in 7,. Focusing first on the
description of G4, we start by observing that the lengths £4(z) = | Stabr (Z)| and £p(74(x)) = | Stabr (Z)]
are related by

| Stabr,, (2)]
|Stabp/ (@) NI

{p(ma(z)) = | Stabr, /v (Z)|la(z) = La(z).

Under our assumption £ > 3, £p(ma(x)) = | Stabr, ()| is either 1, 2, or 3, hence

fD(ﬂ'd(,T)) if Stabp/D ((i) - Fii’

(25) falw) = {1 if Stabp, () NT} = {1}.

Lemma 4.7. Let v be a vertex in Tp,, and write v for its image in Ggq.
a) If {p(ma(v)) =1, then £4(v) =
b) If {p(ma(v)) =2, then £4(v) = 2 if and only if 4 | tq. Otherwise, £q(v) = 1.
c) If p(ma(v)) =3, then L4(v) =3 if and only if 6 | tq. Otherwise, £4(v) = 1.

Proof. The statement in a) is clear, since £p(mq(v)) is divisible by £4(v). By (25]), in order to prove b) and
¢) we shall determine when Stabr (¢) C I';. Equivalently, we shall determlne when Stabp o(0) C Ty If
Oy denotes the maximal order correspondlng to ¥, by using the monomorphism v from ([19)) this inclusion
holds if and only if v(O7) is a subgroup of Uy ¢. Now the isomorphism ¢ : (14 I)\ (’)D/pj — 5 induces

v

(1 + 1) (0F))

an isomorphism Uy g \ OB = ~ 5 /Hg, so that v(O) is a subgroup of Uy ¢ if and only if

is a subgroup of Hy.

Assume that £p(mq(v)) = 2, so that Stabr, (0) = OF = {£1,+i}, where i € OF satisfies i* + 1 = 0.
By the above discussion we have ¢4(v) = 2 if and only if ¢ ((1 + Ip)v(i)) € Hy. First of all, observe that
v(i) € 1+ Iy, because n(v(i) — 1) = 2 ¢ ¢Z. And also notice that v(i)2 = —1 ¢ 1 + I, again because /
is odd. In other words, the image of v(i) in (1 + I,) \ (’)D/ y has order 4, hence also ¥((1 + I;)v(4)) has
order 4. Being 5, cyclic, it follows that ¥((1+ I,)v(i)) € Hy if and only if 4 divides t4, the order of Hy.
This proves b).

If (p(ma(v)) = 3, then Stabr, (0) = OF = {1, 4w, +w?}, where w € O satisfies w? + w+ 1 = 0,
and we can proceed similarly as before. Since £ > 3 and n(v(w) — 1) = n(v(w?) — 1) = 3, we see
that neither v(w) nor v(w?) belong to 1+ I, C OD/pz 3

Moreover, w® = —1, so that we also have
v(w?) € 1+ I,. Therefore, the image of v(w) in (14 Ip) \ OX p.¢ must still have order 6, thus also the

order of ¢((1+I;)v(w)) in Fj5 is 6. Again, Hy is the unique (cychc) subgroup of order t4 in Fj;, thus we
conclude that 1((1 + Ig)u(w)) € H, if and only if 6 divides t4. This proves c). O

From this lemma, we can determine how many vertices of given length are in G4. Indeed, let vy be
a vertex in Gp, and let 7' (vy) C Ver(Gq) be the set of vertices of Gg above vg. If £p(vg) = 1, then it
is clear that 7' (vg) consists of dg vertices of length 1. Besides, if £p(vp) = 2 (resp. 3), then 7' (vo)
consists of dg vertices of length 2 (resp. 3) if 4 | ¢4 (resp. 6 | tq), and dg/2 (resp. dg/3) vertices of length
1 otherwise. If for positive integers r, s, we set

1 ifr|s, , 0 ifrls
r = 3 r =1~ r =
¢r(s) {0 if rts, or(s) ¢r(s) {1 if rts,
then we can summarise the above computations as follows:

Corollary 4.8. Let h; denote the number of vertices in Gp of length i, i = 1,2,3, as in , If ha;
denotes the number of vertices in Gq of length i, i = 1,2,3, then

¢ (ta)ha | ¢(ta)hs
: 2 * : 3

and therefore the total number of vertices in Gq is computed as hq = hq1 + ha2 + ha3.

hao = ¢a(ta)dghs, hasz = ¢e(ta)dghs, ha1 = dg(hy+ )s

Corollary 4.9. With the above notations:

a) There is a vertex of length 2 in Gq if and only if Q(v/—1) splits Bp, and 4 | t4.
b) There is a vertex of length 3 in Gq if and only if Q(v/—3) splits Bp,, and 6 | tq.
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We can also compute the lengths of the edges in G4. Fix a vertex v in Gg, and let ¥ be a vertex of 7,
above v. Then let Star(v) be the set of edges y of G4 with o(y) = v and, similarly, let also Star(9) be the
set of edges ¢ of T, with o(§) = 0. Recall that |Star(?)| = p+1. There is a natural map Star(9) — Star(v),
and £4(y) divides £4(v) for every y € Star(v). Furthermore,

p+1= Z Ed(v).

y€EStar(v) Zd(y)

From this relation, it is clear that £4(y) = 1 for every y € Star(v) if £4(v) = 1. Besides, if £4(v) = 2 or 3,
then the above equality can be rewritten as

p+1="{a(v){y € Star(v) : La(y) = 1}| + [{y € Star(v) : La(y) = La(v)},
so that it is enough to determine how many edges of length ¢4(v) are in Star(v) to describe Star(v)
completely. But this is the same local problem as in [Kur79 p. 292], thus we deduce the following:

Proposition 4.10. Given a vertex v in Gg, its length £4(v) € {1,2,3} can be computed by Lemma
and, according to the value of £4(v), the integers

sp(v) = [{y € Star(v) : la(y) =k}, k=1,2,3,

can be obtained from the following table, where (=2) and (=2) denote the Kronecker symbol:

s1(v) s2(v) s3(v)
la(v) =1 p+1 0 0
a)=2]50-(3)) | 1+(5) 0
ta(v) =3[ 50— (3)) 0 1+ (5))

We notice that the above table is the same as in [Kur79) Proposition 4.2], with the rows corresponding
to D/p = 2 and 3 removed, as we have assumed ¢ > 3. This proposition, together with Lemma and
Corollary gives a precise description of the combinatorics of G4.

Corollary 4.11. With the above notations:
a) There is an edge of length 2 in Gq if and only if Q(v/—1) splits Bp/p, 4| ta and p# 3 (mod 4).
b) There is an edge of length 3 in Gq if and only if Q(/—3) splits Bp/p, 6| ta and p# 2 (mod 3).

Now we describe the graph G4 4 by using the natural map G4 — G4, in the same way as it is done in
[Kur79l, Section 4] for Gp + and Gp. Namely, start by writing the set of vertices Ver(7,) of the Bruhat-
Tits tree as Ver(7T,) = V1 U Vs, in such a way that for every pair of vertices 0; € V;, 9; € Vj, the distance
between ¥; and ¥; is even if and only if ¢ = j. Then, observe that I'y . V; = V; for ¢ = 1,2, whereas
Vi = Va and vV, = V; for every v € I'y — 'y . Equivalently, this can be reformulated by saying that
I'y4+Vi=V;fori=1,2 and w,Vi = Vo, w,Vo = V5.

Therefore, every fibre of the natural maps

Ver(Ga,4+) — Ver(Gy) and  Ed(Gy+) — Ed(Ga)
consists of two elements, and by construction we find the following:

Proposition 4.12. There exists no edge y € Ed(Gy.+) such that § =y. In particular,

(g(MFd,+/ZP)7 F(Mrd,+/ZP)) = (gd,Jr? 1d)7
that is, Gq y is the dual graph of the Mumford curve Mr, , /Z,. Further, the dual graph of Yr,/Zy, is the
same graph with lengths Gq 1, but with Frobenius action given by wy,. That is to say,

(GO, /Zyp), F(Vr,/Zp)) = (G 4> wp)-

Proof. The non-existence of edges y € Ed(Gq4+) such that y = § follows directly from the above con-
struction of Gy 4. This implies that (G4 +)* = Gy +, and therefore the isomorphism of pairs

(g(MFd,+/ZP)7 F(Mrd,+/ZP)) = (gd,Jr? ld)v
is consequence of [Kur79, Proposition 3.2]. Finally, by applying [JL85 Proposition 3.7] we obtain that
(GOra/Zp), F(Vry/Zp)) = (Ga,+, wp).
|
Also, since w), does not fix vertices or edges, it follows that the length of a vertex or an edge in Gg +
is the same as the length of its image in G4. In view of this, we will also write ¢4 for the length function

on G4 4. It will be clear from the context whether we use ¢4 as the length function on G4 4 or on G4. In
particular:
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Lemma 4.13. The number of vertices of length i in Gq , for i =1,2,3, is 2hq;, where the integers hq;
are as in Corollary[{.8 Further, if v € Ver(Gay.) is such that lq(v) =k, k € {1,2,3}, then the number
of edges in Star(v) of length k is s(v), where si(v) is as in Proposition[{.10},

On the other hand, there may exist edges y in G4 such that § = y. Observe that such an edge exists
if and only if there is an edge y' in G4+ with w,(y’) = /. Let us define a set of quadratic equations
depending on p and d in the following way:

{22 +2=0,22+20+2=0,22 —20+2=0} ifp=2and4]|t,
(26) Fpa =3{22+3=0,224+32+3=0,22-32+3=0} ifp=23and6 |ty
{22 +p =0} otherwise.

Lemma 4.14. There exists an edge y € EA(Gq) such that § =y if and only if Tq contains a root of some
equation i Fp 4.

Proof. Assume there exists an edge y € Ed(Gy4) such that § = y. Write v = o(y), and let ¥ € Ver(7,)
be a vertex above v. Let also § € Star(v) be an edge above y. Then there exists v € T’y such that
v(§) = ¢. In particular, 42 € StabGL2(Qp)(f)) = Q) (’);p, so that we can write 42 = p™u, for some n € Z
and u € OF . Further, observe that val,(n(y)) must be odd, because the distance between @ and v(?) is
odd, hence n is odd. If n = 2b + 1, we can replace p~°y by 7 (because p € I'y), thus we have 72 = pu,
where u € O N U, (locally at £, u € Uy because both p and ~ lie in T'y). Moreover, we have v € Oj.
Now, since u is a unit in Oy, we have the following possibilities:
i) u= 41,
ii) u? +1=0, or
ili) w2 +u+1=0.
As in [Kur79, p.295], the cases u = 1 and u? +u+1 = 0 cannot occur. Furthermore, since (locally at ¢) u
must lie in Uy ¢, the case u?+1 = 0 (resp. u> —u+1 = 0) can only occur if 4 | t4 (vesp. 6 | t4). Therefore,
again proceeding as in ibid., the above three cases are translated, respectively, into the following three
options:
I) v is a root of 2% + p = 0,
) p=2,4 |ty and v is a root of 2% +2x +2 =0, or
III) p=3, 6|ty and 7 is a root of 22 + 3z + 3 = 0.
Thus + is a root in I'g of some equation in F, 4.

Conversely, if v € T'y is a root of some equation in F,, 4, then either condition I), II) or III) holds. In
particular, choosing a vertex ¥ of 7, such that v € Oy, then clearly there is some edge § € Star(?) such
that (7)) = 9, hence the image y of § in G4 satisfies §j = y. O

For d = 1, so that Y1 = Xp, 'y = (’)g}; and G; = Gp, conditions 4 | t4 and 6 | t4 are obviously
satisfied, since ty = (#2 — 1)/2. Thus the above lemma is just the computation in [Kur79, p. 295]. By
examining the equations in F), := F,, 1, there is an edge y € Ed(Gp) such that § = y if and only if one of
the following conditions holds:

i) p =2 and either Q(v/—2) or Q(v/—1) splits Bp,,,

ii) p > 2 and Q(/=p) splits Bp,.
This is equivalent to saying that a quadratic order containing the roots of some equation in F, embeds
into some maximal order in Bp,, and more precisely the number of edges y € Ed(Gp) such that § =y
can be computed by counting the number of inequivalent optimal embeddings from such quadratic orders
into the maximal orders O, ...,Op (cf. loc. cit.).

Plainly, if I'y contains a root of some equation in F), 4, then I'ys contains a root of some equation in
Fp,a for every d' | d. In terms of dual graphs, if G4 has an edge y satisfying § = y, then its image y’ in
Ga also verifies ¢ = 3. In particular, if I'y contains a root of some equation in F, 4, then O(Dp}; contains
a root of some equation in F, = F 1.

In view of this, we shall study the existence of solutions in I'y of the quadratic equations in the set
Fp.d assuming the existence of such solutions in Og};
lemmas, where we make use of the natural morphism

(p) X
Og/p - OB/M

. We carry out the details case by case in the next
¥
— (1+1)\Op,,, — Fp

induced by ¥. If v € Og’}; is an arbitrary element, we write () for its image in F,; under the above
composition. In particular, notice that v € I'y if and only if ¥ (vy) € Hy.
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Lemma 4.15. Assume that Og};; has a root of x> +p. Then Ty has a root of x* +p if and only if 4 | tq.

Proof. Let 7,—71 € FZXZ be the two roots of 2% 4 p in IFZXQ. Ifvy e Ogj}; is a root of #2 + p, then either

Y(y) =7 or ¥(v) = —7, and since —1 € Hy, we deduce that v € I'y if and only if 7 € Hy. Observe that

(p)x
D/p

that I'y has a root of 22 + p if and only if 7 € Hy. Thus we shall prove that —p is a square in Hy if and
only if 4 | t4.

Indeed, under our running assumption f; = 1, we have p mod ¢ € N(H,), thus there exists an element
a € Hy such that a*T' = p and being ¢ odd it follows that p is a square in H;. We deduce that —p is a
square in Hy if and only if so is —1, and this is equivalent to saying that 4 divides t; = |Hy]. |

this condition does not depend on the choice of v, hence assuming O has a root of 2 + p, we deduce

Next we consider the quadratic polynomials F;t (x) := 2% £ pr + p when p is either 2 or 3.

Lemma 4.16. Assume p is either 2 or 3, and suppose Og}; has a root of either F.f (x) or F, (x). Then
Ty has a root of either F;f () or F,; (x) if and only if Hq has a root of F,f () (or, equivalently, of F; (x)).

Proof. Fix a root o, € Fj, of Ff(z). Then the roots of F,f(x) (resp. F, (z)) in Fj; are o, and
o', = —o4 —p (vesp. o_ := —o4 and ¢ := 0 +p). With these notations, it is straightforward to check

that the existence of a root v € Og’}; of either F,f(x) or F, () implies that there are elements v, v/,

v_,y. € Og}: such that ¢(v4) = o4, ¥(7}) = o'y, ¥(y-) = o_ and (v4) = o__ (for instance, if v is a

root of F.f(x), then one can set v4 := 7, v} := —y —p, 7 := —y and 7 := v +p).
Similarly as in the previous lemma, the fact that at least one of the roots o, 0/,, o and o’ lies in

Hy does not depend on the choice of «. Therefore, assuming that Og'}; has a root of either F; (z) or

E; (), then I'y has a root of either F.f () or F, (x) if and only if at least one of the roots oy, o’,, o
and ¢’ belongs to Hy. Using that —1 € Hy, since o_ = —o and ¢/ = —¢/, this is in turn equivalent

to saying that either oy or o/, lies in Hy, and hence the statement follows. (I

Corollary 4.17. Assume fq =1 as before. Then I'q contains a oot of some equation in the set Fp q if
and only if any of the following conditions holds:

i) Q(y/=p) splits Bps, and 4| t4,
i) p=2, 4| tq, Q(v/—1) splits Bp, and Hy contains a root of x* + 2z +2 =0, or
iii) p=3, 6| ta, Q(vV=3) splits Bp,, and Hy contains a root of x* 4+ 3z + 3 = 0.

4.3. Proof of Theorem Finally, we can use now the description of the graphs G4 and G4 4 from
the previous section to prove Theorem Indeed, the curve Yr,/Z, is admissible, and by Proposition
its dual graph is the finite graph with lengths G4+ with Frobenius action given by w,. Let K/Q,
be a finite extension of Q,, and write fx := f(K/Q,), ex := e(K/Q,). Write also O and Fx ~ F s,
for its ring of integers and residue field, respectively. In order to study the existence of K-rational points
on Yy, we may look at the base change Vr, 0, = Vr, Xz, Ok. By Hensel’s Lemma, the set Y;(K) is
not empty if and only if the special fibre of a regular model of Vr, o, has a smooth Fg-rational point.
We can obtain such a regular model by resolving singularities, and by [JL85| Propositions 3.4, 3.6] the
result is still an admissible curve over Ok, whose dual graph is the finite graph with lengths éjf;, with
Frobenius action given by ng . The existence of a smooth Fx-rational point on the special fibre is then
read out from this graph.
With these observations, the next statement accounts for item a) in Theorem

Proposition 4.18. If fx is even, then Y (K) # 0.

Proof. If fx is even, then ng is the identity on Gg4 4, thus it is also the identity on QN(;I; In particular,

every vertex v in 5;’1; is fixed by wZJfK , hence every component of the special fibre of Ir 1,0 is rational
over Fg. Since there are at most p 4+ 1 edges emanating from v, there are at most p + 1 double points
on the corresponding component. But since fx > 1, this component has p/% 4+ 1 > p + 1 points rational
over F, hence there is a smooth F g-rational point. By Hensel’s Lemma, this completes the proof. [

In contrast, when fx is odd the existence of a K-rational point is characterised in terms of the finite
graph Gy 1 as follows:

Proposition 4.19. If fx is odd, then Yq(K) # 0 if and only if there is an edge y € Gq 4 such that
exla(y) is even and wy(y) = §. Equivalently, if and only if there is an edge y € Ed(Gq) such that exlq(y)
s even and y§ = y.
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Proof. As explained above, by Hensel’s Lemma we shall characterise the existence of a smooth [ i-rational

point on the special fibre (Vr,,0, )o, whose dual graph is (G3% , wfx).

If there is such a point, then (Vr, 0, )o has a component rational over F, that is, gjﬁ

fixed by ng = wp. But since w, fixes no vertices on Gg , this happens if and only if g;’j_ has an edge

has a vertex

y' of even length such that w,(y’) = ¢/, which is the same as saying that G, . has an edge y such that
exl(y) is even and wy(y) = §.

Conversely, suppose G4+ has en edge y with ex(y) even and wp(y) = §. Then g;’ﬁ has an edge 3’ of
even length with w,(y") = y’. Again, we deduce that Q;fjr has a vertex fixed by w,, which corresponds

to an F-rational component of (Vr, 0, )o isomorphic to Pg  and having at most 2 double points. Since
2 < pfx 41, it follows that this component must have a smooth Fg-rational point.

The second assertion in the statement follows immediately from the fact that the length of an edge in
G4+ and the length of its image in G4 is the same. O

By applying our description of the graphs G, 4 and Gy, we end up with a proof of items b) and c)
stated in Theorem [T}

Corollary 4.20. Assume fi is odd.
a) If ex is even, then Yq(K) # 0 if and only if any of the following conditions holds:
i) Q(v/—p) splits Bp, and 4 | tq,
i) p=2, 4| tq, Q(v/—1) splits Bpp and Hg contains a root of 22 4+204+2=0, or
iii) p=3, 6| tq, Q(v/~3) splits Bpp and Hg contains a root of 22 +3x+3=0.
b) If ex is odd, then Yy(K) # 0 if and only if p = 2, every prime dwiding D/2 is congruent to 3
mod 4 (in particular, ¢ =3 mod 4), 4 | tq and either Q(v/—2) splits Bp, or Hy contains a root
of 22 + 2x + 2.

Proof. When e is even, Proposition says that Yy (K) # () if and only if there is an edge y € G4 such
that wy(y) = §. Then a) follows directly from Lemma and Corollary

As for b), suppose that ex is odd. Then we know that Xp(K) is empty unless p = 2 or D = 2p. Since
£ > 3, we can assume that p = 2, as otherwise X p(K) is empty and therefore Y;(K) is necessarily empty
as well (we could also deduce this by using Proposition and our study of Gg 4 ).

If Y3 (K) is not empty, Proposition implies the existence of an edge y € G, such that £4(y) = 2 and
y = y. By Corollary @ and Lemm this is equivalent to saying that Q(v/—1) splits Bp,, 4 | tq
and T'y contains a root of some equation in F» 4. Using Lemmas .15/ and [£.16} this is equivalent to saying
that Q(v/—1) splits Bp/p, 4 | tq and either Q(v/—2) splits Bp, or Hy contains a root of z? + 2z + 2.
Here notice that the condition that Q(y/—1) splits Bp /p is equivalent to saying that every prime dividing
D/p is congruent to 3 mod 4, thus we find b).

Conversely, suppose that Q(v/—1) splits Bp/p, 4| tq and either Q(v/—-2) splits Bpp or Hy contains a
root of z? + 2z + 2. Since Q(v/—1) splits Bp/, and 4 | t4, we can choose v € ['y satisfying 4> +1 = 0,
and there is a vertex ¢ € Ver(7p) such that y(v) = 9, so that Stabr, , (0) = {[1},[y]}. If v is the image
of ¥ in G4 (or in Gy +), then £4(v) = 2.

Now if Q(v/—2) splits Bp/,,, there is an element 4" € Og}; such that (/)% +2 = 0. Since 4 | tg4,
Lemma implies that actually 7" € I'y. Having norm 2, 4" induces the same element as wy in I'q/T'q 1,
hence the image y in G4 of the edge § := 0 — /() satisfies £4(y) =2 and § = y.

On the other hand, suppose Hy contains a root of the quadratic equation z? 4+ 22 + 2. Since v —1 and
—~ — 1 are roots in Og}; of 22 + 2z 4+ 2 = 0, and they map to the two distinct roots of this quadratic

equation in FZZ, at least one of them lies in H; by assumption, so either v — 1 or —y — 1 belongs to
I'y. Let us write ¥/ = v — 1 or —y — 1 accordingly. Similarly as before, define ¢/ := +/(0) and let
g =10— 9 € Ed(7,). The element ~y also fixes ¢, and therefore the image y of § in Gy satisfies £4(y) = 2
and § = y. This finishes the proof of b). O

Combining Theorem with [JL85, Theorems 5.4, 5.6], we can give explicit conditions for the set
Ya(K) to be empty even in cases where Xp(K) is not.

Corollary 4.21. Assuming fq = 1, suppose that one of the following conditions is satisfied:
a) p# 2,3, Q(\/=p) splits Bp,, and 41 tq;
b) p =2, and either
i) Q(v/=2) splits Bp 2 and 4 {tq, or
ii) Q(v/—1) splits Bp/> and either 41 tq or Hq does not contain any root of 2® + 2z + 2 = 0.
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c) p=3, Q(v—3) splits Bp /3, 4 { tq and either 6 { tq or Hy does not contain any root of 1?2 +3x+3 =
0.
If K/Q, is any finite extension such that f(K/Qp) is odd and e(K/Qy) is even, then Xp(K) # 0 and
Ya(K) = 0.

Corollary 4.22. Assuming fq = 1, suppose that p = 2, every prime dividing D/2 is congruent to
3 modulo 4 and either 4 { tg or Q(v/=2) does not split Bps and Hy does not contain any root of
2?42z +2=0. If K/Q, is any finite extension such that both f(K/Q,) and e(K/Q,) are even, then
Xp(K) #0 and Yy(K) = 0.

5. @Q,-RATIONAL POINTS ON ATKIN-LEHNER QUOTIENTS OF Yy

After studying local points on the curves Yy, we now focus on the study of Q,-rational points on the
quotients of these curves by the lifted Atkin-Lehner involutions w,, attached to positive divisors m of
D. By analogy to the classical case, we call these curves Atkin-Lehner quotients of Yy, and we denote by
Yd(m) the quotient of Yy by the action of @,,. In order to simplify the discussion, we assume throughout

that Y;(Q,) = 0, as otherwise the sets Yd(m)((@p) are clearly non-empty for every positive divisor m of D
as well. Equivalently, we thus assume that Yr,(Q,) = 0.

Again, we exploit the p-adic uniformisation of the curves Y; worked out in Section As it happens
when studying the curves Yy, there is a big difference between the cases fy = 1 and f; > 1. Moreover, in
cases where Yy is not geometrically connected we shall take into account whether e4(m) =1 or not (i.e.,
whether @,,, acts trivially on the set Coo(d) or not). After some considerations regarding these questions,
we will soon restrict ourselves to the case fy = 1 and g4(m) = 1. Our study of the existence of Q,-rational

points on the curves Yd(m) then borrows some of the ideas in Kurihara’s and Ogg’s work (cf. [Kur79],
[Ogg85)).

5.1. p-adic uniformisation of the curves Yd(m) and first considerations. We fix as usual a positive
divisor d of (£2—1)/2 and the corresponding intermediate curve Y; of Xp, — Xp. Let also p be a prime
dividing D/¢. Recall from Section that Cherednik-Drinfeld theory applied to the curves Yy provides
us with isomorphisms

cp(d) fa—1 .
Va ~ |_| Yra, Yry Xz, Lysa =~ |_| Fr;(ygd),
i=1 =0

where YVr, is defined over Z, and )Jlgd / Zp 74 18 isomorphic to either the base change of the Mumford curve
Mr, , to Z,s, or a quadratic twist of it (cf. and ) From these isomorphisms we also recover
the fact that the ¢ (d) = ¢,(d) fq geometric connected components of Yy, indexed by the set Coo(d), are
classified in ¢,(d) distinct p-classes, one for each element in C,(d), corresponding to the c¢,(d) copies of
the curve Yr,/Z,. This corresponds with the natural quotient map
Coo(d) ~ F' /N (Ha) — Cp(d) ~ F /N (Ha)(p).

Fix a positive divisor m of D. If @, acts trivially on the set Co(d) of geometric connected components

of Yy, (i-e., eq(m) = 1) then it obviously acts trivially as well on the set C,(d) of p-classes. And when

this is the case, we can predict easily the non-existence of Q,-rational points on Yd(m) in many instances:

Proposition 5.1. Assume that Y4(Q,) =0 and eq(m) = 1. If fg > 1, then Yd(m)((@p) = 0.

Proof. Under the hypothesis €4(m) = 1, the involution &, induces an involution on each geometric
connected component of Yy, which we still denote by @,,. In particular, yflm) still decomposes over Z,
as ¢p(d) copies of a curve yﬁ? (namely, the quotient of Yr, by @), and each of these curves has fy
geometric connected components, which are only defined over Z,s, and conjugated by Gal (Q,,/Q,). In
particular, yﬁ?(@@ is empty, hence so is the set Yd(m)((@p).

Alternatively, suppose there exists a point P € Yd(m) (Qp) = 0. Then there must be a point Q € Y;(Q,)
such that {Q,0n(Q)} is stable under the action of Gal (Q,/Q,). But notice that both @ and &,,(Q) lie
in the same geometric connected component of V. However, if o € Gal (Q,/Q,) induces a non-trivial
automorphism in Gal (Q,s,/Qy), then o(Q) lies in a different geometric connected component of Y, as

Q, hence 0(Q) € {Q,0n(Q)}, a contradiction. O

Besides, if e4(m) # 1 it is important to distinguish whether &, acts on each p-class of geometric
connected components or not. In this regard:
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Lemma 5.2. Assume e4(m) # 1. Then &p, acts trivially on the set C,(d) of p-classes if and only if the
integer fq is even.

Proof. Suppose e4(m) # 1, that is to say, e(m) = —1 and —1 ¢ N(H,). In particular, this implies that
|N(Hg)| is odd. By construction, the action of w,, on the set C,(d) ~F, /N (Hz)(p) is trivial if and only
if -1 € N(Hga)(p). Being F,* cyclic, this holds if and only if the order of N(Hg)(p) is even. And since
|N(Hg)| is odd, this is in turn equivalent to saying that the order of p in F/N(Hg) is even. But this is
exactly the same as having fy; even. O

Proposition 5.3. Assume that e4(m) # 1 and Yq(Qp) = 0. If fq # 2, then Yd(m)((@p) ={.

Proof. Suppose that £4(m) # 1 and Y3(Q,) = 0, and assume first that f; is odd. By the previous lemma,
W acts non-trivially on the set C,(d) (in particular, ¢,(d) is even), and therefore yf{”) /Z,, is isomorphic
(over Zy) to ¢p(d)/2 copies of the curve Yr,. Since Y4(Q,) = 0 by hypothesis, ypd (Qp) is empty and
the statement follows. Alternatively, suppose there is a Q,-rational point P € Y (Qp) Then there is
a point @ € Yy(Q,) such that the set {Q, &, (Q)} is stable under the action of Gal (Q,/Q,). But since
Y4(Q,) is empty, there exists some o € Gal (Q,/Q,) such that 0(Q) = @, (Q). However, this is not
possible, because o(Q) lies in the same p-class as @, whereas @, (Q) does not.

Now assume that f; is even and f; # 2. By the previous lemma, @, acts trivially on the set of
p-classes. Therefore, w,, induces an involution on each copy of Vr,, which we still denote by @,,. But
since e4(m) # 1, &y, identifies the f; geometric connected components of Vr, in pairs, and it follows that

y(*”) = Vr,/{(@m) decomposes over Z, 14> as the disjoint union of fq /2 geometrically connected curves,
all of them defined over Zy, > and conjugated by Gal (Q,s,/2/Qp). As a consequence the set y(m)(Qp)
is empty because f;/2 > 1, so Y (Qp) is empty as well. O

Remark 5.4. Recall that both £4(m) and fy can be easily computed, by using (|10 together with Lemma
2] and Remark [£.3] respectively. Therefore, by combining Theorem [I.I] with Propositions [5.1] and [5.3}

we can provide many concrete instances where the set Yd(m)(Qp) is empty.

Remark 5.5. When ¢4(m) # 1, Proposition leaves open the question of determining whether
Yd(m)(Qp) is empty or not only in the case f; = 2. This corresponds to the situation where Yr, de-
composes over Zy» as the disjoint union of a geometrically connected curve ygd /Z,> and its Frobenius
conjugate y%d = ﬁp(ygd), which are permuted also by the action of &,,. The Atkin-Lehner quotient
)/IET) is therefore a model for ygd over Zy,. The twists of Mumford curves that one needs to deal with
(m)
1]

in order to study the existence of (Q,-rational points on in this setting are not in the scope of this

note, so we will not consider this particular case.

We thus assume for the rest of this note that f; = 1 and e4(m) = 1. In particular, notice that
Yi/Z, decomposes completely over Z,, (that is to say, coo(d) = ¢p(d)). Hence we have an isomorphism of
Zp—schemes

cp(d)

(27) W o~ |_| o,

where y(’") stands for the quotient of Vr, by the action of the involution induced by @, on Vr,, which

we still denote &y,. Recall that Yr,/Z, is the quadratic twist /\/l5 it of the Mumford curve over Z,
associated with I'y + by the cohomology class corresponding to the 1-cocycle

¢ Gal (QpQ/Qp) — AUt(MFd,+ X7, sz/Zp2), Frp — wp X id.

As we did for the curve Yy, next we study the existence of Q,-rational points on the curve yﬁ’;” (hence

on ygm)) by studying the existence of smooth F,-rational points on the special fibre of a regular model
and applying Hensel’s Lemma. And for this, we translate again the problem into a combinatoric issue on
the dual graph Gy 4 of the admissible curve Vr,/Z,.

Remark 5.6. As pointed out in [dVP13, Remark 5.5], the Atkin-Lehner involutions on Xp can be lifted
to Xp,¢ in more than one way, although the structure of AutmOd(X D,¢) as an abstract group does not
depend on the choice of the involutions w,,.

When considering intermediate curves Yy and an Atkin-Lehner involution w,,, it might still be the
case that Aut™9(Y,) contains more than one involution lifting w,,. And in certain cases, the action of
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these lifted involutions on the set Coo(d) can be different (this will not be the case, of course, if Yy is
geometrically connected, for example). Nevertheless, we remark that when this occurs, the quotients of
Y, by different lifts of w,, are different curves. Throughout this note, we always consider @w,, to be the
lifted Atkin-Lehner involution as in [dVP13| Definition 4.3].

5.2. Q,-rational points on Yd(p ). We start by studying the Atkin-Lehner quotient of Yy by the involution
Wp, where we still assume p # ¢. First of all, we notice that the hypothesis f; = 1 already implies that
ea(p) = 1, thus we do not need to make this extra assumption:

Lemma 5.7. Under the hypothesis fq = 1, we always have eq(p) = 1. Furthermore, the action of &, on

£

the curve Yr, corresponds to the involution induced by w, on My L

Proof. Our assumption fg = 1 implies that c,(d) = ceo(d). If this integer is odd, then it must be
eq(p) = 1. Assume on the contrary that c,(d) = coo(d) is even. This means that N(Hy) is a subgroup of
IFZQ C F/, the subgroup of F,* consisting of the quadratic residues modulo ¢. Since fg = 1 is equivalent
to p mod ¢ being in N(Hy), it follows that () = 1, hence £(p) = 1, so that e4(p) = 1 as well. This
proves the first assertion.

As for the second part, the action of the lifted involution @, on )A/d, the p-adic counterpart of Yy xq Q,
is induced (through ) by the modular automorphism

pUd(17"'717Wp717"'717ap71"") :pUd(Wp)pUd(ap) : Yd—>Yda

0 1 sp 0
Wp=<p O)EOD”’ and apz(op §p>e(’)]§’£,

where s, € Zlﬁ reduces to a square root of p modulo £ in IFZQ, and a — a denotes the non-trivial
automorphism in Gal (Q2/Qy). By the assumption fy = 1, the automorphism induced by py,(w,) acts
on YVr, as the involution induced by w,, via the isomorphism . Therefore, we need to show that
pu, (ap) induces the identity isomorphism, which is equivalent to showing that o, € Uq¢. But since we
are assuming fq = 1, it turns out that p mod ¢ = x**! for some z € Hy; C Fj5. Since £ is odd, in
particular p mod £ is the square of an element in Hy. Hence, the reduction of s, to IE‘ZQ lies in Hy, which
implies that o, € Uy ¢ and the statement follows. O

with

As a consequence of this lemma, an integral model yu(;’ ) /Z, of the Atkin-Lehner quotient Yd(p ) is
obtained by taking the quotient of each connected component by w,,, thus

) cp(d) ®) cp(d)
ydp =~ |_| yI‘I; =~ |_| MFd )
=1 1=1

where in the last isomorphism we use that the quotient of the twisted Mumford curve M%d . /Z, by the

involution wy, is precisely the (untwisted) Mumford curve Mr,/Z, associated with I'y C GL2(Q,). In
particular:

Corollary 5.8. Assuming fq =1, Yd(p)((@p) # 0 if and only if Mr,(Q,) # 0.

Similarly as for Mr, , , now the dual graph of Mr,/Z, is the finite graph with lengths G := (I'q\7,)*,
with trivial Frobenius action, and where the * means that one has to remove from G, those edges y with

g =y (see [Kur79, Proposition 3.2]). In contrast to the case of G4 1, now such edges may exist as we saw
in Lemma We thus have the following:

Lemma 5.9. Assume fq=1. The set Yd(p)(Qp) 18 not empty if and only if the graph Gq has a vertex of
non-trivial length or an edge y with §y = y.

Proof. “In general”, every vertex in the finite graph Gg has p+ 1 edges in its star, and a smooth rational
point on the special fibre of (a regular model of) Mr,/Z, exists if and only if there is some vertex in G
with less than p+ 1 edges emanating from it. But this happens if and only if there is a vertex v € Ver(G,)
such that either v has non-trivial length or there is some edge y in G5 emanating from v such that § =y
(such an edge is removed in G, hence the vertex corresponding to v in é; has less than p + 1 edges in
its star). Then the statement follows by applying Hensel’s Lemma. O

After our description of G4, we conclude with the following criterion for the existence of Q,-rational
points on Yd(p):
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Theorem 5.10. Assume fq = 1. Then the set Yd(p)((@p) 18 mot empty if and only if any of the following
conditions holds:
i) Q(v—1) splits Bp,,, and 4 | tg,
ii) Q(v/=3) splits Bp,, and 6 | tq,
ili) T'q contains a root of some equation in Fp 4.

Proof. Tt follows immediately from the previous lemma together with Corollary and Lemma [4.14
Indeed, condition i) (resp. 1ii)) is equivalent to G, having an vertex of length 2 (resp. 3), whereas
condition iii) is equivalent to G4 having an edge y such that § = y. (Il

By virtue of Corollary Theorem [T.2]is now a direct consequence of this theorem.

From [Ogg85], we know that Xg’)(Qp) is not empty if and only if either Q(v/—1), Q(v/—3) or Q(v/—p)
splits Bp/,. This obviously holds when either of the conditions in the previous result is satisfied, since

Yd(p) (Qp) # 0 implies that ng) # ). Combining Theorem with [Ogg85, p. 206], we point out the
following:

Corollary 5.11. Assume fq = 1, and suppose that either Q(v/—1), Q(v/—3) or Q(\/—p) splits Bp,.
Furthermore, in case that either Q(v/—1) or Q(y/=p) splits Bp p,, assume also 4 { tq, whereas if Q(v/—3)
splits Bp p,, assume 6 1tq. Then Yd(p)((@p) =0 and XP(Q,) # 0.

Example 5.12. Take ¢ = 5, and let p be a prime such that (Z2) = 1. Set D = {p = 5p, and observe
that the quadratic fields Q(v/—1) and Q(/=p) do not split Bs = Bp,,, whereas Q(v/—3) does. Further,
let d be either 3 or 6 (so that 61 12/d) and assume that fy = 1. Then the previous corollary applies and
we conclude that Yd(p )(Qp) is empty but X ég) (Qp) is not.

We can illustrate this example by means of the corresponding dual graphs. The class number of B
is 1, so that Gp consists of only one vertex v of length 3. For simplicity, assume that (_73) = —1,
so that Star(v) consists of (p + 1)/3 edges y; of length 1, all of them satisfying §; # y;. Under the
previous conditions, the graph G4 consists of dg/3 vertices of length 1 mapping to v. Further, each vertex
v’ € Ver(Gy) has p+ 1 edges y; of trivial length in its star, all of them satisfying again g, # y}. This
clearly implies that the special fibre of yﬁ’; ) cannot have a smooth F,-rational point.

yp y;H»l

Yp_1
! Yip+1)/3 "

Star(v') € Gg .-

Y3

, gp

: Ya v
L) =1 " Y5 to(v)=3 "
la(y;)) =1 o - " p(y)) =1 .y

FIGURE 1. The graph Gp and the star of any vertex v’ € Ver(G,).

For example, take p = 11. Then notice f = ordyx(11) = 1, so that fg = 1 for all d. Furthermore,
(=) =1 and (32) = —1, hence the above conditions apply if we choose d to be either 3 or 6. In each

case, Yy has 1 or 2 geometric connected components, respectively.

5.3. Qp-rational points on Yd(m): the case p f m. Next we consider the quotient of Y, by a lifted
Atkin-Lehner involution &,, associated with a positive divisor m of D/p, m > 1. We still assume that

fa =1 and g4(m) = 1, thus we have a decomposition of yflm) over Z, as in and the set Yd(m)(Qp)

is not empty if and only if so is the set yﬁ’:’(Qp). In order to study the set yﬁ’:) (Qp) by looking at the
graph with lengths G4 ., first we describe the action of @,, on it.

Recall that the involution &y, acting on Yy is defined as a modular automorphism, that is, @, = py,(b)
for some b € (Bp ®g Ay)* normalising Ug. Further, since we are assuming p { m we can choose b to
be of the form (b”,1) € (Bp ®g A})* x Bj; . As in Section this implies that the involution &y,
corresponds, in the p-adic counterpart of Yy, to the p-modular automorphism Ay, ((b%)~1) acting on V.
We start by describing this p-modular automorphism.
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More precisely, assume first that m = ¢ is a prime dividing D/p. If ¢ # ¢, then

Wg=pu (-1, W, a1 ),

0 1 sq O
wq(q O)GOD,q and aq<dz sq)Gan,

with s, € Zg2 such that s2 = ¢ mod (Zg. In contrast, &y = py,(we) (cf. [dVPI3| Definition 4.3]).

When m is not prime, @y, is obtained by composing the involutions @, for all the primes ¢ dividing
m. Since all the involutions &, commute one with each other, this is well-defined, and without loss of
generality we can write the involution w,, acting on Y, as

where

Om = pu,(am) - H pU. (W),
qlm,

q#L

where the elements w, are as above (notice that W§ = q), and where «,, € BB,Z is given by

[T if £4m,
Oy = .
Wy qu% ag, ifl|m.
Notice that if £ 1 m, then valy(n(a,)) = 0, whereas if £ | m, then valy(n(a.,)) = valy(n(we)) = 1.
Since p 1 m, the action of @, on the p-adic counterpart of the adelic description of Yy, is then given
by the p-modular automorphism

Mg () - T Ava(wi ).
q|m,

q#t

Here we write Wq_1 € BY and o, € Bj /ot for the images of w, and a,,, respectively, according to

D/p,q
our fixed anti-isomorphism between (Bp ®g A})* and (Bp,, ®g A%)*. Thus the action of &, on

GLa(Qp) \ [HpBZy" x Zu,]
is given by the rule
(28) [z, 2, [(ap)]] — [z, 2,[(-.-,ap, .. ,w;laq, coatag, )]

This gives therefore the action of @, on ),;. In order to describe the action of @,, induced on each
copy of Vr,, we may identify Vp, with the p-class corresponding to the trivial element in C,(d). Then,
the action of &, on Yr, is described just by restricting to double cosets of the form

[, 2, [(1,1,...,1,...)]],
on which we have

[z, 2, [(1,1,...,1,...)]] — [x,z,[(1,1,...,Wq_1,...,a;l,...,l,...)]],

where ;! is in the £-th position. Since &, acts trivially on the set C,(d) of p-classes, there exist elements
g€ GL2(Qyp), b e Bg/p and u = (uy)yzp € U} such that
[gu(L,1,...,w ' et e = ([(1, 1,1,

From this, we deduce the following:
i) gb =1 (at the p-th place), so that g =b"! € Bg/p is in fact global,

ii) u,b =1 for all v such that v # p, ¢, v{m, hence g =b"' € Uy, = OE/W} for all such places;

iii) ugw, 'b = 1 for all primes ¢ | m, ¢ # £, thus in particular val,(n(g)) = —valg(n(b)) = —1 for all
these primes;

iv) weatb =1, so that valy(n(g)) = —valy(n(b)) = —valy(n(ay)), hence valy(n(g)) is either —1 or 0,
according to whether £ | m or not, respectively.

X

Hence, the lifted Atkin-Lehner involution &,, acts on Yr, via the action of g € Bg/p - BD/pp ~
GL2(Q,) through H,, using that YVr, is the algebraisation of the Mumford quotient

WA ((Ta\ Hp)®zp2)-
Since Q* — Q) = Z(GL2(Q,)) acts trivially on this quotient, we see that w,, acts on Yr, via the

action of wy, := mg through H, as well. From i)-iv) above, we notice that w,, € Og}p normalises I'y

(so that w,, € I'}), n(w,,) = m and w2, € mI'y C Q*T4. Further, locally at £ we have w,, € ma,,'Ug,.
Regarding this local condition, observe the following:
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Lemma 5.13. Locally at ¢, wy, € aUqgye, thus in particular w2, = mu for some u € O(Dp;; NUqge.

Proof. Since we know that w,, € ma,,'Uy,, it is enough to prove that m € a2,U4,. We distinguish the
cases £1m and ¢ | m. In the first case, we can write

Uy, = < 5 g > € Op/p.es s € Zp,s>=m mod (Z.

0
o2 — m 4+ Lc 0
moe 0 m + (¢

for some ¢ € Zy2. Multiplying (on the right) by

14+ lx 0
0 1+ 4z

Therefore,

) €l1+1;, z=—cim+Llc) ™ €Zp,

we find a2,u = m, and since Ugy D 1+ Iy, the claim follows.
If ¢ | m, then «, is defined slightly different, namely

0 1 s 0 m
am:(é O)(O 5)60[)/?’5’ SEZK%SQE? mod {Z,:.

Now, one checks that
2 2+ Le 0
O‘mﬂ(go 7+£c>
for some ¢ € Zy2. Proceeding as before, and noting that we always have —1 € Uy by our choice of the
subgroup Uy, it holds again that a2,u = m for some u € Uy, and the claim also follows in this case.
Finally, the last assertion in the statement is now easily obtained by using that o, normalises Uyg,
its square is +m and —1 € Ugy. O

Altogether, we have proved the following:

Proposition 5.14. The lifted Atkin-Lehner involution @,, acts on Yr, as the automorphism induced
by the action of the element w,, € Og}p NI on H, defined above. Further, wy, has reduced norm m,
w2, € mly and, locally at £, wy, € aynUyy and w2, = mu for some u € Og}; NUgge.

Observe that the action of w,, € I'; on Yr, depends only on the image of w,, in I';/Q*Ty. It is
important to remark, however, that we can choose w,, satisfying the properties stated in the above
proposition. On the other hand, the above proposition also describes the action of @, on the dual graph
of the special fibre of Yr,. Namely, it is naturally given by the action induced by wy, on 7.

Later we will make use of the following observation concerning the element w,,:

Lemma 5.15. Let a € Og) be an element of reduced norm m normalising Og}};. Then a € wy,I'y if
and only if locally at € it holds that o € a,, Uqg p.

Proof. Indeed, it is plain that the condition is local at ¢, as U, is maximal outside ¢. And at the prime
¢, using that wy, € anUqe we deduce that a € w,,,Ug if and only if o € 0, Uge. O

Once the action of w,, on Yr, (resp. on Gg ) is described through the action of w,, € I'}; on H,, (resp.
on T,), we are in position to study the existence of smooth F,-rational points on the special fibre of a

regular model of yﬁ’d’” by looking at the dual graph of Yr,/Z,.
Let us consider the finite graph with lengths

5" = (wm) \ Gat = (Lar wm) \ Tp.

Under our assumption that p { m, this turns to be the dual graph of ))I(‘T):

Lemma 5.16. There is no edge y in gf[’f such that § = y. As a consequence, the finite graph g((i"j_) 18
the dual graph of yﬁ’j), with Frobenius action given by wy.

Proof. This follows by a similar argument to the one we used when studying the graph G, from Gg.
Indeed, consider again the partition Ver(7,) = Vi U V5 as before. Since Gq 4 does not have edges y such
that ¥ = y, such an edge exists in gfﬁ) if and only if there exists an edge y in G4+ with w,,(y) = 7.

But since n(w,,) = m and p { m, it follows that w,,(V;) = V; for ¢ = 1,2, thus there cannot be such an
edge. O
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Further, we emphasise the following;:

Lemma 5.17. There is no vertex in Qéﬁ) fized by wy.

Proof. Assume there is a vertex v in Q((i“j_) such that w,(v) = v. Since w), fixes no vertex in Gy, a
preimage v’ of v in Gg 1 satisfies wy,(v') = wy, (v'). But therefore v’ is fixed by w;,'w,, and this is not
possible because w;lwp switches the sets of vertices V7 and V5. O

In other words, the special fibre of yg” has no component rational over F,,. If ygj) is already regular,

which is equivalent to saying that every edge of gfj’jr) has length 1, then Hensel’s Lemma implies that

yﬁj)(@p) is empty, hence so is Yd(m)((@p). In general:

Proposition 5.18. Assume f4 = 1 and e4(m) = 1 as before. If Y4(Q,) = 0 and p { m, then the set
Yd(m)((@p) is not empty if and only if either

i) there exists an edge y in Gy + of odd length such that w,(y) =y and w,(y) =g, or

ii) there exists an edge y in Gq + of even length such that wyw,,(y) = 7.

Proof. By the above observations, the special fibre of a regular model of yﬁ’:) has a smooth IF,-rational
point if and only if the graph Gvc(lﬂjr) has a vertex fixed by w;, which is the origin of less than p 4+ 1 edges.
But in view of the previous lemma, this happens if and only if such a vertex has appeared during the
resolution of singularities, that is to say, if and only if there exists an edge y,, of even length in g((f_:) such

that wp(Ym) = Ym. By Hensel’s Lemma, this is therefore equivalent to the set yﬁ’:) (Qp) being non-empty,

and therefore to the non-emptiness of Yd(m)((@p) as well.
If the morphism G4 4 — Qéﬁ) is ramified at y.,, the previous condition is equivalent to saying that
there exists an edge y in Gy y satisfying w,,(y) = y and w,(y) = . Observe that this edge is necessarily
of odd length because we are assuming Y;(Q,) is empty, thus i) is satisfied.

In contrast, if the morphism Gg  — gfﬂ) is not ramified at y,,, the above condition holds if and only
if there is an edge y in Gg4 4 of even length such that either w,(y) = § or wpw,,(y) = §. The first case is
excluded because we are assuming that Y;(Qp) is empty, and therefore condition ii) holds. O

Now we translate the conditions of this proposition into explicit arithmetic conditions. For the first
one, we need a couple of lemmas whose essence is the same as that of Lemmas and

Lemma 5.19. Let a € Og}p be a solution of x®> +m = 0. If £ | m, then o € w,,I'q, whereas if £ m,
then o € wy, Ly if and only if 4 | tq.

Proof. By Lemma we know that o € w,,,I'4 if and only if, locally at /¢, it holds that a € a,, Ug g.
Assume first that ¢ | m. Then «,, = wya,,, where o, € Og/pf and 7' := ¢(a;,) € Fj; is a square

m
root of m/¢ in IFZXQ. In this case, a € a,,Uq¢ is equivalent to W[la € o, U4, and by applying ¢ this is
in turn equivalent to w(wz_la) € 7"H,;. But now observe that WZla is a square root of m/¢ in (’)g/m,,
hence its image by v is either 7/ or —7’. Since —1 € Hy, we deduce that 1(w, 'a) € 7/Hy,, hence the
assertion follows.

Now suppose that £+ m. In this case, a,, € OLX)/p,z and 7 := ¥(ay,) € IFZXQ is a square root of m in

IF;. Besides, we also have o € Og/pg, but ¥(«a) € IF;2 is a square root of —m in FZZ instead. Again,
a € a,,Uqy is now equivalent to (o) € THy, hence we conclude that o € a,,Ug e if and only if —1 is a
square in Hg, which is equivalent to saying that 4 | ¢4. O

The next lemma deals with the existence of roots in w,,Iq of the quadratic polynomials Fz(x) :=
22 + ma + m, when m is either 2 or 3.

Lemma 5.20. Assume m is either 2 or 3, and suppose Og}p has a root of either Fit (z) or F (z). Then
w, g has a root of either F,} (z) or F,, (x) if and only if s, Hy contains a root of Ff (x) (or, equivalently,
of F,,(x)), where s,, € F 5 is a square-root of m.

Proof. First notice that since £ > 3 every root of either F,} (z) or F,, (z) in Og}p can be regarded locally
at £ as an element in Of /p» thus it can be mapped by ¢ to F);. Then one proves, as in Lemma

, that assuming the existence of a root in Og}p of either F,} (z) or F,, (x) is actually equivalent to

assuming that Og}p contains roots of F,}(z) and F, (x) mapping under ¢ to each of the four roots in
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Fj; of Fif(z)F,, (x). Finally, using that ¢ (o) € F; is a square root of m in F}; and —1 € Hy, so that
() Hg = smHg, one checks that one of such roots belongs to w,,I'g if and only if its image under ¢

lies in s,, Hg. O

We are now in position to translate condition i) in Proposition by using the previous lemmas:

Lemma 5.21. Assume fg =1, e4(m) =1 and ptm, and let s3 € F; be a square root of 3 in F};. Then
condition 1) in Proposition holds if and only if Bp, ~ (—m, —p)q and the following two conditions
are satisfied:

a) either 4|ty orp=3,6 |tq and Hy has a root of 2> + 3z + 3 = 0;
b) either £ | m, or 4 |tq, orm =3, 6|ty and s3H, has a root of 2*> + 3z + 3 = 0.

Proof. Assume the hypotheses, and suppose first that condition i) in Proposition holds, so that there
is an edge y € Ed(Gg +) such that £4(y) is odd (hence 1 or 3), wy,(y) = y and w,(y) = . Let g € EA(T,)
be any edge above y, and set ¥ := o(7).

As in the proof of Lemma on the one hand there is an element 3, € I'qN Oy with 3,(§) = § such
that 82 = pug, where ug € I'y N OX. Since £4(y) is odd, we find out moreover that either ug = —1 or
uj —ug + 1 = 0. The second option implies, moreover, that 6 | t4. It follows that either 57 +p = 0 or
p =3 and B2 + 343, + 3 = 0, thus by Lemmas and condition a) holds. Further, we can assume
in the following that 82 + 38, + 3 = 0 (replace 3, by —f,, if necessary). On the other hand, there is
an element v € T'y such that yw,,(§) = §. Writing a, := yw,,, we see that o, € Oz N w,, 'y satisfies
a,(?) = ¥, hence also () = ¥. Similarly as in the proof of Lemma we have a2 = mu, for some
u, € TgNOZ, and again using that £4(y) = 1 or 3, we have in fact that either u, = —1 or u2 —uy+1 = 0.
The first case implies that a2 + m = 0, whereas in the second case it follows that m = 3, 6 | t; and
a? 4+ 3a, +3 = 0, hence condition b) holds as well by virtue of Lemmas and Again, we assume
henceforth that a2 + 3a, + 3 = 0.

Now it remains to prove that Bp,, ~ (—m, —p)g. Suppose first that ug = u, = —1, and take o := a,
B :=f3,. Then a? = —m and 32 = —p, thus the claim will follow if we prove that a3 = —Bca. Indeed, let
v :=a 'Ba € T'y. Then 42 = —p, so that Q(y) = Q(8) ~ Q(,/—p), and it follows that either v = 3 or
v = —B. The first option is excluded, since Q(a) and Q(3) are two distinct quadratic subfields of Bp,,,
hence v = —( and consequently our claim is proved.

Suppose now that ug = —1, but u2 — u, + 1 = 0, thus in particular m = 3. Set 3 := S, and
a = 20, + 3; we have 82 = —p and o®> = —m = —3. Defining as before v := a~'Ba, we see that
Q(v) = Q(B) ~ Q(v/—p), and again it follows that a3 = —fa, hence Bp,, ~ (—m, —p)q. By symmetry,
the case where u, = —1 and u% —ug + 1 =0 (thus p = 3) is done in the same way. And finally, notice

that u, # —1 and ug # —1 cannot occur simultaneously, since this would imply p = m = 3.

Conversely, suppose that Bp/, >~ (—m, —p)g and both a) and b) hold. We have to prove that there is
an edge y € Ed(Gqa,+) of odd length such that w,,(y) = y and w,(y) = y. Indeed, let o, 3 € Bp,, be such
that o> = —m, 82 = —p and o8 = —Ba, and choose a maximal order Oy containing o and 3, for some
vertex ¥ € Ver(7,). First we use condition a). By Corollary @ I'y contains a root (3, of some equation
in 7, 4. Indeed, if 4 | ¢4, then it follows from Lemma@ that 8 € T'y: in this case, let us just write
Bo := B. Otherwise, p = 3 and H, contains a root of z* + 3z + 3 = 0. As in Lemma the elements

(8-3)/2,(-8—3)/2 ¢ Og}; are roots of z? + 3z + 3 = 0, mapping to the two roots of 2% + 3z +3 =0
in F)5. Since one of them is in Hy either (8 — 3)/2 or (= — 3)/2 lies in I'y: set 3, := (8 —3)/2 or
Bo = (= — 3)/2 accordingly. In any case, 8, € I'y is a root of an equation in F, 4. Thus if we set
¥ := B,() and § denotes the edge from @ to o', then 8,(j) = 7 by Lemma (actually, 3, acts like w,,
on G4+ ). As a consequence, if y denotes the image of § in G4 4+, then w,(y) = §. Since Y3(Q,) is empty
by hypothesis, the length of y is necessarily odd.

Secondly, we use now condition b). If £ | m or 4 | t4, then by Lemma we have that a € w,,['y. In
this case, set o, := a. Otherwise, if m = 3 and s3Hy has a root of 22 + 3z 4+ 3 = 0, similarly as before

one of the elements (o — 3)/2, (—a—3)/2 € Og}p lies actually in w,,I'y: we write o, for any of them

satisfying this condition, and notice that a, is a root of 22 + 3z + 3 = 0. In any case, the element «,
induces the same action as w,, on the graph Gy y, because p t+ m. Therefore, it remains to prove that
Wi (y) = y, which amounts to proving that the edge a,(§) € Ed(7,) lies above y. First of all, observe
that locally at p we have o, € OF ,, so that a,(?) = 9. Thus it is enough to prove that a,(?') is a
vertex above the end vertex of y, i.e. above the same vertex as ¢’. For doing so, we translate the relation
aff = —fa into a relation between a3, and B,a,, depending on the expression of «, and 3, in terms of

« and (3, respectively. The details can be done case by case:
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1) Suppose that «, = a and S, = 5. Then we have clearly «,8, = —8,a,. As a consequence,

(V') = (V) = =P (D) = B(D) = ¥,
and therefore o, (g) = ¢, which obviously implies our claim.
2) Now suppose that m = 3 and «, := (fa — 3)/2. Then «, satisfies the quadratic equation
a2 +3a+3 = 0. In particular, observe that tr(a,) = —3 and n(a,) = 3. Since p{m, in this case
we necessarily have 8, = B Then from the relation aff = —Ba it follows that

O‘oﬂo - (ia - )ﬁ - (iaﬁ 3ﬁ) ($BOK - 36) = _ﬁoao + Sﬂo = _ﬁo(ao + 3)
But notice that n(a, + 3) = 3, so that a, + 3 € Of , fixes 9. Therefore,
o(0") = oBo(V) = —Bolao + 3)(D) = Bo(0) = ¥,

and again this implies that «,(g) = § as we wanted.

3) When p =3 and 3, := (8 — 3)/2 € T'y, one can proceed in the same way as in 2), we leave the
details to the reader.

O

Condition ii) in Proposition is translated into a very explicit condition in Lemma below. In
its proof, we use the following lemma, which is proved in the same way as Lemma [5.19] by using that the
assumption f; = 1 implies that Hy contains the square roots in IFZQ of p mod /.

Lemma 5.22. Let o € Og}p be a solution of x> +mp = 0. If | m, then a € w,,Tq, whereas if £ m,
then « € wy, Ty if and only if 4 | tq4.

Lemma 5.23. Assume fq =1, e4(m) =1 and p{m. Then condition ii) in Proposition[5.18 holds if and
only if 4 | tq and Bpp, ~ (=mp, —1)q.

Proof. Assume the hypotheses, and suppose that condition ii) in Proposition holds, so that there
is an edge y € Ed(G4+) of length 2 such that w,w,,(y) = §. Choose an edge § € Ed(7,) above y, and
let ¥ := o(y). Since £4(y) = 2, there is an element 3 € I'y N O such that 42 + 1 = 0. This implies,
in particular, that 4 | ¢;. On the other hand, since wpw,,(y) = 7, there is an element v € I'y such that
YW (§) = 7, thus (ywm,)?(§) = §. Write a := yw,,, and observe that a € O N w,,I'y normalises I'y.
Besides, since w,, normalises I'y and w,2n € mI'y, we have that a®> = my’ for some 4/ € I'y. Now, since
p 1 m and dist(a(?),9) = 1, we deduce that val,(n(7')) is odd, thus as in the proof of Lemma [£.14] we
can assume it is 1. Then we can write o = pmu for some u € O, but observe that O /Z* = {[1], [A]}.
If it were u = £, we would have Q(«) = Q(8), and this is not possible. Therefore, u = £1, and since
Bpp is definite, the only option is u = —1 and this implies that a? = —pm. Finally, observe that o~ Ba
fixes 7, hence in particular o' B« € OZ. Since §§ # £1, it follows that a'Ba==+8. But o 'fa=8is
not possible, hence we have af = —f«, and we conclude that Bp/, ~ (-1, —pm)q.

Conversely, assume that 4 | t4 and Bp/, = (=mp, —1)g, and choose elements «, 3 € Bp/, satisfying
a? = —pm, 8% = —1 and a8 = —Ba. We can also choose a maximal order Oy containing o and 3 for
some vertex ¥ € Ver(7,). Let ¥ := «(?) (which is at distance 1 from 0), § be the edge from ¢ to ¢’ and
v,y be their images in Gg y, respectively. Since 4 | tq4, the element 8 actually lies in I'y (one can argue as
in the proof of Lemma for example), and we deduce that Stabr,, _(©) = {[1], [B]}, hence £q(v) = 2.
On the other hand, 8(¢') = fa(v) = —aB(0) = a(v) = ¢, thus S fixes y as well, hence £4(y) = 2. Finally,
() = ¢, and from Lemma [5.22 we have o € w,,T'g because 4| tq. This implies that w,,(y") = §’, where
y' is the image of y in G4, which means that either w,,(y) = ¥ or wpw,,(y) = g. But since p { m, the first
option cannot occur, so that w,wp,(y) = . Therefore, condition ii) in Proposition is satisfied. O

As a direct consequence of Proposition [5.18|together with Lemmas[5.2T] and [5.23] we conclude with the
following criterion for the existence of Q,-rational points on Yd( ), Wthh accounts for part 1) of Theorem
Notice that condition i) is indeed equivalent to the conditions in Lemma since p =3 and m = 3
cannot hold simultaneously.

Theorem 5.24. Assume fg = 1, eq(m) = 1 and p t m. If Y4(Q,) = 0, then the set Y (Qp) is not
empty if and only if one of the following conditions holds:
i) Bp/p =~ (=m,—p)q, and either
a) 4|tq, or
b) p=3,¢|m, 6|ty and Hy contains a oot of x*> + 3z + 3 = 0.
ii) Bp/p ~ (—mp,—1)q and 4 | t,.
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Corollary 5.25. Assume fq = 1, e4(m) = 1, pt m and Y4(Q,) = 0. If 4 1 tg and p # 3, then
Yd(m) (Qp) =0.

5.4. Qp-rational points on Yd(p ™), Lastly, we discuss the existence of Q,-rational points on the quo-
tients of Yy by lifted Atkin-Lehner involutions of the form @,,,, where m | D/p and m > 1. As above, we
assume fy = 1 and g4(pm) = 1. By Lemma observe that our assumption is equivalent to f; = 1 and
gq(m) = 1. Similarly as before, @, induces an action on each copy of Yr, in (22), and the set Yd(p m)(Qp)
is non-empty if and only if yﬁ{’i m)(Qp) is non-empty.

Now, since Wy, = @plm = W Wp, its action on Yr, is induced by the action of wpw,, (or wyw,) on
ﬁp. Besides, the action of Wy, on the graph G4 = I'q 4 \ 7, is naturally induced by the action of wywy,
on 7T,, so we are lead to consider the finite graph with lengths

Gyt = (Ca . wpwm) \ Ty
In contrast to the case of géﬁ) (with p 1 m), where it holds that gc(lf’f* = gflf’f, now it might be the case
that gfff)* =+ g((ff), because gfff) can have edges y with § = y. Thus gfff) is not necessarily the dual
pm)

graph of yﬁd

Lemma 5.26. Let m > 1 be a divisor of D/p, and assume that fq = 1, Yq(Q,) = 0 and e4(m) = 1.
Then Yd(pm)(Qp) is not empty if and only if there exists a vertex v in Gq 4 such that wy,(v) = v.

Proof. Suppose first that Yd(p m)(Qp) is non-empty, hence so is yﬁ’; m)((@p). Therefore, there is a vertex

x € Ver(gc(ff)) such that wy(z) = z. If  was already a vertex of gfj’f), then a preimage v of z in G4+
would satisfy either w,(v) = v or wy(v) = wpw,,(v). The first option is not possible because w, fixes no
vertex in Gg 4, hence w,(v) = wpw., (v), and as a consequence v = wy, (v).

Otherwise, the vertex z has appeared during the resolution of singularities. This implies that QC(ZT)
has an edge y of even length such that w,(y) = §. Now we claim that if y has two distinct preimages y;
and y2 = wpwm, (Y1) in Gg 4+, then we have the same situation for both y; and yo. Indeed, the length of

both y; and ¥y, equals the length of y in gfl{’ f), as the natural projection is not ramified at y, and the

identity w,(y) = ¢ implies that for ¢ = 1,2 we have either wy,(y;) = i or wy(y;) = Wpwim (Yi) = Wpwm, (F;)-
But since p f m, the second option is not possibleﬂ Then both y; and y, are edges of even length in Gy 1
such that wy,(y1) = 1 and wy(y2) = P2 as claimed. But this contradicts our assumption that Y;(Q,) is
empty. Therefore we may assume that y has a unique preimage z in G4 4 (i.e., wpw,, is ramified at y).
But this means that wpw.,(z) = z, which again is not possible because p { m.

Conversely, assume there is a vertex v € Gg 4+ such that wy,(v) = v. Then the image x of v in gem)

d,+
is fixed by wy,. Therefore, yﬁ{’i ™) (Qp), hence Yd(p ™) (Qp), is non-empty, except possibly if the vertex z is

the origin of p + 1 edges y such that w,(y) = 7. Let us work out this case.

Assume that z is in fact the origin of p + 1 edges y such that w,(y) = y. First we claim that if
this is the case then the vertex v is the origin of p + 1 edges z such that w,,(z) = z. Indeed, write
v' := w,(v), and notice that v" = wyw,,(v), so that v and v' are the two distinct preimages of = in
G4,+. Observe that since x is the origin of p 4+ 1 edges, then x has trivial length, and as a consequence
every edge y emanating from x has trivial length as well. In particular, every edge y € Star(x) has
two distinct preimages of trivial length in G4 4+, one in Star(v) and the other one in Star(v’). Fix an
edge y € Star(z), and let z be the unique edge in Star(v) above y. Since we are assuming w,(y) = 7,
we deduce that either wy(z) = Z or wy(z) = wpwm(2) = wpwm,(Z). The latter is not possible because
p 1 m, hence it is w,(z) = 2. Besides, w,,(2) maps to the same edge as wy,(z) = Z. Therefore, either
W (2) = Z or wy(2) = wpwnwn(Z) = wy(Z) = 2. Again, the first option is excluded because p t m,
so that wp,(z) = z. The same argument applies for every edge y € Star(x), thus our claim is proved.
Secondly, our claim implies in turn that w,, fixes every vertex of G4, at distance 1 of v. Being G4 1

connected, this implies that w,, acts trivially on Gg4 . Therefore, if we write g4 (resp. gc(lm)) for the genus

of Yr, (resp. yﬁ’:)y then it follows that gq = gém), and by applying the Riemann-Hurwitz formula, we
deduce that g4 > (g4 + 1)/2, hence g4 is either 0 or 1. But this implies that there is some vertex in Gg 4+

2The graph G | is bipartite: its set of vertices admits a decomposition as a disjoint union of two sets of vertices le, Vdg,
of the same cardinality, and there is no edge between vertices in the same set V. Further, w,(V}) = VZ and w,(V?) = V],
whereas W, (V) = Vi for i = 1,2, because p{ m. Then for every edge y € Ed(Gg, ), if o(y) € V} then o(wy(y)) € V.Z and
o(wpwm (¥)) € Vi}, so that wp(y) and wpwm () cannot be the same edge (and analogously if o(y) € V).
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which has less than p + 1 edges emanating from it, and therefore its image in gé” _T) is a vertex fixed by

wp and with less than p + 1 edges in its star, thus by Hensel’s Lemma yﬁ’; ™) (Qp) is not empty. Indeed,
if every vertex of G4 4 were the origin of p 4+ 1 edges, then every vertex in G4 4 would have degree p + 1,
and we would have that

| Ver(Ga,+)|(p+ 1) = 2| Ed(Ga.1)|-

But on the other hand we know that the genus gq of Vr, satisfies the relation 1 — g4 = | Ver(Gq,+)| —
|Ed(Gy,+)|- And when g4 is either 0 or 1, this is not compatible with the above relation. O

Next we translate the existence of a vertex in G4 4 fixed by w,, into the existence of solutions in
wm, 'y of certain quadratic equations. We do this in the following lemma, where F,,, 4 denotes the set of
quadratic equations defined in the same way as we defined F), 4 in replacing p by m.

Lemma 5.27. Let m > 1 be a divisor of D/p, and assume that fq = 1 and e4(m) = 1. Then there is
a vertex v € Ver(Gq 1) such that wy,(v) = v if and only if there exists an element o € w,I'q satisfying
some quadratic equation in Fp, 4.

Proof. Suppose there is a vertex v € Ver(Gy 4+) fixed by w,,, and let o € Ver(7,) be a vertex above v.
Then there is an element v € 'y such that yw,,(0) = 0. Writing a = yw,, € Tqw, = w,Lg, we have
a(?) = 9. In particular, o?(9) = 9 as well, but notice that a? = yw,yw, = w2y = mu for some
elements 7/, u € I'y, where we have used that w2, € mIy. But therefore u fixes © as well, because m
acts trivially on 7,. Then u € Stabr,(0) = O, and it thus follows that either v = +1, u* +1 =0 or
u?+u+1=0. As in the proof of Lemma we deduce that one of the following holds:

i) u=—1and a® +m =0,

i) > +1=0,m=2,4|t; and o> £2a +2 =0,

iii) u? —u+1=0,m=3,6|ty and a® £3a+3 =0.
And this implies that « is a root of some equation in F,, 4.

Conversely, assume that there exists a root o of some equation in F,, 4 such that o € w,,I'y. Since
w, g € Opyp, we can choose a maximal order Oy corresponding to some vertex v of 7, such that o € Os.
But now notice that n(a) = m, and since p { m this implies that « is invertible in Oz, thus it fixes 0. In
particular, writing o = yw,,, for some v € T'y (recall that w,,['y = Tqw,,), it follows that yw,,(0) = 0. If
v denotes the image of ¥ in Gq4 4, then v is fixed by wy,. a

Finally, we conclude with the following criterion for the existence of Q,-rational points on Yd(p m),
which corresponds to part 2) of Theorem It is a direct consequence of the previous lemmas: indeed,
one only has to translate the existence of solutions in w,,I'q of equations in the set F,, 4 into explicit
conditions by using Lemmas [5.19] and [5.20}

Theorem 5.28. Let m > 1 be a dwisor of D/p, and assume that fq =1, Y4(Q,) = 0 and eq(m) = 1.
Then Yd(pm)((@p) is not empty if and only if any of the following conditions holds:

i) Q(v/—m) splits Bpp,, and either
a) £|m ordl|ty, or
b) m =3, 6| tq and s3H, contains a root of % + 3x + 3 = 0, where s3 € IF;Q s a square root
of 3.
ii) m =2, 4| tq, Q(v/-1) splits Bp, and syHy contains a root of % + 2z + 2 = 0, where sy is a
square oot of 2 in F;.
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