
1

A modified signed Brauer

algebra as centralizer

algebra of the unitary group

Alberto Elduque

Universidad de Zaragoza



2

Motivation

A. Gray and L.M. Hervella: “The Sixteen Classes

of Almost Hermitian Manifolds”, Ann. Mat. Pura

Appl. 1980:

(M, g, J) almost Hermitian manifold, dim M = 2n

Riemannian metrig g, connection ∇,

almost complex structure J ,

Kähler form F (X, Y ) = g(JX, Y ).

The tensor α = ∇F satisfies ∀X, Y, Z ∈ χ(M):

α(X, Y, Z) = −α(X, Z, Y ) = −α(X, JY, JZ)

so for any point m ∈M , (∇F )m belongs to

Wm = {α ∈M∗m ⊗M∗m ⊗M∗m :

α(x, y, z) = −α(x, z, y) = −α(x, Jy, Jz)}.

Decomposition of Wm into irreducible modules un-

der the action of U(n)?
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• Problem:

V complex vector space, dimC V = n,

h : V × V → C hermitian inner product,

Decompose
⊗r

R V into irreducible U(V, h)-modules.

• Associated problem:

EndU(V,h)(⊗r
RV ) = ?

(centralizer algebra)
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Remark:

C⊗R V ∼= V ⊕ V ∗

1⊗ v 7→
(
v, h(−, v)

)

Therefore, by extending scalars,

C⊗R (⊗r
RV ) =

r⊕
p=0

(
r

p

)
(⊗p

CV )⊗C (⊗r−p
C V ∗)

Can apply Benkart et al.: “Tensor Product Rep-

resentations of General Linear Groups and Their Con-

nections with Brauer Algebras”, J. Algebra 1994.
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EndU(V,h)(⊗r
RV ) = ?

1. Invariants:

f : V× r· · · ×V → R

multilinear and U(V, h)-invariant.

2. Centralizer algebra:

EndU(V,h)(⊗r
RV ) ∼=

(
(⊗r

RV )⊗R (⊗r
RV ∗R )

)U(V,h)

∼=
(
⊗2r

R V ∗R
)U(V,h)

3. Combinatorial description.

4. Decomposition into irreducibles.
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1. Invariants:

J : V → V, v 7→ iv,{
h(v, w) = 〈v | w〉+ i〈v | Jw〉

〈 | 〉 inner product.

∀l = 1, . . . r:

Jl : ⊗r
RV −→ ⊗r

RV

v1 ⊗ · · · ⊗ vr 7→ v1 ⊗ · · · ⊗ Jvl ⊗ · · · ⊗ vr

Jl ∈ EndU(V,h)(⊗r
RV ).

J = algR〈J ′ls〉 ∼= ⊗
r
RC ↪→ EndU(V,h)(⊗r

RV )

∀I ⊆ {2, . . . , r}:

eI =
1

2r−1

∏
l∈I

(1− J1Jl)
∏

1 6=l 6∈I

(1 + J1Jl)

is a primitive idempotent of J , 1 =
∑

I eI and

J =
⊕

I⊆{2,...,r}
CeI

1. Invariants.
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(⊗r
RV )eI = {x ∈ ⊗r

RV : xJl = xJ1 ∀l ∈ I,

xJl = −xJ1 ∀1 6= l 6∈ I}

With 
V1 = V

Vl = V if l ∈ I

Vl = V ∗ if 1 6= l 6∈ I

(⊗r
RV )eI

∼= V1 ⊗C V2 ⊗C · · · ⊗C Vr

(v1 ⊗ · · · ⊗ vr)eI 7→ w1 ⊗ · · · ⊗ wr

{
wl = vl if l = 1 or l ∈ I

wl = h(−, vl) if 1 6= l 6∈ I

This is an isomorphism of U(V, h)-modules
and of complex vector spaces (action on the
first slots).

1. Invariants.
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Now, the theory of invariants for the action
of U(V, h) on V1 ⊗C V2 ⊗C · · · ⊗C Vr give:

Theorem:

f : V× r· · · ×V → R multilinear and U(V, h)-
invariant. Then either f = 0 or r = 2m and f
is a linear combination of

〈
vσ(1) | Jδ1vσ(2)

〉
· · ·

〈
vσ(2m−1) | Jδmvσ(2m)

〉

(σ ∈ Sr, δ1, . . . , δm ∈ {0, 1}).

For r ≤ dimC V , this is proved by N. Iwa-
hori (1958), and it is asserted in full generality
in Gray-Hervella’s paper.

1. Invariants.
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2. Centralizer algebra:

f : V × V × V × V × V × V −→ R

(v1, v2, v3, v4, v5, v6) 7→

〈v1 | Jv3〉〈v2 | Jv4〉〈v5 | Jv6〉

{ea}2n
a=1 orthonormal basis of V ,

{εa}2n
a=1 dual basis of V ∗R

f '
2n∑

a,b,c=1
εa ⊗ εb ⊗ εa ◦ J ⊗ εb ◦ J ⊗ εc ⊗ εc ◦ J

∈ (⊗6
RV ∗R )U(V,h)

2. Centralizer algebra.
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' (–1)2
2n∑

a,b,c=1
εa ⊗ εb ⊗ εa ◦ J ⊗ Jeb ⊗ ec ⊗ Jec

∈ ((⊗3
RV ∗R )⊗R (⊗3

RV ))U(V,h)

'

v1 ⊗ v2 ⊗ v3 7→

2n∑
a,b,c=1

εa(v1)εb(v2)εa(Jv3)Jeb ⊗ ec ⊗ Jec



=

v1 ⊗ v2 ⊗ v3 7→

2n∑
c=1
〈v1 | Jv3〉(Jv2)⊗ ec ⊗ Jec


= J2J3c13(1 2)J3 ∈ EndU(V,h)(⊗3

RV )

2. Centralizer algebra.
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where

(v1 ⊗ v2 ⊗ v3)c13 = 〈v1 | v3〉
2n∑

a=1
ea ⊗ v2 ⊗ ea

Jl

cpq

ρ(Sr)

 they all belong to EndU(V,h)(⊗r
RV )

and

EndU(V,h)(⊗r
RV ) = algR

{
ρ(Sr), Jl’s, cpq’s

}

2. Centralizer algebra.
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3. Combinatorial description:

v1 ⊗ v2 ⊗ v3 7→ 〈v1 | Jv3〉
2n∑

a=1
Jv2 ⊗ ea ⊗ Jea

• • •

• • •

f f
f

� �

� �
..............................................................................................................................

or

• • •

• • •
◦

◦

◦

� �

� �
..............................................................................................................................

3. Combinatorial description.
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3. Combinatorial description.
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General rule for multiplication of marked dia-
grams:

a, b marked diagrams

i) Draw a above b and connect the jth lower vertex

of a with the jth upper vertex of b ∀j = 1, . . . , r,

to get a diagram a◦ b. Then ab is a scalar multiple

of the marked diagram c whose arcs are the (non-

closed) paths of a◦b. The uppermost or rightmost

vertex of any arc of c is marked if the number of

marked nodes in the arcs of a and b involved in the

corresponding path is odd.

ii) If p (resp. l) is a path (resp. loop) of a ◦ b, move

the marks (say s) on it to the uppermost or right

most vertex and take

γ(p) = (−1)# horizontal moves(−1)b
s
2c

γ(l) =
{

0 if s is odd

(−1)# moves(−1)
s
2 if s is even

iii) Compute γ(a, b) = (2n)# loops ∏
p γ(p)

∏
l γ(l).

iv)

ab = γ(a, b)c

3. Combinatorial description.
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4. Decomposition into irreducibles:

⊗r
RV =

⊕
I⊆{2,...,r}

(⊗r
RV )eI

∼=
r⊕

q=1

(
r

q

)(
(⊗q

CV )⊗C (⊗r−q
C V ∗)

)

as U(V, h)-modules and complex vector spaces.

Now the results of Benkart et al. apply.

4. Decomposition into irreducibles.
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Examples:

1) Gray-Hervella (1978):

W = {x ∈ ⊗3
RV : x(23) = −x = xJ2J3}

= {x ∈ (⊗3
RV )

1

2
(1− J2J3) : x(23) = −x}

1

2
(1− J2J3) = e1 + e2 orthogonal idempotents

e1 =
1

4
(1− J1J3)(1− J2J3)

e2 =
1

4
(1 + J1J3)(1− J2J3)

(⊗3
RV )

1

2
(1− J2J3) = (⊗3

RV )e1 ⊕ (⊗3
RV )e2

∼=(V ⊗C V ⊗C V )⊕ (V ∗ ⊗C V ⊗C V )

W ∼= (V ⊗C Λ2
CV ) ⊕ (V ∗ ⊗C Λ2

CV )

4. Decomposition into irreducibles.
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2) Abbena-Garbiero (1988):

W = {x ∈ ⊗3
RV : x(23) = −x = −xJ2J3}

= {x ∈ (⊗3
RV )

1

2
(1 + J2J3) : x(23) = −x}

(⊗3
RV )1

2(1 + J2J3)←→ (V ⊗C V ⊗C V ∗)⊕ (V ⊗C V ∗ ⊗C V )

(23)

y y “flip”

(⊗3
RV )1

2(1 + J2J3)←→ (V ⊗C V ⊗C V ∗)⊕ (V ⊗C V ∗ ⊗C V )

Therefore,

W ∼= V ⊗C V ⊗C V ∗

(v1 ⊗ v2 ⊗ v3)
1

4

(
1− (23)

)(
1 + J2J3

)
7→

1

2

(
v1 ⊗C v2 ⊗C h(−, v3)− v1 ⊗C v3 ⊗C h(−, v2)

)

4. Decomposition into irreducibles.


