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Motivation

A. Gray and L.M. Hervella: “The Sixteen Classes
of Almost Hermitian Manifolds”, Ann. Mat. Pura
Appl. 1980:

(M, g,J) almost Hermitian manifold, dim M = 2n
Riemannian metrig g, connection V,

almost complex structure J,
Kihler form F(X,Y) =g(JX,Y).
The tensor a« = VF satisfies VX,Y,Z € x(M):
a(X,Y,2) = —a(X,2,Y) = —a(X,JY, JZ)

so for any point m € M, (VF),, belongs to

Wm ={a eMy,, @ My, @ My, :

a(z,y,z) = —a(z, z,y) = —a(z,Jy, Jz)}.

Decomposition of Wy, into irreducible modules un-

der the action of U(n)?



e Problem:

V complex vector space, dim¢c V = n,

h:V XV — C hermitian inner product,

Decompose Qp V into irreducible U(V, h)-modules.

e Associated problem:

Endy(v,p) (®rV) =7

(centralizer algebra)



Remark:

CRrV VRV

1R v +— ('v,h(—,'v))
Therefore, by extending scalars,

T

C®r (QRV) = P (r)(@éV) ®c (/¢ "V¥)
p=0 p

Can apply Benkart et al.: “Tensor Product Rep-
resentations of General Linear Groups and Their Con-

nections with Brauer Algebras”, J. Algebra 1994.



EHdU(V’h) (@&V) =7

1. Invariants:
T

f:VX.ee XV =R

multilinear and U (V, h)-invariant.

2. Centralizer algebra:

N\ U(V,h
Endg (v (®5V) = ((@5V) @ (@5Vi))7 7

~ (®I%RTV]§> U(V,h)

3. Combinatorial description.

4. Decomposition into irreducibles.



1. Invariants:

J: V-V, vm—v,
{h(’v,’w)= (v | w) +i(v | Jw)

(|) inner product.

Vi=1,...r:
Jp ®ITQV — ®]§V
V1 Q- Qup— V1 Q- QJU K-+ Q vp

Ji € Endy (v,p) (QrV)-
J = algr(J;s) = @C — Endy(vp) (QrV)

VI C {2,...,r}:

[[@—aJgy) I Q+J7)
el 14121
is a primitive idempotent of J, 1 = ) 7rey and

J = @ (CGI
I1C{2,...,r}

€1 = 2r—1

1. Invariants.



(QrV)er = {x € RV 1 xJ; = xJy VI € I,
xJ; = —xJ1 V1#IL &I}

With
( V1 =V

Vi=V iflel
Vi=V* if1ALEI

7\

(®rV)er = V1 Qc V2Qc -+ Qc Vr
(v1®“‘®’0r)61'—>w1®’“®’wr

{wl:fvl ifl=1orlel
wl:h(—,fvl) ifl#lgI

This is an isomorphism of U (V, h)-modules
and of complex vector spaces (action on the
first slots).

1. Invariants.



Now, the theory of invariants for the action
of U(V, h) on Vi Qc Vo Q¢ -+ Q¢ Vi give:

Theorem:

r

f:Vx ... XV — R multilinear and U(V, h)-
invariant. Then either f = 0 or »r = 2m and f
is a linear combination of

<va(1) | J51v0(2)> e <‘va(2m—1) | J(vaa(Zm)>

(o € Sy, 51y ..,0m € {0,1}).

For » < dim¢ V, this is proved by N. Iwa-
hori (1958), and it is asserted in full generality
in Gray-Hervella’s paper.

1. Invariants.



2. Centralizer algebra:

f:VXVXVXVXVXV—R

(v1,v2, V3, Vg, U5, Vg) —

(v1 | Jug)(ve | Jvg)(vs | Jvg)

{ea}?™; orthonormal basis of V,

{ea}2™, dual basis of Vi

2n
f ~ Z €Ea RepRego Repod Kec R €ecod

a,b,c=1

e (®FVEH)TVM

2. Centralizer algebra.
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2n
~(-1)? Y @R ReoJ®JTepRec® Jec

a,b,c=1

e (®2VF) ®r (RFV))VV:R)

~ (?Jl®v2®vgl—>

2n
> ea(vi)ep(v2)ea(Jvz)Jep ® ec ® Jec)

a,b,c=1

= (’01®vz®v3'—>

2n
D> (o1 | Jug)(Jv2) ® ec ® Jec)

c=1

= JaJ3c13(12)J3 € EndU(V,h)(®I?éV)

2. Centralizer algebra.
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where

2n
(v1 @v2 @w3)c13 = (v1 | v3) Y ea V2 ® eq

a=1

Cpg ; they all belong to Endy (v, p) (®RV)

and

EndU(V’h)((X)f&V) — algp {p(Sr), Ji’s, cpq’s}

2. Centralizer algebra.
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3. Combinatorial description:

2n
v1 @ 2 ® vz = (v1 | Jug) ) Jva Qeq ® Jegq
a=1
é »
« ®
or
& o %
«_

3. Combinatorial description.
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3. Combinatorial description.
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General rule for multiplication of marked dia-
grams:

i)

iif)

iv)

a, b marked diagrams

Draw a above b and connect the jt! lower vertex
of a with the j*! upper vertex of bVj =1,...,r,
to get a diagram aob. Then ab is a scalar multiple
of the marked diagram c whose arcs are the (non-
closed) paths of aob. The uppermost or rightmost
vertex of any arc of c is marked if the number of
marked nodes in the arcs of a and b involved in the

corresponding path is odd.

If p (resp. 1) is a path (resp. loop) of a o b, move
the marks (say s) on it to the uppermost or right

most vertex and take

~(p) = (_1)# horizontal moves(_ 1) | 5]

0 if s is odd
T = (—1)# moves(—1)% if s is even

Compute v(a,b) = (2n)# 1°°Ps ] ~(p) [T, v(1).

ab = ~v(a,b)c

3. Combinatorial description.



4. Decomposition into irreducibles:

RV = P (®V)er
I1C{2,...,r}

112
D

(2) (®2v) ®c (B V™))
qg=1

as U(V, h)-modules and complex vector spaces.

Now the results of Benkart et al. apply.

4. Decomposition into irreducibles.
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Examples:
1) Gray-Hervella (1978):

W= {xec®V:x(23) =—x=aJ2J3}

={x € (@%V)%(l — JaJ3) : 2(23) = —a}

1
5(1 — JaJ3) = e1 + e2 orthogonal idempotents
1
el = Z(l — J1J3)(1 — J2J3)

1
ez = Z(l + J1J3)(1 — J2J3)

1
(®%V)5(1 — J2J3) = (@2 V)e1 D (R5V)e2

2VRcVRXIV)D(VQcV Qc V)
W 2 (VRcA2V) @ (V* ®c AZV)

4. Decomposition into irreducibles.
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2) Abbena-Garbiero (1988):

W={x€®3V:x(23) = —x=—xJ2J3}

={x € ((X%V)%(l + J2J3) : x(23) = —x}

(REV)LA + J2J3) «— (VRc V ®c V*) & (V ®c V* Q¢ V)

(23) J/ J/ “ﬂip”

(R2V)3(1+ J2J3) +— (VRc VR V*) ® (V& V*RQc V)

Therefore,

W = VeV ®c V*

(v1 V2 ® '03)%(1 — (23)) (1 + J2J3> —

1

2 (’01 ®c v2 Q¢ h(—,v3) — v1 ®c v3 &c h(—, ’02))

4. Decomposition into irreducibles.



