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The gradings on the simple Lie algebra of type F4 are all induced from
gradings on the Albert algebra. They have been classified over algebraically
closed fields of characteristic not two in joint work with M. Kochetov.
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The gradings on the simple Lie algebra of type F4 are all induced from
gradings on the Albert algebra. They have been classified over algebraically
closed fields of characteristic not two in joint work with M. Kochetov.

Among the fine gradings on the Albert algebra A, there appears a grading
over Z3, in which all the homogeneous components are 1-dimensional.
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The gradings on the simple Lie algebra of type F4 are all induced from
gradings on the Albert algebra. They have been classified over algebraically
closed fields of characteristic not two in joint work with M. Kochetov.

Among the fine gradings on the Albert algebra A, there appears a grading
over Z3, in which all the homogeneous components are 1-dimensional.

This means that the Albert algebra A may be described as the group
algebra F[Z3], with “twisted” multiplication

X

e’ e = U(Xay)ex+y7

for a suitable map o : Z3 x Z3 — F.
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The gradings on the simple Lie algebra of type F4 are all induced from
gradings on the Albert algebra. They have been classified over algebraically
closed fields of characteristic not two in joint work with M. Kochetov.

Among the fine gradings on the Albert algebra A, there appears a grading
over Z3, in which all the homogeneous components are 1-dimensional.

This means that the Albert algebra A may be described as the group
algebra F[Z3], with “twisted” multiplication

X

e’ e = U(Xay)ex+y7

for a suitable map o : Z3 x Z3 — F.

In this talk, the classification of fine gradings on the Albert algebra will be
reviewed, and it will be shown that o above can be chosen in a very
symmetrical and simple form, which appeared for the first time in work of
Griess (1990).
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@ Gradings on algebras

@ Octonions

© Albert algebra

@ The Albert algebra as a twisted group algebra
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@ Gradings on algebras
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G abelian group, A algebra over a field F.

G-grading on A:
-A == @geGAg’
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Example: Pauli matrices

A = Mat,(F)

100 0 010 0
0 ¢ 0 0 00 1 0

x=]0 0 €2 0 y — :
: 000 1
0 0 O en—1 1 00 0

(e a primitive nth root of 1)
Xn:]‘:Yna YXZEXY
A = B p)ez,x2.A77)> Az =FX'YI.
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Example: Pauli matrices

A = Mat,(F)

100 0 010 0
0 ¢ 0 0 00 1 0

x=]0 0 €2 0 y — :
: 000 1
0 0 O en—1 1 00 0

(e a primitive nth root of 1)
Xn:]‘:Yna YXZEXY
A = B p)ez,x2.A77)> Az =FX'YI.

A becomes a graded division algebra. J
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Example: octonions

Cayley-Dickson process:

K =F & Fi, 2 =1,
H =Ko Kj, =-1,
O=Hao HI/, ?=-1,

O is Z3-graded with

deg(i) = (1,0,0), deg(j)=(0,1,0), deg(/)=(0,0,1).
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Examples: Lie algebras
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings

g=9-nD- - DPg-1PPgoDY1 D - D gn-
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Examples: Lie algebras
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings
g=9-n® - Dg-19900Dg1 DD gn.

I. Kantor: “There are no Jordan algebras, there are only Lie algebras.”
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Examples: Lie algebras

o Cartan grading: g="h® (Bacola)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings
0=9-nD - Bg-1D90Dg1D - Dgn

I. Kantor: “There are no Jordan algebras, there are only Lie algebras.”

K. McCrimmon: "Of course, this can be turned around: nine times
out of ten, when you open up a Lie algebra you find a Jordan algebra
inside which makes it tick.”
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Conventions

In what follows:

o I will denote an algebraically closed ground field, charF # 2.

@ The dimension of the algebras considered will always be finite.
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Basic definitions

Let I: A=@zccAgand M A= @g/GG/A;, be two gradings on A:
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Basic definitions

Let I: A=@zccAgand M A= @g/GG/A;, be two gradings on A:

o [ is a refinement of " if for any g € G there is a g’ € G’ such that
Ag g Ag’-

Then [ is a coarsening of T.
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Basic definitions

Let I: A=@zccAgand M A= @g/GG/A;, be two gradings on A:
o [ is a refinement of " if for any g € G there is a g’ € G’ such that
Ag g Ag’-

Then [ is a coarsening of T.

o [ is fine if it admits no proper refinement.
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Basic definitions

Let I: A=@zccAgand M A= @g/GG/A;, be two gradings on A:
o [ is a refinement of " if for any g € G there is a g’ € G’ such that
Ag g Ag’-
Then [ is a coarsening of T.

o [ is fine if it admits no proper refinement.

e [ and I’ are equivalent if there is an automorphism ¢ € Aut A such
that for any g € G there is a g’ € G" with p(Ag) = A,/

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 10 / 33



@ Octonions
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Octonions

Theorem (E. 1998)

Up to equivalence, the fine gradings on O are

o the Cartan grading (weight space decomposition relative to a Cartan
subalgebra of g, = Der(Q)), and

@ the Z%-grading given by the Cayley-Dickson doubling process.
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Sketch of proof:

o The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n(Qg) = 0 unless g = e, n(Qg, Q) =0 unless gh = e.
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Sketch of proof:

o The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n(Qg) = 0 unless g = e, n(Qg, Q) =0 unless gh = e.

o If there is a g € G in the support with either g # e # g° or
dim Oz > 2, there are elements x € Og, y € Qg1 with
n(x) =0=n(y), n(x,y) =1. Then e; = xy and e, = yXx are
orthogonal primitive idempotents in Q,, and one uses the
corresponding Peirce decomposition to check that, up to equivalence,
our grading is the Cartan grading.

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 13 /33



Sketch of proof:

o The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n(Qg) = 0 unless g = e, n(Qg, Q) =0 unless gh = e.

o If there is a g € G in the support with either g # e # g° or
dim Oz > 2, there are elements x € Og, y € Qg1 with
n(x) =0=n(y), n(x,y) =1. Then e; = xy and e, = yXx are
orthogonal primitive idempotents in Q,, and one uses the
corresponding Peirce decomposition to check that, up to equivalence,
our grading is the Cartan grading.

o Otherwise dimQ, = 1 and g2 = e for any g in the support of the
grading, and we get the Z3-grading.
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Cartan grading on the Octonions

O contains canonical bases:

B = {e1, e, u1,up, u3,v1, v, v3}
with
n(er, e2) = n(uj,v;) =1, otherwise 0.

2 2
€ = €1, & =&y,

eiuj = ujex = uj, eV = Vvier =V, (i = 1,2,3)

ujvi = —eq, viuj = —€p, (i == 1,2,3)

Ujldjy1 = —Ujy1Uj = Viy2, ViViy1 = — Vi1V = Uj42, (indices modulo 3)
otherwise 0.
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Cartan grading on the Octonions

O contains canonical bases:

B = {e1, e, u1, U2, u3, v1, v2, v3}
with
n(er, e2) = n(uj,v;) =1, otherwise 0.
2 2
€ =€, & =€,

euj = uiex = uj, evi=vier=v;, (i=1,2,3)

uivi = —e1, Vviui=—e, (i=1,2,3)
Ujldjy1 = —Ujy1Uj = Viy2, ViViy1 = — Vi1V = Uj42, (indices modulo 3)
otherwise 0.

The Cartan grading is determined by:

degu; = —degvy = (1,0), degup = —degv> =(0,1),
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Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra

0 =TF,[z3],
with

o(a, B) = (~1)¥*P),

Y(a, B) = Provas + arfrasz + arazfz + Z a;f;.

i<j
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Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra

0 =TF,[z3],
with

o(a, B) = (~1)¥*P),

Y(a, B) = Provas + arfrasz + arazfz + Z a;f;.

i<j

This allows to consider the algebra of octonions as an “associative algebra
in a suitable category”.
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© Albert algebra
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Albert algebra

a1 53 an
A= Hg((O),*): a w» a1 ‘ ay,a,a3 €F, aj,ar, a3 € 0
a2 ar o3

=FEEDFE ®FE3 ® Ll(@) ) Lz(@) () L3(@),

where
1 00 0 0O 0 0O
EE=10 0 0], E,=10 1 0], Es=1(0 0 0],
0 0O 0 0O 0 0 1
0 0O 0 0 a 0 2 0
Ll(a) =210 0 a s Lg(a) =210 0 O s L3(a) =21a 0 O y
0 a 0 a 00 0 0O
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Albert algebra

The multiplication in A is given by X o Y = %(XY + YX).

Then E; are orthogonal idempotents with £1 + E» + E3 = 1. The rest of
the products are as follows:

1
Eioii(a) =0, Ejyi10ui(a)= 5“(3) = Ei120i(a),

L,'(a) o LiJrl(b) = L,'+2(§E), L,'(a) @) L,'(b) = 2n(a, b)(E,'+1 + Ei+2),

for any a, b € O, with / = 1,2, 3 taken modulo 3.
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Gradings on A

Z3-grading: J

A is naturally Z%—graded with

A((—)’@) =FE +FE, + FE3,
Agg =u(0),  Agi =w(0), Agg=1(0).
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Gradings on A

Z3-grading: J

A is naturally Z%—graded with

A((—)’(—J) =FE +FE, + FE3,
Agg =u(0),  Agi =w(0), Agg=1(0).

This Z3-grading may be combined with the fine Z3-grading on O to obtain
a fine Z3-grading:

deg E; = (0,0,0,0,0), i =1,2,3,
dEg Ll(X) = (i,ﬁ,degx), deg L2(X) = ((_J,i,degx), deg ['3(X) = (ia i,degx).

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 19 / 33



Gradings on A

Z x 73-grading: J

Take an element i € F with i> = —1 and consider the following elements in
A:

E=E, E=1—-E=E,+ Es,

v(a) =iw1(a) forall ae€ O,

vi(x) = t2(x) £iez(x) forall x €O,
ST=E-E+ %L1(1).

A is then 5-graded:
A=A ,BA 1 DA DA & Ay,

with App = FS*, Ayq = 12 (0), and Ag = FE @ (FE ® y(<o>o)).

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 20 /33



Gradings on A

Z x Z7.3-grading: )

The Z3-grading on O combines with this Z-grading
A=FS arv (0)®A® v (0)pFST
to give a fine Z x Zg—grading as follows:

deg S* = (£2,0,0,0),
degry(x) = (£1,degx),
degE=0= degE,
degr(a) = (0,deg a),

for homogeneous elements x € O and a € Q.
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Gradings on A

Z3-grading (charF # 3):

Consider the order three automorphism 7 of O:
T(ei) = €j, I = 1727 T(uj) = uj+17 T(VJ) = Vj+17 J: 172737

and define a new multiplication on Q:

X*y = T()_()Tz()_/).
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Gradings on A

Z3-grading (charF # 3): )

Consider the order three automorphism 7 of O:
T(ei) = €j, I = 1727 T(uj) = uj+17 T(VJ) = Vj+17 J: 172737
and define a new multiplication on Q:

X*y = T()_()Tz()_/).

This is the Okubo algebra, which is Z%—graded by setting

dege; = (1,0) and degu; = (0,1).
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Gradings on A

Z3-grading (charF # 3): )

Define 7;(x) = t;(77(x)) for all i = 1,2,3 and x € Q. Then the
multiplication in the Albert algebra

A=}, (FE o ;(0))
becomes:

E? =E, EoEy;=0,

1, .
Sl Zi(x) = Eiy2 0 Ii(x),
Ui

(x)oTi(y) = 2n(x, y)(Eit1 + Eit2),

Eioii(x) =0, Eii100i(x)=
Li(x) o Tliza(y) = Tiga(x x y),
fori=1,2,3and x,y € Q.

September 2011 23 /33
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Gradings on A

Z3-grading (charF # 3): J

Assume now charF # 3. Then the Z%—grading on the Okubo algebra is
determined by two commuting order 3 automorphisms o1, @2 € Aut(Q), *):

pi(e1) =wer,  @1(u1) = w1,
wo(e1) = e, a(u1) = wuy,

where w is a primitive third root of unity in F.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(E) = Ei,  ;(Ti(x)) = Ti(i(x))-
On the other hand, the linear map ¢3 € End(.A) defined by

@3(Ei) = Eiy1,  @3(li(x)) = Lipa(x),

is another order 3 automorphism, which commutes with (1 and 5.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(Ei) = Ei.  9;(Ti(x)) = Ti(p;(x)).
On the other hand, the linear map ¢3 € End(.A) defined by
¢3(E) = Eit1,  93(6i(x)) = Tiva(x),
is another order 3 automorphism, which commutes with (1 and 5.

The subgroup of Aut(A) generated by (1, 2, ¢3 is isomorphic to Z3 and
induces a Z3-grading on A.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(Ei) = Ei.  9;(Ti(x)) = Ti(p;(x)).
On the other hand, the linear map ¢3 € End(.A) defined by
¢3(E) = Eit1,  93(6i(x)) = Tiva(x),
is another order 3 automorphism, which commutes with (1 and 5.

The subgroup of Aut(A) generated by (1, 2, ¢3 is isomorphic to Z3 and
induces a Z3-grading on A.

All the homogeneous components have dimension 1.

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 25 /33



Gradings on A

Theorem (Draper—Martin-Gonzalez 2009 (char = 0), E.—Kochetov

2010)
Up to equivalence, the fine gradings of the Albert algebra are:

@ The Cartan grading (weight space decomposition relative to a Cartan
subalgebra of f4 = Der(A)).

@ The Z3-grading obtained by combining the natural Z%—grading on
3 x 3 hermitian matrices with the fine grading over Zg of O.

© The Z x 7Z3-grading obtained by combining a 5-grading and the
Z3-grading on O.
Q The Z3-grading with dim Ag = 1 Vg (charF # 3).
The fine gradings on fa = Det(A) are the ones induced by these.
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Gradings on A

Theorem (Draper—Martin-Gonzalez 2009 (char = 0), E.—Kochetov

2010)
Up to equivalence, the fine gradings of the Albert algebra are:

@ The Cartan grading (weight space decomposition relative to a Cartan
subalgebra of f4 = Der(A)).

@ The Z3-grading obtained by combining the natural Z3-grading on
3 x 3 hermitian matrices with the fine grading over Zg of O.

©Q TheZ x Zg—grading obtained by combining a b-grading and the
Z3-grading on O.
Q The Z3-grading with dim Ag = 1 Vg (charF # 3).
The fine gradings on fa = Det(A) are the ones induced by these.

All the gradings up to isomorphism on A and f4 have been classified too
(E.—Kochetov).
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@ The Albert algebra as a twisted group algebra

Alberto Elduque (Universidad de Zaragoza)  Albert algebra as twisted group algebra September 2011 27 / 33



In order to present the Albert algebra as a twisted group algebra:
A =T,[Z3],

in a nice way, i.e., with a simple expression for o, it is important to look at
the fine Z%—grading on A in a suitable way.
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In order to present the Albert algebra as a twisted group algebra:
A =T,[Z3],

in a nice way, i.e., with a simple expression for o, it is important to look at
the fine Z%—grading on A in a suitable way.

Tits construction of the Albert algebra provides such a way. J
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Tits construction

Let R = Mat3(FF). Then
A=RoPR1D Ry,

with Rg, R1, Ry copies of R.
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Tits construction

Let R = Mat3(FF). Then

A=RoPR1D Ry,

with Rg, R1, Ry copies of R.
The product in A satisfies Rj o R; C Ri;; (mod 3) and it is given by:

o | & b} ch

ag | (a0 d)o (ab')1 (c'3a)2
by | (@b)1 (bxb)r (bd)
| (c3): (bc)o  (exch

where

0 aod = 1(ad + 2a),

® ax b=aob— 3(tr(a)b+tr(b)a) + 3(tr(a) tr(b) — tr(ab))1,
o a=ax1=3(tr(a)l —a).
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Another look at the Z3-grading on A

Assume charF # 3. Take Pauli matrices in R:

w2

1 0 0 010
x=10 w 0], y=10 0 1},
00 100

where w, w? are the primitive cubic roots of 1, which satisfy

x>=1=y> yx=wxy.
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Another look at the Z3-grading on A

Assume charF # 3. Take Pauli matrices in R:

1 0 O 010
x=10 w 0], y=10 0 1},
0 0 w? 1 00
where w, w? are the primitive cubic roots of 1, which satisfy
X=1=y3 yx=uwxy.

These Pauli matrices give a grading over Z% on R, with

R(oq,az) — anlyOQ‘
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Another look at the Z3-grading on A

Assume charF # 3. Take Pauli matrices in R:

1 0 O 010
x=10 w 0], y=10 0 1},
0 0 w? 1 00
where w, w? are the primitive cubic roots of 1, which satisfy
X=1=y3 yx=uwxy.

These Pauli matrices give a grading over Z% on R, with

R(oq,az) — IFXalyOQ-

This grading combines with the Zs-grading on A induced by Tits

construction, to give the unique, up to equivalence, fine grading over Zg of
the Albert algebra.
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Multiplication in Tits construction

For a = (a1, a0,a3) € Zg consider the element

Z% = (xy??),, € Ras CA.
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Multiplication in Tits construction

For a = (a1, a0,a3) € Zg consider the element

Z% = (xy??),, € Ras CA.
Then, for any o, 3 € Z3:

o wh(a.B) za+8 if dimg, (Zsa + Z3B) < 1,
%0 7P = .
_%ww(aﬁ)zwrﬁ otherwise,

where

(e, B) = (281 — a162)(az — B3) — (182 + aafhi).
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Multiplication in Tits construction

Consider now the elements (Racine 1990, unpublished)

We = ez ze
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Multiplication in Tits construction

Consider now the elements (Racine 1990, unpublished)

We = ez ze

We o W8 = ,—1aa=Pfa 7o o 78

wh(eB)=(102+8182) 7o+6 if dimy, (Zza + ZsfB) < 1,

—%w’Z(”"ﬁ)_(al‘J‘?JrﬁlB?)ZaJrﬂ otherwise,

wP(@B)+(arfatazfr) yatB if dimg, (Zsa + Z3B) < 1,

_%wi(aﬁ)ﬂalﬂﬁaﬁl)WO‘+5 otherwise.
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The Albert algebra as a twisted group algebra

Theorem (Griess 1990)
The Albert algebra is, up to isomorphism, the twisted group algebra

A = Fa[Zg]a
with
w¥(@h) if dimz,(Zsa + Z3B) < 1,
o(a,B) =
_%oﬂ(aﬂ) otherwise,
where

Y(a, B) = (a2f1 — a1 B2)(az — B3).
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