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1. Symplectic triple systems

<V, (.|.)) two dimensional vector space with a
nonzero alternating bilinear form.

g = gp ® g7 Zo-graded Lie algebra with

g5 =sp(V)@s (direct sum of ideals),
g1 =VQT (as a module for gg),

where T is a module for s.

sp(V)-invariance gives

la ®x,b®y] = (z|y)vep + (alb)dz,y
where

((|): T xT — k alternating bilinear form,
Ld ' T'XT — s symmetric bilinear map,

(Va,b = (al-)b+ (b].)a.




Define

[xyz] = dz y(2).

Then, for any x,y,z,u,v,w € T

zyz] = [yzz]

xyz] — [z2y] = (z]2)y — (z|y)z + 2(y[2)z
zyluvw]] = [[zyu]vw] + [u[zyv]w] + [uv][zyw]]
([zyu]lv) + (u|[zyv]) =0

(T, [...], (.|.)) is called a symplectic triple sys-
tem (Yamaguti, 1975).

The converse holds with s = inder(T') = dp 7.



Examples:

e Symplectic case:

sp(V L W) = (sp(V) @sp(W)) & (Vaw).

e Orthogonal case:

so((VeV) LW)
= (50(‘/ ®V) @EO(W)) - (V QV W),
= (M @sp(V) @so(W)) & (VO V & W)

e Special case:

s(Vew) = (sp(V)egl(W))e(Ve(Wew™)).



e (Go case:

g2 = (sp(V) @ sla(k)) @ (V@ W)
(dimW = 4).

o [n, Eg, E7, Eg: The symplectic triple
systems here are related to the excep-
tional Freudenthal triple systems.



(.].) nondegenerate alternating bilinear form
on a vector space T,

xyz, [xyz] two triple products on T related by
ryz = [zyz] — (z [ 2)y — (y | 2)z.

Then (T, [...], (.|.)) is a symplectic triple sys-
tem if and only if either zyz = 0 for any
x,y,z € T, or (T,a:yz,(.].)) is a Freudenthal
triple system:

xyz IS symmetric in its arguments,
(x|yzt) is symmetric in its arguments,

(zyy)zz + (yrz)yz + (xyylz)z + (yzz|2z)y
+ (z|z)zyy + (y|z)yze = O,

Meyberg's classification (1968) of the sim-
ple Freudenthal triple systems shows that the
examples above cover all the simple symplec-
tic triple systems if chark # 2, 3.



Brown's classification (1984) of Freudenthal
triple systems in characteristic 3 gives two
more possibilities for simple symplectic triple
systems:

o dmiTsr =2 (0#F eck):
[aab] = [aba] = [baa] = ea,
[abb] = [bab] = [bba] = —eb
for a symplectic basis {a, b}.

The associated Zo,-graded Lie algebras
are the 10-dimensional simple Lie alge-
bras of Kostrikin (1970): g(715 ) = L(e).

e dimTg = 8, such that inder(7Tg) = L(1).

The associated Zoy-graded Lie algebra
g(Tg) is a 29-dimensional simple Lie al-
gebra defined by Brown (1982).



32. Symplectic triple systems in
characteristic 3

Theorem. Let (T, [...], (.|.)> be a symplectic
triple system over a field of characteristic 3.
Define the superalgebra § = §(T') = g5 @ 81,
with:

g5 = inder(T), g1 =T,

and superanticommutative multiplication given
by the multiplication on gg, the natural ac-
tion of gg on g7, and by

lx,y] = dsy = [xy.], for any z,y € T.

Then g(T) is a Lie superalgebra. Moreover,
T is simple if and only if so is g(T).



(Symplectic case: g~ osp(1,2r)
Special case: g~ psl(1l,r)

| Orthogonal case: g ~ osp(r,2)
e g~osp(l,2)

So, up to now, only well-known simple Lie
superalgebras are obtained.

But:



Theorem. Let kK be an algebraically closed
field of characteristic 3. Then there are sim-

ple finite dimensional Lie superalgebras g over
k satisfying:

(i) dimg=18(= 10+8), gg is the Kostrikin
Lie algebra L(1) and g1 is an 8-dimensional
irreducible module.

This is obtained from the symplectic triple
system Tg.

(ii) dimg = 35(= 21 + 14), g5 is the sym-
plectic Lie algebra spg(k) and g1 is a 14-
dimensional irreducible module for gg.
This comes from the exceptional sym-
plectic triple system related to Fy.



(i)

(iv)

(v)

dimg = 54 (= 34 + 20), gg is the projec-
tive special Lie algebra pslg(k) and gz is a
20-dimensional irreducible module for gg.
This comes from the exceptional sym-
plectic triple system related to FEjg.

dimg 98 (= 66 + 32), gz is the or-
thogonal Lie algebra sojo(k) and gy is a
32-dimensional irreducible module for gg
(spin module).

This comes from the exceptional sym-
plectic triple system related to E7.

dimg = 189 (= 133 + 56), g5 is the sim-
ple Lie algebra of type E7 and g7 is a
56-dimensional irreducible module for gg.
This comes from the exceptional sym-
plectic triple system related to Eg.
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3. Orthogonal triple systems
Let's superize!

g = gp @ g7 Lie superalgebra with

gg =sp(V)@ds (direct sum of ideals),
g7 =VQT (as a module for gg),

where T is a module for s.

sp(V)-invariance gives

l[a ® 2,6 ®@y] = (z|y)Vap + (alb)dzy

where

(.|.): T xT—k symmetric bilinear form,
d: T xT —s skew-sym. bilinear map,
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Define

[xyz] = dzy(2).

Then, for any x,y,z,u,v,w € T
xxz] =0

zyy] = (z|ly)y — (yly)z

zy[uvw]] = [[zyu]ow] + [ulzyv]w] 4 [wolzyw]]
([zyullv) + (ullzyv]) = O

<T, [...], (.|.)> is called an orthogonal triple sys-
tem (Okubo, 1993).

The converse holds with s = inder(T') = dp 7.
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Examples:

e Special type:

psl(WaV) = (sp(V)@gl(W))a(Va(Wew™)).

e Orthogonal type:

osp(W L V) = (5p(V)@5o(W)) P (V@W).

e Symplectic type:

osp((V QV)LW)
= (so(V@V)®sp(W)) & (VeVvew),
= (sp(V) @ sp(V) D sp(W)) @ (VR VR W).
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o D,-type:

D(2,1; 1)
= (sp(M) @sp(V)@sp(V)) & (VavaeV).

o G(3)-type:

0(3) = (sp(V) @ g2) ® (Ve W)
(dimW =7).

o F(4)-type:

fa=(sp(V) @ b3) & (Vo W)
(dimW = 8).
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There is a close connection between the or-
thogonal triple systems and the so called
(—1,—1) balanced Freudenthal Kantor triple
systems (Yamaguti, Ono, 1984).

The classification by E-Kamiya-Okubo of
the simple such systems in characteristic O
shows that:

T he previous examples exhaust the simple
orthogonal triple systems over fields of
characteristic 0.

All these systems can be defined over fields of
characteristic #= 2,3, but there is no known
classification.
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34. Orthogonal triple systems in
characteristic 3

o If T is of G(3)-type (dimT = 7), then
inder(T") ~ psl3, instead of Go.

o If T is of F'(4)-type (dimT = 8), then
its symmetric bilinear form (.|.) becomes
trivial.

e [ here appears at least a new family of
simple orthogonal triple systems:
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J = Jord(n,1) Jordan algebra of a nonde-
generate cubic form n with basepoint 1 with
dimg,J > 3. For any x € J

23 — t(x)z® + s(z)z — n(z)1 = 0,

where t is its trace linear form, and s(z) =
t(z?) is the spur quadratic form.

Let Jo = {x € J : t(x) = 0} be the subspace
of zero trace elements. Since chark = 3,
t(1) = 0, so that k1 € Jy. Consider the
quotient space J = Jg/k1. For any z € Jy,
let x be the class of £ modulo k1. Define a
triple product on J by

[292] = (2(y2) —y(z2)) .
Then

(f, [...], (., .)) is a simple orthogonal triple
system.
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Theorem. Let kK be an algebraically closed
field of characteristic 3. Then there are sim-

ple finite dimensional Lie superalgebras g over
k satisfying:

(i) dimg = 24 (: (34+7)+ (2 x 7)), gg is the
direct sum of sly(k) and pslz(k) and, as
a gg-module, g7 is the tensor product of
the natural two dimensional module for
slo(k) and the adjoint module for pslz(k)

(G(3)-type).

(i) dimg =37 (=214 (2 x 8)), g5 = so7(k)
and, as a gg-module, gz is the direct sum
of two copies of its spin module (F(4)-
type).
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(i)

(iv)

dimg =50 (= (3+21) + (2 x 13)), g5 is
the direct sum of sly(k) and spg(k) and,
as a gg-module, g7 is the tensor product
of the natural two dimensional module for
slo(k) and of a 13 dimensional irreducible
module for spg(k) (J = H3(Q)).

dimg = 105 (: (34 52) + (2 x 25)), g5 is
the direct sum of sl>(k) and of the central
simple Lie algebra of type F, and, as a
gg-module, g7 is the tensor product of the
natural two dimensional module for sl> (k)
and a 25 dimensional irreducible module
for Fy (J = H3(C))
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Again, in characteristic 3 there is something
else:

Theorem. Let <T, [...], (.|.)> be an orthogonal
triple system over a field of characteristic 3.
Define the Zy-graded algebra g = §(T') = §z®
g1, with:

ﬁ(—) = inder(T), ﬁi = T,

and anticommutative multiplication given by
the multiplication on gg, the natural action
of gg on g7, and by

[z, y] = dz.y = [2y.], fOr any xz,y € T.

Then g(T) is a Zo-graded Lie algebra. More-
over, T is simple if and only if so is g(T).

The orthogonal triple systems of D,-type (re-
spectively F'(4)-type) provide new models of
Kostrikin Lie algebras (respectively, of
Brown's 29-dimensional simple Lie algebra).
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