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Codes, S-structures, and exceptional Lie algebras

Codes: There is a well-known connection between binary linear
codes and root lattices. In particular, the Eg root lattice is
obtained from the extended Hamming [8, 4, 4] binary linear code,
and the E7 root lattice from the simplex [7, 3, 4] binary linear code,
dual to Hamming's [7,4, 3] code.

Recently, a new class of commutative nonassociative algebras,
called code algebras have been defined. These algebras contain a
family of orthogonal idempotents and a nice ‘Peirce
decomposition’ relative to this family.

Code algebras are inspired by some axiomatic approaches to Vertex
Operator Algebras.
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Codes, S-structures, and exceptional Lie algebras

S-structures: Vinberg has introduced recently the notion of
S-structure in a Lie algebra, as an extension of the notion of
grading by an abelian group.

Given an S-structure in a Lie algebra, the isotypic decomposition
relative to the action of the reductive group S provides a
description of the Lie algebra in terms of a nonassociative system
(algebra, pair, triple system, ...) that coordinatizes the Lie
algebra.

Something similar happens for root graded Lie algebras, a subject
initiated by Berman and Moody.
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Codes, S-structures, and exceptional Lie algebras

Exceptional Lie algebras: Killing-Cartan classification of the
finite-dimensional simple Lie algebras over C includes four families
of classical Lie algebras, and five exceptional Lie algebras: G,
Fa, Es, E7, Es.

With the exception of Gy, these algebras can be constructed in a
unified way by means of a couple of symmetric composition
algebras and their triality Lie algebras. A further refinement
provides a description of F4, E7, and Eg in terms of very simple
components: copies of the 3-dimensional simple Lie algebra and of
its 2-dimensional simple representation.

It turns out that these descriptions can be recast in terms of
optimal short SLj-structures in the corresponding Lie algebras.

The coordinate algebras that appear are quite close to code
algebras. Not surprisingly, for E7 and Eg the codes involved are the
simplex and the extended Hamming binary linear codes.
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Outline
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@ Codes and root lattices
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Root lattices

Let I C R” be an even lattice, i.e., a lattice such that x*? € 27 for
allxer.

The roots of I are the elements x € ' such that x*2 = 2.

The even lattice I is said to be a root lattice if its set of roots
spans [

Every root lattice I is the orthogonal direct sum of the irreducible
root lattices corresponding to the simply laced Dynkin diagrams.

Given a binary linear code C C [/, consider the reduction modulo
2 map

p:Z" — (Z)2)" =F3.
This is a group homomorphism and I'c := %p‘l(C) is a lattice in
R".
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Codes and root lattices

Theorem

Let I C R” be an irreducible root lattice. Then the following
statements are equivalent:

(i) T =T¢ for a binary linear code C C F3.

(i) T contains n pairwise orthogonal roots.
(iii) nA1 = A1 & --- @ Ay is a sublattice of T.
(iv) =1 € W(T).

(v) 2Ir* C T, where T'* is the dual lattice

M:={xeR"|xeycZVyecl}.

(vi) T is of type A1, Dap (n>2), E7 or Es.
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Simplex [7, 3, 4]-code and E7

The simplex [7, 3, 4] binary linear code C is the dual of the
Hamming [7, 4, 3]-code.

A generator matrix is :

==
= = O
=
— o o
O = =
O = O
O O =

The corresponding root lattice is E7.
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Extended Hamming [8, 4, 4]-code and Eg

The Hamming [7, 4, 3] binary linear code is defined on 5 by the
parity check relations:

a+atatc=0
o+atcegtec=0
a+c+ct+cg=0

We add one extra dimension and the extra global parity check
otat+ot+at+at+cs+tegt+c=0

to get the extended Hamming [8, 4, 4] binary linear code with

generator matrix: /1 1 1 1 0 0 0 O
11001100
10101010
01101001

The corresponding root lattice is Es.
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Code algebras

Definition (Castillo-Ramirez et al.)

Let C C F7 be a binary linear code. A code algebra based on C is
a commutative algebra over a field F, endowed with a basis

{ti|i=1,...,n}u{e®|ceC\{0,1}}
that satisfies the following relations:
=]
titj = P J_ tie® € Fe®,
0 otherwise,
e®ed € Fe ™, forc#£d,1—d,

(e)? e Z Ft;, efel=¢=0.
iesupp(c)
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© S-structures
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Gradings

Given a finitely generated abelian group G and a finite-dimensional
nonassociative algebra A (over C), a G-grading on A is a vector

space decomposition
A=A,

geG
with Ag Ag, C Ag g, for any g1,8 € G.
This is equivalent to a homomorphism
G — Aut(A)

where Ay, = {x € A | x - x = x(g)x Vxeé}.

Remark

Over arbitrary fields we must replace G by the corresponding
diagonalizable group scheme, and Aut(A) by Aut(A).
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S-structures

Definition (Vinberg 2017)

Given a reductive algebraic group S and a finite-dimensional
nonassociative algebra A, an S-structure in a nonassociative
algebra A is a homomorphism ® : S — Aut(A).

In this case, we get the corresponding isotypic decomposition

A= P Av,

Velrr(S)

where Ay is the sum of the irreducible submodules of A
isomorphic to V.

Vinberg thinks of S-structures as nonabelian gradings, in the sense
that the abelian group G is replaced by S.
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Very short SL,-structures

A nontrivial SLp-structure @ in a Lie algebra g is called very short
if the representation ¢ decomposes into 1- and 3-dimensional
irreducible representations.

In a semisimple Lie algebra g, a very short SLy-structure gives rise
to an isotypic decomposition of the form

g = (sl ®F) ® ver(J)

for a semisimple Jordan algebra J.
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Short SLs-structures

A nontrivial SLz-structure in a simple Lie algebra g is called short
if the representation ¢ decomposes into the adjoint representation
of SL3 and 1- and 3-dimensional irreducible representations.

In this case, the Lie algebra g can also be described in terms of a
cubic Jordan algebra J:

g=sla(Vei) e (V' ®J)®sto(d).
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SL7-structures

Definition
Let g be a simple Lie algebra, and let n € N.

@ An SL3-structure @ : SL5 — Aut(g) is called short if the
representation ® decomposes into the adjoint representation
of SL3, irreducible representations formed by tensor products
of the 2-dimensional natural representations of some of the
copies of SLy (without repetitions), and 1-dimensional
representations.

@ A short SL3-structure is said to be optimal if n = rank(g).
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Short SLj-structures

Given an SL3-structure in a Lie algebra g, let V; be the
2-dimensional irreducible representation for the ™ factor in SLJ.

Given any c € [F], denote by V¢ the SL3-module obtained as the
tensor product of the V;'s with i € supp(c).

Thus, for example, with n =8 and ¢ =(1,0,0,1,0,1,1,0),

VE=V1@Va® Ve Vi

In particular, VO = F is the 1-dimensional trivial representation.
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Short SLj-structures

Isotypic decomposition
!

If & :SL; — Aut(g) is a short SLS-structure in g, the isotypic
decomposition of g is of the form:

g :5[’2’@( @ (V°®A°)> Dc
ceFJ\{0}
where

@ the subalgebra s[5 (the image of d®) is the adjoint
representation of SLJ,

@ the A®'s are vector spaces whose dimension indicates the
multiplicity of V€, and

@ ¢ is the sum of the 1-dimensional representations, so that ¢ is
the centralizer in g of the subalgebra sl5 and, as such, it is a
subalgebra of g.
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Short SLj-structures

Foreach i =1,...,n, let {e;, f;, h;} be a standard basis of the i*"
copy of sly: [hj, e]] = 2ej, [hi, ;] = —2f;, [e;, fi] = h;.

A short SLS-structure in the simple Lie algebra g is given then by a
subalgebra of g isomorphic to sl3, such that the eigenvalues of the
adjoint map ad h; are £2 with multiplicity 1, and 41 and 0,
because the eigenvalues of ad h; on V; are +1.

The subspace Fhy @ - -- ® Fh, is a toral subalgebra of g, and hence
contained in a Cartan subalgebra

h=Fh1&---dFh, d (hNe).
The linear map «; : h — F given by
a;(h;) = 2, a,-(hj) =0ifi 75], oz,-(f) N C) = 0,

is a root of h with root space g,, = Fe;.
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Short SLj-structures

Theorem

Let ® : SL5 — Aut(g) be a short SL3-structure in the simple Lie
algebra g. Let b be the Cartan subalgebra and o, ..., «a, be the
roots above. Then {a1,...,a,} is a set of pairwise orthogonal
long roots.

Conversely, if by is a Cartan subalgebra of the simple Lie algebra g
with associated root system R, and if {au,...,a,} is a set of
pairwise orthogonal long roots in R, then
5 = go; ® 9-o; D [8a;) 9—ai]
is a Lie subalgebra isomorphic to sly, [s;,5;] =0 for i # j, and the
embedding
sl ~61@ - - Ds,— g

integrates to a short SL3-structure.
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Optimal short SL;-structures

Corollary

Let g be a simple Lie algebra. Then g admits an optimal short
SL-structure if and only if g is of type A1, Bz, (n > 2), C,

(n 2 2)! D2n (n Z 2)1 E7I EB! or F4

Any two optimal short SLj-structures of g are conjugate by an
automorphism.
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Optimal short SLj-structures

Coordinate algebra

Given an optimal short SL3-structure in a simple Lie algebra g, we
get ¢ =0, and dim A€ < 1 for any c € F] \ {0}, because the
multiplicity of any root is 1.

The isotypic decomposition above may be rewritten as:

n

1= (Pvi) @ Fe)) o (P(ve e Fe))

i=1 ceS

for some subset S C F7 \ {0}.
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Optimal short SL;-structures

Coordinate algebra

Lemma

Let V be a 2-dimensional vector space endowed with a nonzero
skew-symmetric bilinear form (. | .). Then:

o Homg (\y(V ® V,F) is spanned by (. | .).

e Homgy (vy(sl(V) ®@ V, V) is spanned by the natural action of
sl(V) on V.

o Homg (\y(V ® V,sl(V)) is spanned by the map
U v (sL,,V tw e S((wuv+ (w | v)u)).
] HomSL(V)(sl(V) ®5[(V), V) =0= HomSL(V)(V QV, V)
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Optimal short SL;-structures

Coordinate algebra

Hence given ¢ # d € FJ \ {0}, there is a unique, up to scalars,
nonzero bilinear map

Ped: VEx VI — vetd

invariant under the action of SL; = SL(V1) x --- x SL(V,), and
this is given by contraction on the ‘common indices’:

©(1,1,1,0),(1,01,1) (1O 2@ U3, viQV3@va) = (u1 | vi)(us | v3) 2@ va,

for uj,vie V;, 1 <i <4
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Optimal short SL;-structures

Coordinate algebra
!

In the same vein, for ¢ € F5\ {0} with 1 in the i*" position, there
is a unique, up to scalars, nonzero bilinear map

Pret VEX VE—sl(V'),

invariant under the action of SL; = SL(V1) x --- x SL(V,), given
by contraction on the indices different from i and using s, ,'s:

@%1,1,1,0),(1,1,1,0)(“1®”2®”3’ Vi@ Vo ®@v3) = (ur | vi)(u3 | v3)Sup,v-
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Optimal short SLj-structures

Coordinate algebra
!

Consider the vector space

C=Ft;®--- ®Ft, ® (EB]FeC).
ces
The invariance of the Lie bracket of g under the action of
SLj =SL(V1) x -+ x SL(V,) induces a bilinear multiplication on €
with:
t?=t;, i=1,...,n tit;=0fori#]j

et if i € supp(c),
be® — et — _pp( )
0 otherwise,

eced e Fe ™ forc#£din S,

eet € Z Ft;, forceS.
iesupp(c)
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Optimal short SLj-structures

Coordinate algebra
!

The Lie bracket of g is completely determined by its coordinate
algebra:

x@t,y@t]l=[xy]®t, fori=1,...,n x,y€sl(V),
x®@t,y®t]=0, forl<i#j<n, xesl(V),yesl(V),
[x®ti,(uy @ - Qu;)®e] =

0 if i ¢ supp(c),
(uyp ® - @ (xu;) @ - @ u;,) ® e if i = i; € supp(c),

X ® e, Y ®el] = pea(X,Y)@ e, forc#dinS,

X®e Y ®e]= Z u,-apé’c(X, Y)®tj, forcesS.

iesupp(c)
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© Exceptional Lie algebras
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Optimal short SLI-structure on E;

7

27:(@5[(\4)(@1@&)@( @ (VC®FeC))7

i=1 ceC\{0}

where C is the simplex [7, 3, 4]-code.

The coordinate algebra is

¢- @M)@( O ).

ceC\{0}
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Optimal short SLI-structure on E;

titj = oyt;, for 1<, j <7,

et if i € supp(c),
t,-ec = ect,- = . pp( )
0 otherwise,

e‘ed = ¢(c,d)et, forc#de C\ {0},

e“e“=e(c,c) > t;, forceC\{0},

iesupp(c)

where €(c,d) € {£1} is the sign that appears in the multiplication
table of O.
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Optimal short SLg—structure on E

8

eg = (@s[(v,-) ®]Ft,-) @ ( D (V°®Fec)),

i=1 ceH\{0,1}

where H is the extended Hamming [8, 4, 4]-code.

The coordinate algebra is

i~ (@) (@ )

ceH\{0,1}
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Optimal short SLg—structure on E

tit; = 0;t;, for1<1i,j <8,

et if i € supp(c),
t,-ec = ect,- = . pp( )
0 otherwise,

e‘ed = ¢(c,d)e“™, forc#AdeH\{0,1},

e“e® = ¢(c, c) Z ti, forceH\{0,1},

iesupp(c)

where €(c,d) € {£1}, and these signs are also related to O.
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Optimal short SL3-structure on Fy

- (@st V)eFt) e ( @ (v eFe)),

ceF\{0}

where F is the binary [4, 3, 2]-code

{(Cl, C, C3, C4) € Fg | Cl+C+ 3+ = 0}.
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Concluding remarks

@ It is not difficult to get the coordinate algebras of the optimal
short SLS-structures on the classical Lie algebras A;, Bz,, G,
Ds,.

e Fine gradings are gradings where the irreducible modules for
the corresponding quasitorus appear with low multiplicity, that
is, the homogeneous components are small. In this work, the
optimal SLS-structures that have been considered satisfy that
the multiplicities of the irreducible modules that appear are all
equal to 1, so they can be thought of as a sort of fine
S-structures. The outcome is that some nice descriptions of
several simple Lie algebras are obtained, showing an intriguing
connection with code algebras.

@ The notion of S-structure opens a broad area of research. It
also extends the notion of Lie algebras graded by finite root
systems, which may be seen as algebras with particular
S-structures.
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