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Gradings

G abelian group, A algebra over a field F.

G -grading on A:

Γ : A =
⊕

g∈G Ag ,

AgAh ⊆ Agh ∀g , h ∈ G .
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Examples

Cartan grading:

g = h⊕
(
⊕α∈Φgα

)
(root space decomposition of a semisimple complex Lie algebra).

This is a grading by Zn, n = rank g.
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Examples

Pauli matrices: A = Matn(F)

X =


1 0 0 . . . 0
0 ε 0 . . . 0
0 0 ε2 . . . 0
...

...
...

. . .
...

0 0 0 . . . εn−1

 Y =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1 0 0 . . . 0


(ε a primitive nth root of 1)

X n = 1 = Y n, YX = εXY

A =
⊕

(ı̄,̄)∈Zn×Zn
A(ı̄,̄), A(ı̄,̄) = FX iY j .

A becomes a graded division algebra.
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Simple algebras

Let B be an algebra over F:

B is simple if it has no proper ideals.
In other words, B is simple if it is simple as a module for its
multiplication algebra Mult(B).

The centroid of B is the centralizer of Mult(B) in EndF(B):

C (B) := {f ∈ EndF(B) : (xy)f = (xf )y = x(yf ) ∀x , y ∈ B}.

C (B) is commutative if B2 = B, and it is a field (an
extension field of F) if B is simple.

B is central simple if it is simple and central: C (B) = Fid.
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Graded-simple algebras

Let B =
⊕

g∈G Bg be a graded algebra:

B is graded-simple if it has no proper graded ideals.

Its centroid ‘inherits’ a G -grading:

C (B)g := {f ∈ C (B) : Bhf ⊆ Bhg ∀h ∈ G}.

B is graded-central-simple if it is graded-simple and
graded-central: C (B)e = Fid.
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Graded-simple algebras

Let B =
⊕

g∈G Bg be a graded-simple algebra, then:

C (B) is a graded field (i.e., a commutative graded division
algebra1).

B is simple (ungraded) if and only if C (B) is a field.

K = C (B)e is a field, and B is graded-central-simple
considered as an algebra over K.

1The group algebras of abelian groups are graded fields.
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Split centroid

Let B =
⊕

g∈G Bg be a graded-central-simple algebra with
centroid C (B).
Let H be the support of the induced grading on C (B). This is a
subgroup of G .

Definition

C (B) is said to split if it is isomorpic, as a G -graded algebra, to
the group algebra FH.

Proposition

C (B) splits if and only if there is a homomorphism of unital
algebras C (B)→ F.

If F is algebraically closed2, then C (B) splits.

2F× is then a divisible group.
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Loop algebras

Let G be an abelian group, H a subgroup of G ,
π : G → G = G/H the canonical projection.

Let Γ : A =
⊕

ḡ∈G Aḡ be a G -grading on an algebra A.

Definition

The G -graded algebra

Lπ(A) :=
⊕

g∈G Aḡ ⊗ g
(
≤ A⊗F FG

)
,

where
(xḡ1 ⊗ g1)(yḡ2 ⊗ g2) := xḡ1yḡ2 ⊗ g1g2,

is called the loop algebra of (A, Γ) relative to π.
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Loop algebras: properties

A is graded-simple if and only if so is Lπ(A). In this case A is

graded-central if and only if so is Lπ(A).

If A is graded-simple, then the centroid C
(
Lπ(A)

)
is naturally

isomorphic to the loop algebra Lπ
(
C (A)

)
.

In particular, if A is central (i.e., C (A) = Fid), then
C
(
Lπ(A)

)
is isomorphic to FH and, hence, it splits.
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Graded-simple algebras and loop algebras

Theorem (Allison-Berman-Faulkner-Pianzola 2008)

Let Γ : B =
⊕

g∈G Bg be a grading such that B is a graded-simple
algebra with split centroid: C (B) ∼= FH, and let ρ : C (B)→ F be
a homomorphism of unital algebras. Then,

A := B/B(ker ρ), is naturally G = G/H-graded. Besides, A is
a central simple algebra (as an ungraded algebra!).

The canonical projection Π : B→ A restricts to linear
isomorphism Bg → Aḡ for any g ∈ G .

B is graded isomorphic to the loop algebra Lπ(A).
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Graded-simple algebras and loop algebras

Sketch of proof

Γ has a coarsening Γ : B =
⊕

ḡ∈G Bḡ , where Bḡ =
⊕

h∈H Bgh.

The ideal B(ker ρ) is a graded ideal for Γ, so that A inherits a
grading by G .
For any g ∈ G , let ḡ = π(g). Then

Bḡ = BgC (B) = Bg = Bg (F1⊕ ker ρ) = Bg ⊕Bg ker ρ,

while Bg ker ρ = BgC (B) ker ρ = Bḡ ker ρ. Hence we get

Bḡ = Bg ⊕Bḡ ker ρ,

and this proves that Π restricts to linear isomorphisms Bg
∼= Aḡ .

The map
Φ : B −→ Lπ(A), xg 7→ Π(xg )⊗ g

gives the required isomorphism.
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When is a graded algebra a loop algebra?

Proposition

Γ : B =
⊕

g∈G Bg , H ≤ G , π : G → G = G/H canonical
projection.
Then B is graded isomorphic to a loop algebra Lπ(A) if and only if
C (B) contains a graded subalgebra isomorphic, as a graded
algebra, to the group algebra FH.

Sketch of proof

It is enough to substitute C (B) by its subalgebra isomorphic to
FH, and ρ by the ‘augmentation map’ in the proof above.

16/30



Graded simple algebras and ‘graded and simple’ algebras

Consider the following groupoids:

A(π): the groupoid of central simple algebras with a
G -grading.

B(π): the groupoid of G -graded-central-simple algebras B

such that C (B) splits and it is graded isomorphic to the group
algebra FH.

Proposition

The following are equivalent:

A ∈ A(π),

Lπ(A) ∈ B(π),

Lπ(A) is graded-central-simple with H = Supp
(
C
(
Lπ(A)

))
.
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Graded simple algebras and ‘graded and simple’ algebras

Theorem

If A ∈ A(π), then Lπ(A) ∈ B(π).

If B ∈ B(π), then there is an A ∈ A(π) such that B is graded
isomorphic to Lπ(A).

Moreover, under some mild restrictions, if A,A′ are in A(π) and
their loop algebras are graded isomorphic, then A is graded
isomorphic to A′.
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Application

Let F be an algebraically closed field of characteristic zero, and let
Γ : L =

⊕
g∈G Lg a grading on a finite-dimensional semisimple Lie

algebra. Then:

L is uniquely the direct sum of graded-simple ideals, and

each such ideal is, up to isomorphism, a loop algebra of a
graded and simple Lie algebra.

Consequence

In order to classify gradings on semisimple Lie algebras, it is
enough to classify gradings on simple Lie algebras.
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Graded modules

R G -graded unital associative F-algebra3, W a left R-module,

W is a G -graded left R-module if it is endowed with a grading
as a vector space W =

⊕
g∈G Wg and RgWg ′ ⊆Wgg ′ for any

g , g ′ ∈ G .

In this case, W is graded-simple if it has no proper graded
submodules.

The centralizer C (W) is the graded algebra
C (W) =

⊕
g∈G C (W)g , where,

C (W)g := {f ∈ EndR(W) : Wg ′f ⊆Wg ′g ∀g ′ ∈ G}.

If W is graded-simple, then C (W) is a graded division algebra.

W is graded-central if C (W)e = Fid.

3For instance, the universal enveloping algebra of a graded Lie algebra
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Loop modules

Let G be an abelian group, H a subgroup of G ,
π : G → G = G/H the canonical projection.

Let R be a G -graded unital associative F-algebra, then R is
naturally G -graded (a coarsening): Rḡ :=

⊕
g∈π−1(ḡ) Rg .

Let V =
⊕

ḡ∈G Vḡ be a G -graded R-module.

Definition

The G -graded module

Lπ(V) :=
⊕

g∈G Vḡ ⊗ g
(
≤ V⊗F FG

)
where

rg1(vḡ2 ⊗ g2) := rg1vḡ2 ⊗ g1g2,

is called the loop module of V relative to π.
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Loop modules

Proposition

A G -graded left R-module W is graded isomorphic to a loop
module Lπ(V) for a G -graded left R-module V if and only if its
centralizer C (W) contains a graded subfield isomorphic to the
group algebra FH.
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Graded simple modules

Proposition

Let W be a G -graded-simple left R-module.

1 C (W) contains maximal graded subfields.

2 If W is graded-central and F is algebraically closed, any
graded subfield of C (W) is isomorphic to the group algebra of
its support.

3 If F is algebraically closed and dimW < |F| (these may be
infinite cardinals), then W is graded-central.
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Graded simple modules

Proposition

Let V be a G -graded left R-module.

1 If Lπ(V) is G -graded-simple, then V is G -graded-simple.

2 The converse is not true, unless an extra restriction is fulfilled:
the G -pregrading on V associated to its G -grading is thin.
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Graded-simple modules and ‘graded and simple’ modules

Consider the following groupoids:

M(π): the groupoid whose objects are the simple, central,
and G -graded left R-modules V =

⊕
ḡ∈G Vḡ such that the

G -pregrading associated to the G -grading is thin.

N(π) is the groupoid whose objects are the pairs (W,F),
where W is a G -graded-simple left R-module and F is a
maximal graded subfield of C (W) isomorphic to the group
algebra FH as a G -graded algebra.

Proposition

If V is and object in M(π), then
(
Lπ(V), Lπ(Fid)

)
is in N(π).

In this way, we obtain a loop functor Lπ : M(π)→ N(π).
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Graded-simple modules and ‘graded and simple’ modules

Theorem (E.–Kochetov 2016)

The loop functor Lπ : M(π)→ N(π) has the following properties:

1 Lπ is faithful, that is, injective on the set of morphisms
V→ V′, for any objects V and V′ in M(π).

2 Lπ is essentially surjective, that is, any object (W,F) in N(π)
is isomorphic to

(
Lπ(V), Lπ(F1)

)
for some object V in M(π).

3 If V and V′ are objects in M(π) such that their images under
Lπ are isomorphic in N(π), then V′ is a ‘twist’ of V obtained
by means of a character of H.

Corollary

Over an algebraically closed field, any finite-dimensional
graded-simple module is, up to graded isomorphism, a loop module
of a graded and simple module.
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Application

Graded simple modules appear naturally in the study of gradings
on Lie superalgebras: in any G -graded Lie superalgebra L, L1̄ is a
G -graded module for U(L0̄).

For example, let L = L0̄ ⊕ L1̄ be the simple Lie superalgebra of
type F (4) over an algebraically closed field of characteristic 0:

L0̄ = so7⊕ sl2, L1̄ = spin ⊗ natural .

As a module for so7, L1̄ is the direct sum of two copies of the spin
module.
Hence its centralizer C (L1̄) is isomorphic to M2(F), and sl2
embeds in C (L1̄) as a graded (Lie) subalgebra.
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Application

L0̄ = so7⊕ sl2, L1̄ = spin ⊗ natural .

L1̄ is graded-simple as a module for so7 if and only if C (L1̄) is a
graded division algebra. This module is then a loop module.
In this situation, the restriction of the grading to sl2 is a ‘Pauli
grading’.

Otherwise the grading on C (L1̄), and hence on sl2, is toral.

This explain the existence of two very different types of gradings
on L (Draper–E.–Mart́ın-González 2011).
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