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Gradings on Lie algebras have been extensively used since the
beginning of Lie theory:

» the Cartan grading on a complex semisimple Lie algebra is the
Z'-grading (r being the rank) whose homogeneous
components are the root spaces relative to a Cartan
subalgebra (which is the zero component),

> symmetric spaces are related to Zy-gradings,
» Kac—Moody Lie algebras to gradings by a finite cyclic group,

> the theory of Jordan algebras and pairs to 3-gradings on Lie
algebras, etc.



In 1989, a systematic study of gradings on Lie algebras was started
by Patera and Zassenhaus.

Fine gradings on the classical simple complex Lie algebras, other
than Dy, by arbitrary abelian groups were considered by Havlicek,
Patera, and Pelantova in 1998.

The arguments there are computational and the problem of
classification of fine gradings is not completely settled. The
complete classification, up to equivalence, of fine gradings on all
classical simple Lie algebras (including Ds) over algebraically closed
fields of characteristic zero has been obtained quite recently.



For any abelian group G, the classification of all G-gradings, up to
isomorphism, on the classical simple Lie algebras other than D,
over algebraically closed fields of characteristic different from two
has been achieved in 2010 by Bahturin and Kochetov, using
methods developed in the last years by a number of authors.



For any abelian group G, the classification of all G-gradings, up to
isomorphism, on the classical simple Lie algebras other than D,
over algebraically closed fields of characteristic different from two
has been achieved in 2010 by Bahturin and Kochetov, using
methods developed in the last years by a number of authors.

The gradings on the octonions and on the Albert algebra are
instrumental in obtaining the gradings on the exceptional simple
Lie algebras.
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Composition algebras

Definition
A composition algebra over a field F is a triple (C, -, n) where
» C is a vector space over F,
> x -y is a bilinear multiplication C x C — C,
» n: C — Fis a multiplicative nondegenerate quadratic form:
» its polar n(x,y) = n(x + y) — n(x) — n(y) is nondegenerate,
» n(x-y)=n(x)n(y) Vx,y € C.




Composition algebras

Definition
A composition algebra over a field F is a triple (C, -, n) where
» C is a vector space over F,
> x -y is a bilinear multiplication C x C — C,
» n: C — I is a multiplicative nondegenerate quadratic form:
» its polar n(x,y) = n(x + y) — n(x) — n(y) is nondegenerate,
» n(x-y)=n(x)n(y) Vx,y € C.

The unital composition algebras will be called Hurwitz algebras.



Hurwitz algebras

Hurwitz algebras form a class of degree two algebras:

x? = n(x,1)x 4+ n(x)1 =0

for any x.

They are endowed with an antiautomorphism, the standard
conjugation:

x = n(x,1)1 — x,

satisfying



Cayley-Dickson doubling process

Let (B, -, n) be an associative Hurwitz algebra, and let A be a
nonzero scalar in the ground field F. Consider the direct sum of

two copies of B:
C = B9 Bu,

with the following multiplication and nondegenerate quadratic form
that extend those on B:

(a+bu)-(c+du)y=(a-c+Ad-b)+(d-a+b-T)u,
n(a+ bu) = n(a) — An(b).

Then (C, -, n) is again a Hurwitz algebra, which is denoted by
CD(B, \)

J




Cayley-Dickson doubling process

Let (B, -, n) be an associative Hurwitz algebra, and let A be a
nonzero scalar in the ground field F. Consider the direct sum of

two copies of B:
C = B9 Bu,

with the following multiplication and nondegenerate quadratic form
that extend those on B:

(a+bu)-(c+du)y=(a-c+Ad-b)+(d-a+b-T)u,
n(a+ bu) = n(a) — An(b).

Then (C, -, n) is again a Hurwitz algebra, which is denoted by
CD(B, \)

J

Notation: CD(A, 1, \) := CD(CD(A, 1), \).



Generalized Hurwitz Theorem

Theorem
Every Hurwitz algebra over a field F is isomorphic to one of the

following:

(i) The ground field T if its characteristic is # 2.

(i) A quadratic commutative and associative separable algebra
K(p) = F1 +Fv, with v2 = v+ p and 4+ 1 # 0. The
norm is given by its generic norm.

(iii) A quaternion algebra Q(u, 3) = CD(K(u), 3). (These four
dimensional algebras are associative but not commutative.)

(iv) A Cayley algebra C(u,3,v) = CD(K(w),,7). (These eight
dimensional algebras are alternative, but not associative.)




Symmetric composition algebras

Definition
A composition algebra (S, %, n) is said to be symmetric if the polar
form of its norm is associative:
n(x*y,z) = n(x,y * z),
for any x,y,z € S.
This is equivalent to the condition:
(x*y)*x =n(x)y = x*(y *x),

for any x,y € S.




Examples

> Para-Hurwitz algebras: Given a Hurwitz algebra (C, -, n),
its para-Hurwitz counterpart is the composition algebra
(C,e,n), where

Xey=X-Yy.

This algebra will be denoted by C for short.
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F. Consider the algebra Ag of zero trace elements in a central
simple degree 3 associative algebra with multiplication
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and norm n(x) = —3 tr(x?).



Examples

> Para-Hurwitz algebras: Given a Hurwitz algebra (C, -, n),
its para-Hurwitz counterpart is the composition algebra
(C,e,n), where

Xey=X-Yy.

This algebra will be denoted by C for short.

» Okubo algebras: Assume charF # 3 and 3w # 1 = w3 in
F. Consider the algebra Ag of zero trace elements in a central
simple degree 3 associative algebra with multiplication

2

3 tr(xy)1,

X%y = WXy — wlyx —

and norm n(x) = —3 tr(x?).
(There is a more general definition valid over arbitrary fields.)



Classification

Theorem (E.-Myung 93, E. 97)

Any symmetric composition algebra is either:

> a para-Hurwitz algebra,

> a form of a two-dimensional para-Hurwitz algebra without
idempotent elements (with a precise description),

» an Okubo algebra.
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Triality Lie algebra
Assume from now on that charF # 2.

Let (S, *, n) be any symmetric composition algebra and consider
the corresponding orthogonal Lie algebra:

0(S,n) = {d € Endg(S) : n(d(x),y) + n(x,d(y)) =0 Vx,y € S},

and the subalgebra of o(S, n)3 (with componentwise
multiplication):

tei(S, %, n) =
{(d1,da, d3) € 0(S,n)3: d3(xxy) = di(x) *y + x * do(y) Vx,y}J
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Triality Lie algebra
Assume from now on that charF # 2.

Let (S, *, n) be any symmetric composition algebra and consider
the corresponding orthogonal Lie algebra:

0(S,n) = {d € Endg(S) : n(d(x),y) + n(x,d(y)) =0 Vx,y € S},

and the subalgebra of o(S, n)3 (with componentwise
multiplication):

tei(S, %, n) =
{(d1,da, d3) € 0(S,n)3: d3(xxy) = di(x) *y + x * do(y) Vx,y}J

This is the triality Lie algebra.

The map: 0 : ti(S, %, n) — ti(S, *, n), (d1, d, d3) — (d3, d1, d2)
is an automorphism of order 3, (triality automorphism).



Principle of Local Triality

Theorem (Principle of Local Triality)

Let (S, *,n) be an eight dimensional symmetric composition
algebra. Then the projection

w1 - (S, %, n) — o(S, n)
(di,do,d3) — di,

is an isomorphism of Lie algebras.




Freudenthal's Magic Square

Let (S,*,n) and (S',x,n") be two symmetric composition algebras.
One can construct a Lie algebra as follows:

g=9(5,5) = (i(S) & ti($) & (8L11i(S © 5)),



Freudenthal's Magic Square

Let (S,*,n) and (S',x,n") be two symmetric composition algebras.
One can construct a Lie algebra as follows:

a=0(S,5) = (ti(S) & ti(S)) & (@?:1“(5 ® s')),
with bracket given by:

» the Lie bracket in tti(S) @ tri(S’), which thus becomes a Lie
subalgebra of g,

[(dl, do, d3), L,‘(X X XI)] = I,,'(d,'(X) ® X/),
[(d, dj, d}), Li(x @ x')] = ¢i(x ® di(x')),

i(x @ XY 1132(y © ¥)] = t42((x ) @ (%)) (indices
modulo 3),

[1i(x @ x'),1i(y @ ¥)] = 0/ (x, y' )0 (b)) + n(x, y)O (£, ),

v

v

v

v



Freudenthal's Magic Square
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Gradings



Definition

G abelian group, A algebra over a field F.

G-grading on A:
A - @geGAg,



Example: Pauli matrices

A = Mat,(F)
1 0 0 0 010
0 ¢ O 0 0 01
X=]0 0 €2 0 Y — :
: : 0 0O
00 O el 1 00

(e a primitive nth root of 1)
X"=1=Y" YX = eXY

A = O pez.xz.A77)> Ay = FX'Y/.



Example: Pauli matrices

A = Mat,(F)

1 00 0 010
0 ¢ O 0 0 0 1

X=]0 0 €2 0 y — :
: : 000
00 O en—1 100

(e a primitive nth root of 1)
Xn:lZYna YXZEXY
A = O pez.xz.A77)> Ay = FX'Y/.

A becomes a graded division algebra.
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Basic definitions (Patera-Zassenhaus)

Let I : A= ®zccAg be agradingon A (dimp A < oo, F = F,
charF # 2):

» The support of ['is Supp I = {g € G : A, # 0}.

» The universal grading group of T is the group U(I') generated
by Supp I subject to the relations g1 g» = g3 if
07# AgAg, € Ags-

The grading I is then a grading too by U(I').
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Basic definitions (Patera-Zassenhaus)

There appear several groups attached to I':

» The automorphism group

Aut(lN) = {p € Aut A :
Ja € Sym(Supp I) s.t. o(Ag) C Ay q) Ve 1

» The stabilizer group
Stab(l") = {¢ € Aut(l') : p(Ag) C A, Vg}.
» The diagonal group

Diag(l') = {¢ € Aut(l') :
Vg € Supp ' INg € F* s.t. @|4, = Agid}.

» The quotient W(I') = Aut(I")/ Stab(I") is the Weyl group of T



W(T) acts by automorphisms on U(I)

Each ¢ € Aut(l") determines a self-bijection « of Supp I that
induces an automorphism of the universal grading group U(I).
Then, there appears a natural group homomorphism:

Aut(r) — Aut(U(T))

with kernel Stab(I").

Thus, the Weyl group embeds naturally in Aut(U(T)), i.e., there is
a natural action of the Weyl group on U(I') by automorphisms.



W(T) acts by automorphisms on U(I)

Each ¢ € Aut(l") determines a self-bijection « of Supp I that
induces an automorphism of the universal grading group U(I).
Then, there appears a natural group homomorphism:

Aut(r) — Aut(U(T))

with kernel Stab(I").

Thus, the Weyl group embeds naturally in Aut(U(T)), i.e., there is
a natural action of the Weyl group on U(I') by automorphisms.

Remark
Diag(I") is isomorphic to the group of characters of U(T).
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Basic definitions (Patera-Zassenhaus)

Let 1 A= @gecAg and I 1 A = ©yreer Ay be two gradings on
A:

» [ is a refinement of " if for any g € G there is a g’ € G’ such
that Az C Agr.
Then [ is a coarsening of T.

For example, if a: G — H is a group homomorphism, then
A = GnenAn, with Ap = Bgen-1(n)Ag, is a coarsening.
If G = U(T), any coarsening of [ is obtained in this way.

» [ is fine if it admits no proper refinement.

Any grading is a coarsening of a fine grading.
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Basic definitions (Patera-Zassenhaus)

» [ and " are equivalent if there is an automorphism ¢ € Aut A
such that for any g € G thereis a g’ € G’ with p(Ag) = A,

» [ and " are weakly isomorphic if there is an automorphism
¢ € Aut A and an isomorphism a : G — G’ such that for any

g€ G p(Ag) = ;(g)-

» For G = G', T and I’ are isomorphic if there is an
automorphism ¢ € Aut A such that p(Ag) = A, for any
geaG.



Gradings on Octonions



The split octonions

Cayley-Dickson process:

K =F ¢ Fi, i2=—1,
H =Ko Kj, 2 =-1,
0=Heo HI, ?=-1,

Q is Z3-graded with

deg(i) = (17676)7 deg(j) = (67 i,(_)),



Cartan grading on the Octonions

O contains canonical bases:
B = {el, €, uy, Uz, Uz, vi, Vo, V3}
with
n(e1, e2) = n(uj,v;) =1, otherwise 0.
612 = €1, 622 = €y,
eiuj = ujex = uj, eV = Vvier = V;, (i = 1,2,3)

uivi = —e1, Vviui=—ep, (i=1,2,3)

Uilli+1 = —Uj41U; = Viy2, ViViy1 = —Vj11V; = Uj+2, (indices modulo 3)
otherwise 0.



Cartan grading on the Octonions

O contains canonical bases:

B - {617 €2, U1, U2, U3, V1, V2, V3}
with
n(e1, e2) = n(uj,v;) =1, otherwise 0.

612 = €1, 622 = €y,

eluj = ujex = u;, €V =yvjer =V, (i = 1,2,3)

ujvi = —eq, vilj = —ép, (i = 1,2,3)

Uidj41 = —Uj1Uj = Viy2, ViViy1 = — Vi1V = Uj42, (indices modulo 3)

otherwise 0.

The Cartan grading is the Z?-grading determined by:

degu; = —degvy = (1,0), deguy = —degwv, = (0,1).



Fine gradings on the Octonions

Theorem (E. 1998)

Up to equivalence, the fine gradings on O are

» the Cartan grading, and

> the Zg—grading given by the Cayley-Dickson doubling process.
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Fine gradings on the Octonions

Sketch of proof:

» The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 =0,
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grading:
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> If there is a g € Supp I with either order > 2 or dim O, > 2,
there are elements x € Oy, y € O,-1 with n(x) = 0= n(y),
n(x,y) =1. Then e; = xy and e; = yX are orthogonal
primitive idempotents in Qg, and one uses the corresponding
Peirce decomposition to check that, up to equivalence, our
grading is the Cartan grading.



Fine gradings on the Octonions

Sketch of proof:

» The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 =0,
implies that the norm has a well behavior relative to the
grading:

n(Qg) = 0 unless g2 = e, n(0g,0) = 0 unless gh = e.

> If there is a g € Supp I with either order > 2 or dim O, > 2,
there are elements x € Oy, y € O,-1 with n(x) = 0= n(y),
n(x,y) =1. Then e; = xy and e; = yX are orthogonal
primitive idempotents in Qg, and one uses the corresponding
Peirce decomposition to check that, up to equivalence, our
grading is the Cartan grading.

» Otherwise dim O, =1 and g2 =eforany g € Supp . We
get the Z%—grading.
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Z3-grading: Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra
0 =F,[Z3],

where
e“e? = o(a, B)et?

for a, B € 73, with
U(a’ 6) = (_1)¢(a”6)’

P(o, B) = Prazaz + aifoaz + arazfs + Z a;iB;.

]




Z3-grading: Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra
0 =F,[Z3],

where
e“e? = o(a, B)et?

for a, B € 73, with
U(CV?B) = (_1)1“&”8)’

Y(a, B) = Provas + arfraz + agazfz + Z a;iB;.

]

This allows to consider the algebra of octonions as an “associative
algebra in a suitable category".



Cartan grading: Weyl group

Let S be the vector subspace spanned by (1,1,1) in R3 and
consider the two-dimensional real vector space £ = R3/S. Take
the elements

e1 =(1,0,0)+ S, 2=(0,1,0)+ S, e3=(0,0,1) + S.

The subgroup G = Zey + Zey + Zes is isomorphic to Z?, and we
may think of the Cartan grading I' on the octonions O as the
grading in which

deg(er) = 0 = deg(e2),
deg(u;) = ¢; = —deg(v;), i =1,2,3.



Cartan grading: Weyl group

Then Supp I' = {0} U {%e; | i =1,2,3} and G is the universal
group.
The set

o= (Supp rNy{a+p|a,p e Supp r,a#iﬁ})\{O}

is the root system of type Go.



Cartan grading: Weyl group

Identifying the Weyl group W(I') with a subgroup of Aut(G), and
this with a subgroup of GL(E), we have:
W(T) C {n € Aut(G) | p(Supp ') = Supp I'}
C {p € GL(E) | u(®) = o} = Aut ®.

The latter group is the automorphism group of the root system &,
which coincides with its Weyl group.



Cartan grading: Weyl group

Identifying the Weyl group W(I') with a subgroup of Aut(G), and
this with a subgroup of GL(E), we have:

W(T) C {n € Aut(G) | u(Supp I') = Supp I'}
C{ue GLE) | u(®) =} =: Aut®.

The latter group is the automorphism group of the root system &,
which coincides with its Weyl group.

Theorem

Let I' be the Cartan grading on the octonions. Identify
Supp I\ {0} with the short roots in the root system ® of type G,.
Then W(T) = Aut .




Z3-grading: Weyl group

Theorem

Let T be the Z3-grading on the octonions induced by the
Cayley-Dickson doubling process. Then

W(r) = Aut(Z3) = GL3(2).




Z3-grading: Weyl group

Theorem

Let T be the Z3-grading on the octonions induced by the
Cayley-Dickson doubling process. Then
W(r) = Aut(Z3) = GL3(2).

Remark

As any ¢ € Stab(I') multiplies each of the elements i, j, | by either
1 or —1, we see that Stab(I') = Diag(I') is isomorphic to Z3.
Therefore, the group Aut(I") is a (non-split) extension of Z3 by
W(r) = GL3(2).
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Gradings on their Hurwitz counterparts.




Gradings on para-Hurwitz algebras

Theorem
Gradings on para-Hurwitz algebras of dimension 4 or 8

1

Gradings on their Hurwitz counterparts.

Therefore, any para-Cayley algebra is endowed with a Z3-grading.
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Gradings on Okubo algebras

Assuming F is a field of characteristic # 3 containing a primitive
third root w of 1, then the matrix algebra Mat3(IF) is generated by
the order 3 matrices:

2

1 0 0 0 01
x=10 w 0|, y=1|1 0 0],
0 0 w 010

and the assignment

deg(x) = (L 6)7 deg(y) = (67 i),

gives a Z3-grading of Mat3(F), which is inherited by the Okubo
algebra (sl3(F), %, n).



Gradings on Okubo algebras

Assuming F is a field of characteristic # 3 containing a primitive
third root w of 1, then the matrix algebra Mat3(IF) is generated by
the order 3 matrices:

0
0

w2

10 0 01
X = 0 w y y = 1 0 0 B
0 0 010
and the assignment

deg(x) = (L 6)7 deg(y) = (67 i),

gives a Z3-grading of Mat3(F), which is inherited by the Okubo
algebra (sl3(F), %, n).

Over algebraically closed fields, any grading on an Okubo algebra
is a coarsening of either the natural Z2-grading (Cartan grading) or
this Z%—grading.




Z3-grading

Consider the order three automorphism 7 of O:
T(e,') = €j, | = 1,2, T(Uj) = Uj+1, T(\/J) = \/j+1, j = 1,2,3,
and define a new multiplication on Q:

X*y= 7'()‘()7'2()7).



Z3-grading

Consider the order three automorphism 7 of O:
T(e,') = €j, | = 1,2, T(Uj) = Uj+1, T(\/J) = Vj+1, j = 1,2,3,
and define a new multiplication on Q:

X*y= 7'()‘()7'2()7).

It turns out that this is too the (split) Okubo algebra, defined in a
characteristic free way, and the Z%—grading is now given by setting

dege; = (1,0) and degu; = (0,1).



Z3-grading

€1 €2 up Vi up V2 us V3
€1 € 0 0 —V3 0 — 0 —\
€ 0 €1 —us3 0 —u 0 —Uu 0
uy —Uuy 0 %1 0 —V3 0 0 —e1
%1 0 —V2 0 uy 0 —Uu3 —€ 0
u» —Uu3 0 0 —€1 Vo 0 —V 0
%) 0 —Vv3 | —e 0 0 U 0 —u
us —Uu 0 ) 0 0 —e€1 V3 0
V3 0 — Vi 0 —Uuy —6€ 0 0 us

Multiplication table of the (split) Okubo algebra




The Albert algebra



Albert algebra

a1 53 an
A= H3(@) = as «o a1 | 1,000,033 € F, a1, ap,as € O

a ai a3

=FE & FE @ FE3 ® 11(0) ® 12(0) @ 13(0),

where
100 0 0O 0 00
E=|oo0o0], E&B=|010|, E=[(0oo0o0
0 00 0 0O 0 01
0 0O 0 0 a 0 a0
t1(a) =210 0 a],w(a)=2|0 0 0],w3(a)=2|a 0 O
0 a 0 a 0o 0 00



Albert algebra

The multiplication in A is given by X o Y = %(XY + YX)
(charF #2, F =TF).

Then E; are orthogonal idempotents with E; + E» + E3 = 1. The
rest of the products are as follows:

1
Eiou(a) =0, Epniou(a) = sui(a) = Eirz 0 uia),

vi(a) o tiv1(b) = viy2(a e b), i(a)ori(b) = 2n(a, b)(Eiy1 + Eit2),

for any a, b € O, with i = 1,2, 3 taken modulo 3, where ae b = ab
is the para-Hurwitz multiplication.



Cartan grading

Consider the following elements in Z* = 72 x Z2:

a1 =(1,0,0,0), a=(0,1,0,0), a3=(—1,-1,0,0),
81 = (0707 170)7 & = (0> 0707 1)7 83 = (0707 _1a _1)

Thenay+ax+a3=0=g1 +g + gs.



Cartan grading

Consider the following elements in Z* = 72 x Z2:
a1 =(1,0,0,0), a» =(0,1,0,0), a3 =(-1,-1,0,0),
g1 =(0,0,1,0), g =(0,0,0,1), g3 =(0,0,—1,-1).
Thenait+a+a3=0=g+g +gs.
Take a canonical basis of the octonions. The assignment
dege; =dege, =0, degu; =g = —degy;
gives the Cartan grading on Q.



Cartan grading

Consider the following elements in Z* = 72 x Z2:

a1 =(1,0,0,0), a=(0,1,0,0), a3=(—1,-1,0,0),
81 = (0707 170)7 & = (0> 0707 1)7 83 = (0707 _1a _1)

Thenait+a+a3=0=g+g +gs.

Take a canonical basis of the octonions. The assignment
dege; =dege, =0, degu; =g = —degy;

gives the Cartan grading on Q.

Now, the Cartan grading on A is given by:

deg E; =0, degti(e1) = aj = —degi(e2),
degti(ui) = gi = —degi(v;),

deg tj(uit1) = ait2 + giv1 = — degi(viy1),
deg ti(ujt2) = —ait1 + giy2 = — deg ti(vit2).



Cartan grading: Weyl group

The universal group of the Cartan grading is Z*, which is
contained in E = R*. Consider the following elements of Z*:

(e1) = a1 =(1,0,0,0),
(u1) = g1 =(0,0,1,0),
€ = degbl(uQ) =a+ &= (_17 —-1,0, 1)7
( ):_32+g3:(07_1>_17_1)'

Note that the ¢;'s, 0 < i < 3, are linearly independent, but do not
form a basis of Z*. For instance,

1
degio(er) = ax = 5(—60 — €1 — €2 — €3),

1
degi3(e1) = a3 = 5(—60 +e1+ e+ e3).



Cartan grading: Weyl group

The supports of the Cartan grading I' on each of the subspaces
ti(0) are:

Supp 11(0) = {+£e; | 0 <7 < 3},
Supp 2(0) = Supp ¢1(0)(e3(e1) + 13(e2))

1
= {§(i€0 + €1 & € + €3) | even number of + signs},

Supp ¢3(0) = Supp ¢1(0)(c2(e1) + t2(e2))
= {%(:teo + €1 £+ €2 +€3) | odd number of + signs}.



Cartan grading: Weyl group

ORES (Supp r'y{a+p|a,p € Supp 11(0), a # :I:B}) \ {0}
= Supp ¢1(0) U Supp ¢2(0) U Supp ¢3(0)
Ufteite |0<i#)j<3},
is the root system of type Fs4. (Note that the ¢;'s, i =0,1,2,3,

form an orthogonal basis of E relative to the unique (up to scalar)
inner product that is invariant under the Weyl group of ®.)



Cartan grading: Weyl group

@:= (Supp T U{a+ 5| a,f €Supp 1(0), a # £5}) \ {0}
= Supp ¢1(0) U Supp ¢2(0) U Supp ¢3(0)
U{ie;iej\0§i¢j§3},

is the root system of type Fs4. (Note that the ¢;'s, i =0,1,2,3,
form an orthogonal basis of E relative to the unique (up to scalar)
inner product that is invariant under the Weyl group of ®.)

Identifying the Weyl group W/(I) with a subgroup of Aut(Z*), and
this with a subgroup of GL(E), we have:

Theorem

Let I be the Cartan grading on the Albert algebra. Identify

Supp I\ {0} with the short roots in the root system ® of type Fa.
Then W(T) = Aut .




Z3-grading

A is naturally Z3-graded with

A((—)’()) = FEl -+ ]FE2 + FE3,
Agg =u(0),  Agy=w(0), Agg =(0).



Z3-grading

A is naturally Z3-graded with

A((—)’()) = FEl -+ ]FE2 + FE3,
1) =w(0),  Agg =(0).

This Z3-grading may be combined with the fine Z3-grading on O
to obtain a fine Z3-grading:



Z3-grading: Weyl group
Write Zg = Zoa® Zob ® Zocy B Zocy ® Zpcz. Then the
Z3-grading T is defined by setting
degt1(l) = a, degia(l) = b,
degis(i) =a+ b+, deguz(j) =a+ b+ 2, degus(l) =a+ b+ cs.

Theorem

Let T be the Z3-grading on the Albert algebra. Let T = @®3_,Zsc;.
Then

W(r) = {p € Aut(Z3) : n(T) = T}.




Z3-grading: Weyl group
Write Zg = Zoa® Zob ® Zocy B Zocy ® Zpcz. Then the
Z3-grading T is defined by setting
degt1(l) = a, degia(l) = b,
degis(i) =a+ b+, deguz(j) =a+ b+ 2, degus(l) =a+ b+ cs.

Theorem
Let T be the Z3-grading on the Albert algebra. Let T = @®3_,Zsc;.
Then

W(r) = {pu e Aut(Z3) : u(T) = T}.

Remark

Any 1) € Stab(T') fixes E; and multiplies
01(1),2(1),e3(i), e3(j), e3(l), by either 1 or —1. Hence
Stab(I") = Diag(I") is isomorphic to Z3.




7 x 73-grading

Take an element i € F with i = —1 and consider the following
elements in A:

E=E, E=1—-E=E,+ Es,
v(a) =iu(a) forall ae Oy,
vi(x) =1wa(x) £iz(x) forall xe@,

ST=FE-E+ %Ll(n.
A is then 5-graded:
A=A DA 1B A DA D Ay,

with A4, = IFSi, A= l/i(@), and Ag = FE&® (FE D I/(@o))



7 x 73-grading

The Zg—grading on O combines with this Z-grading
A=FS ov (0)oAid v (0)pFST
to give a fine Z x Z3-grading as follows:

deg S* = (+2,0,0,0),
degvi(x) = (£1,degx),
deg E =0 =degE,
degv(a) = (0,deg a),

for homogeneous elements x € O and a € Q.



7 x 73-grading: Weyl group

Theorem
Let T be the Z x Z3-grading on the Albert algebra. Then

W(T) = Aut(Z x Z3).




7 x 73-grading: Weyl group

Theorem
Let T be the Z x Z3-grading on the Albert algebra. Then

W(T) = Aut(Z x Z3).

Remark

One can show that Stab(I") = Diag(I"), which is isomorphic to
F>* x Z3.




Z3-grading

Recall that the Okubo algebra can be defined on the octonions,
with new multiplication:

xxy = 7(X)m2(7).
where 7 is the order three automorphism of O given by:

T(e,') = €, I = 1,2, T(Uj) = Uj+1, T(VJ) = Vj+1, _j: 1,2,3.



Z3-grading

Define 7j(x) = ¢j(7'(x)) for all i =1,2,3 and x € Q. Then the
multiplication in the Albert algebra

A =0}, (FE ®;(0))
becomes:
E??=FE, EoE =0,
Eioli(x) =0, Eit100i(x)=
Ii(x) o Tipa(y) = Tiza(x * y),

fori=1,2,3 and x,y € O.



Z3-grading

Assume now charF # 3. Then the Z3-grading on the Okubo
algebra is determined by two commuting order 3 automorphisms
1, 2 € Aut(O), *):

p1(e1) = wer, p1(u1) = u1,

@2(61) = €1, @2(”1) = wuy,

where w is a primitive cubic root of unity in F.



Z3-grading

The commuting order 3 automorphisms ¢1, 2 of (O, %) extend to
commuting order 3 automorphisms of A:

wi(E) = Ei, ¢ (6i(x)) = Ti(wj(x))-
On the other hand, the linear map 3 € End(.A) defined by

@3(E) = Eir1,  @3(li(x)) = Tig1(x),

is another order 3 automorphism, which commutes with (1 and ¢>.



Z3-grading

The commuting order 3 automorphisms ¢1, 2 of (O, %) extend to
commuting order 3 automorphisms of A:

pi(E) = Ei, i (0i(x)) = Ti(pi(x))-
On the other hand, the linear map 3 € End(.A) defined by
¢3(Ei) = Eiy1,  @3(0i(x)) = Tiga(x),
is another order 3 automorphism, which commutes with (1 and ¢>.

The subgroup of Aut(A) generated by 1, v2, @3 is isomorphic to
Z% and induces a Zg—grading on A.



Z3-grading

The commuting order 3 automorphisms ¢1, 2 of (O, %) extend to
commuting order 3 automorphisms of A:

pi(E) = Ei, i (0i(x)) = Ti(pi(x))-
On the other hand, the linear map 3 € End(.A) defined by
¢3(Ei) = Eiy1,  @3(0i(x)) = Tiga(x),
is another order 3 automorphism, which commutes with (1 and ¢>.

The subgroup of Aut(A) generated by 1, v2, @3 is isomorphic to
Z% and induces a Zg—grading on A.

All the homogeneous components have dimension 1.



Z3-grading: Weyl group

The Z3-grading is determined by

deg(3-7; Ti(er))
deg(>°7, Ti(u))
deg (E?:l w™E)

Ol O I

Ol = Ol

=il Ol Ol
~— — —



Z3-grading: Weyl group

The Z3-grading is determined by

deg(Y7 ii(e)) = (
deg(>°7 L"i(l_fl)) =
deg (E?:l w'E) = (

il \.OI =
il =i il
=1 Ol Ol

Theorem

Let T be the Z3-grading on the Albert algebra. Then W(T) is the
commutator subgroup of Aut(Z3), i.e.,

W(T) = SL3(3).




Z3-grading: Weyl group
Why SL3(3) and not GL3(3)?




Z3-grading: Weyl group
Why SL3(3) and not GL3(3)?

Consider the Zg—grading [~ determined by

deg(X7,7i(er)) = (O
deg(X7,ii(w)) = (1
deg(Z?zl w'E) = (0

l Ol I

=1 Ol Ol
~— ~— ~—



Z3-grading: Weyl group
Why SL3(3) and not GL3(3)?

Consider the Z%—grading [~ determined by

deg(E?zl ii(e)) = (0,1,0
deg(Z?:l Z’l'(ul)) = (13676)7
deg(X},w'E) = (0,0,1

Then, for X1 S A(Lﬁ,())’ X2 € A((_),i,(_))' X3 S A((_),(_),i)v we have:

le o (X2 @) X3), for F,

X10X2)o X3 =
( ! 2) 3 {w‘leo(XgoX3), for .



Zg—grading: Weyl group

Why SL3(3) and not GL3(3)?

Consider the Zg—grading [~ determined by
deg(X1 7i(er)) = (0,1,0
deg(X7, ti(um)) = (1,0,0),
deg(Y3 ,w'E) = (0,0,1

Then, for X1 € A155), X2 € Agig) X3 € App 1) we have:

wXy o (X2 0X3), for I,

X10X5)o X3 =
(XroX)o X {W_lxlo(X20X3), for .

Hence I and '™ are equivalent, but NOT isomorphic, gradings.



Z3-grading: Weyl group

Why SL3(3) and not GL3(3)?

Consider the Zg—grading [~ determined by

deg(z?zl ii(e)) = (0,1,0
deg(Z?:l Z’l'(ul)) = (17676)7
deg(X},w'E) = (0,0,1

Then, for X1 S A(Lﬁ,())’ X2 € A((_),i,(_))' X3 S A((_),(_),i)v we have:

le o (X2 @) X3), for F,

X10X2)o X3 =
( ! 2) 3 {w_leo(X20X3), for .

Hence I and '™ are equivalent, but NOT isomorphic, gradings.

Besides, any fine Z3-grading on A is isomorphic to either [ or '™,
so W(T) has index two in Aut(U(T")) = GL3(3).



Z3-grading and the Tits construction
Let R = Mats(FF). Then

A=RoPR1DR,,

with Rg, R1, Ry copies of R.



Z3-grading and the Tits construction
Let R = Mats(FF). Then

A=RyDR1 DRy,

with Rg, R1, Ry copies of R.
The product in A satisfies Rj o R; C Rj;j (mod 3) and:

o ‘ ag b} ch

ag | (acd)o (3 (c’a)2
by | (@b)1 (bxb)a (bc):
e | (c?); (bc)o (cxdc)

where
> 304 = %(aa’ + 4d'a),
» ax b=aob— (tr(a)b+tr(b)a) + 3 (tr(a)tr(b) — tr(ab))1,

»3=ax1=13(tr(a)l — a).



Z3-grading and the Tits construction
378 g
Assume char F # 3. Take Pauli matrices in R:

1 0 O 010
x=|10 w 0}, y={(0 0 1],
0 0 w? 1 00
where w, w? are the primitive cubic roots of 1, which satisfy

X=1=y3 yx=uwxy.



Z3-grading and the Tits construction
378 g
Assume char F # 3. Take Pauli matrices in R:

1 0 O 010
x=|10 w 0}, y={(0 0 1],
0 0 w? 1 00
where w, w? are the primitive cubic roots of 1, which satisfy

X=1=y3 yx=uwxy.

These Pauli matrices give a grading by Z3 on R, with

R(oq,ozz) — FxoclyOcQ'



Z3-grading and the Tits construction
378 g
Assume char F # 3. Take Pauli matrices in R:

1 0 O 010
x=|10 w 0}, y={(0 0 1],
0 0 w? 1 00
where w, w? are the primitive cubic roots of 1, which satisfy

X=1=y3 yx=uwxy.

These Pauli matrices give a grading by Z3 on R, with
R(oq,ozz) — FxoclyOcQ'
This grading combines with the Zs-grading on A induced by Tits

construction, to give the unique, up to equivalence, fine grading by
Z3 of the Albert algebra.



Z3-grading and the Tits construction

For a = (a1, a2, 3) € Z3 consider the element

Z% = (xMy"?)q; € Ray CA.



Z3-grading and the Tits construction

For a = (a1, a2, 3) € Z3 consider the element

Z% = (xMy"?)q; € Ray CA.

Then, for any o, 8 € Zg:

, wl@,8) za+B if dimz, (Zso + Z3B3) < 1,
Z%0 7P = -
—Lw¥@B) za+B  otherwise,

where

Y(a, B) = (a2fr — caf2)(as — B3) — (B2 + azfr).



Z3-grading and the Tits construction

Consider now the elements (Racine 1990, unpublished)

We = ooz ze,



Z3-grading and the Tits construction

Consider now the elements (Racine 1990, unpublished)

We = ooz ze,

W o W8 = —ae2=Bb2 za o 78

W) —(ar02+p182) 7a+8 if dimg, (Zso + Z3B) < 1,

_%wﬁ(a,ﬁ)f(a1a2+ﬁlﬁz)za+,@ otherwise,

w@(a,ﬂ)+(alﬁ2+a251) wets if dimZ3 (Z3a 4 235) <1,

_%w"z(avﬁ)+(alﬁ2+a2ﬁl) Wa+/3 Otherw|se



The Albert algebra as a twisted group algebra

Theorem (Griess 1990)
The Albert algebra is, up to isomorphism, the twisted group algebra

A= Fo[Zg]’
with
w¥(eB) if dimz,(Zzoo + Z3B) < 1,
o(a,B) =
_%w¢(a,ﬁ) otherwise,
where

P(a, B) = (a261 — a1f2)(as — B3).




Fine gradings on the Albert algebra

Theorem (Draper—Martin-Gonzélez 2009 (char = 0),
E.—Kochetov 2012)

Up to equivalence, the fine gradings of the Albert algebra are:

1. The Cartan grading (weight space decomposition relative to a
Cartan subalgebra of f4 = Der(A)).

2. The Z3-grading obtained by combining the natural Z3-grading
on 3 x 3 hermitian matrices with the fine grading by Z% of 0.

3. The Z x Zg-grading obtained by combining a 5-grading and
the Z3-grading on Q.

4. The Z3-grading with dim A, = 1 Vg (charF # 3).




Fine gradings on the Albert algebra

Theorem (Draper—Martin-Gonzélez 2009 (char = 0),
E.—Kochetov 2012)

Up to equivalence, the fine gradings of the Albert algebra are:

1.

4.

The Cartan grading (weight space decomposition relative to a
Cartan subalgebra of f4 = Der(A)).

The Z3-grading obtained by combining the natural Z3-grading
on 3 x 3 hermitian matrices with the fine grading by Z% of 0.
The Z x Zg-grading obtained by combining a 5-grading and
the Z3-grading on Q.

The Z3-grading with dim A, = 1 Vg (charF # 3).

All the gradings up to isomorphism on A have been classified too
(E.—Kochetov).




Gy and Fy



Gradings and comodule algebras

G-grading <— comodule algebra over the group algebra FG )




Gradings and comodule algebras

G-grading <— comodule algebra over the group algebra FG )

r:.A:@geGAg = or A— ARFG
Xg = Xg Qg

(algebra morphism and comodule str.)



Gradings and comodule algebras

G-grading <— comodule algebra over the group algebra FG )

r:.A:@geg.Ag = or A— ARFG
Xg = Xg Qg

(algebra morphism and comodule str.)

M, A= @gecAg = p: A= ARFG
(Ag ={xeA:p(x)=x®g})



Gradings and comodule algebras

A comodule algebra map
p:A—>ARFG
induces a generic automorphism of F G-algebras

ARFG — A®FG
x® hw— p(x)h.



Gradings and comodule algebras

A comodule algebra map
p:A—>ARFG
induces a generic automorphism of F G-algebras

ARFG — A®FG
x® hw— p(x)h.

All the information on the grading I attached to p is contained in
this single automorphism! J




Gradings and affine group schemes

MNA=®gccAhAy & pr:A— ARFG
(comodule algebra structure)



Gradings and affine group schemes

MNA=®gccAhAy & pr:A— ARFG
(comodule algebra structure)

Now,

pr: A= ARFG <« 1nr:GP = Aut A

(comodule algebra) (morphism of affine group schemes)



Gradings and affine group schemes

MNA=®gccAhAy & pr:A— ARFG

(comodule algebra structure)

Now,

pr: A= ARFG <« 1nr:GP = Aut A

(comodule algebra) (morphism of affine group schemes)

For any ¢ € GP(R), nr(¢) € Autg(A ® R) is given by:

nr(e)(xg @ r) = xg @ p(g)r



Gradings and affine group schemes

MNA=®gccAhAy & pr:A— ARFG

(comodule algebra structure)

Now,

pr: A= ARFG <« 1nr:GP = Aut A

(comodule algebra) (morphism of affine group schemes)

For any ¢ € GP(R), nr(¢) € Autg(A ® R) is given by:
r(0)(xg @ r) = xg @ p(g)r.

and pr is recovered as

pr(x) = nr(ide)(x ® 1) (nr(/dFG) e Autpg(A ® IFG))



Gradings and affine group schemes

Consider a homomorphism ® : Aut A — Aut A’ of affine group
schemes.



Gradings and affine group schemes

Consider a homomorphism ® : Aut A — Aut A’ of affine group
schemes.

Then any grading ' : A = ©gccAg induces a grading
M": A" = @gec Ay by means of:

. GP "y Aut A 2, Aut A’'.



Gradings and affine group schemes

Consider a homomorphism ® : Aut A — Aut A’ of affine group
schemes.

Then any grading ' : A = ©gccAg induces a grading

M": A" = @gec Ay by means of:

. GP "y Aut A 2, Aut A’'.

If M0 A= @gecAg and 2 1 A = ©pep.Aj, are weakly isomorphic
through the automorphisms ¢ € Aut. A and ¢ : G — H, then the
induced gradings '] and I on A" are weakly isomorphic too
through the automorphisms ®p(¢)) € Aut A’ and ¢ : G — H.



Gradings and affine group schemes

For G = Aut A, Lie(G) = Der(A), so
Ad : Aut A — Aut(Der(A))

is a homomorphism, and any grading I' : A = @©,c¢.Ag induces a
grading

M Der(A) = Dgeg Der(A)g,

Der(A), = {d € Der(A) : d(Ap) C Ag, Vh € G}



Gradings on G, and F,

If Aut A = Aut B, then the problem of the classification of fine
gradings up to equivalence, and of gradings up to isomorphism, on
A and B are equivalent.




Gradings on G, and F,

If Aut A = Aut B, then the problem of the classification of fine
gradings up to equivalence, and of gradings up to isomorphism, on
A and B are equivalent.

If the characteristic of the ground field F is # 2, 3, then
Ad: AutO — Autg;

is an isomorphism, and (assuming just charF # 2),
Ad : Aut A — Autf,

is an isomorphism too.



Gradings on G,

Theorem
Up to equivalence, the fine gradings on g, are

» the Cartan grading, and

» a Z3-grading with (g2)o = 0 and where (g2)g is a Cartan
subalgebra of g, for any 0 # g € 73.




Gradings on F,

Theorem
Up to equivalence, the fine gradings on f4 are

> the Cartan grading,

> a grading by 73, obtained by combining the Z3-grading given
by the decomposition f4 = 04 ®natural ® spin & spin, with the
Z3-grading on the octonions (which is the vector space behind
the natural and spin representations of 04).

> a grading by 7 x Z%, obtained by looking at {4 as the Kantor
Lie algebra of a structurable algebra: f4 = K(O, —), and
combining the natural 5-grading on KC(Q, —) and the
Z3-grading on Q.

» a Z3-grading (only if charF # 3), with (f4)o = 0 and where
(f4)g ® (§4)—g is a Cartan subalgebra of §4 for any 0 # g € Z3.




Jordan gradings on exceptional simple Lie algebras



Jordan subgroups

Definition (Alekseevskii 1974)
Given a simple Lie algebra g and a complex Lie group G with
Int(g) < G < Aut(g), an abelian subgroup A of G is a Jordan
subgroup if:

(i) its normalizer Ng(A) is finite,

(i) A'is a minimal normal subgroup of its normalizer, and
(iii) its normalizer is maximal among the normalizers of those

abelian subgroups satisfying (i) and (ii).




Jordan gradings

The Jordan subgroups are elementary (Zp x - - - x Zp for some
prime number p), and they induce gradings, called Jordan
gradings, in the Lie algebra g.



Jordan gradings

The Jordan subgroups are elementary (Zp x - - - x Zp for some
prime number p), and they induce gradings, called Jordan
gradings, in the Lie algebra g.

The classification of Jordan subgroups by Alekseevskii splits in two
types: classical and exceptional.



Jordan subgroups:

classical cases

g A
Apn_1 73"
B, (n>3) z3r
Con1 (n>2) z3r
Dny1 (n=3) zs"
Dyn-1 (n>3) z3r




Jordan subgroups: classical cases

g A
Apn_1 73"
B, (n>3) z3r
Con1 (n>2) z3r
Dny1 (n=3) z3"
Dyn-1 (n > 3) z3r

The dimension of all nonzero homogeneous spaces is always 1 in
these classical cases, which are well-known.



Jordan subgroups: exceptional cases

g A dimg, (o #0)
Gy 73 2
F4 VA 2
Es A 2
Dy 73 4
Eg 73 8
Es VA 3




Jordan subgroups: exceptional cases

g A dimg, (o # 0)
Ga 73 2
Fy 73 2
Es 73 2
Dy 73 4
Es 73 8
Es 73 3

Models of these gradings?
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Gradings on Freudenthal's Magic Square

Given two symmetric composition algebras, the Lie algebra g(S, S’)
is naturally Zo x Zp-graded with

9(5,0) = tei(S) @ i(S),

L3(5 & 5/)

gip) =u(S®S),  een=w(S®S), g7

~

Also, the triality automorphisms 6 and ¢’ extend to an order 3
automorphism © of g(S,S’). The eigenspaces of © constitute a
Z3-grading of g(S,S’).
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The previous Z32 and Zsz-gradings on the Lie algebras g(S, S’) can
be complemented with gradings on the symmetric composition
algebras S and S’ in several ways.

> The Z%—grading on the Okubo algebra O induces a Z%—grading
on both the simple Lie algebra g(IF, O) of type F4 (our fine
Z3-grading!!) and the simple Lie algebra g(S, O) (for the
two-dimensional para-Hurwitz algebra S) of type Es.
In both cases go = 0 and g, ® g_ is a Cartan subalgebra of g
for any 0 # a € Z3.
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(From now on, assume that our ground field F is algebraically
closed of characteristic 0.)

The previous Z32 and Zsz-gradings on the Lie algebras g(S, S’) can
be complemented with gradings on the symmetric composition
algebras S and S’ in several ways.

> The Z%—grading on the Okubo algebra O induces a Z%—grading
on both the simple Lie algebra g(IF, O) of type F4 (our fine
Z3-grading!!) and the simple Lie algebra g(S, O) (for the
two-dimensional para-Hurwitz algebra S) of type Es.
In both cases go = 0 and g, ® g_ is a Cartan subalgebra of g
for any 0 # a € Z3.

» The Z3-grading on a para-Cayley algebra C induces a
Z3-grading on the simple Lie algebra g(C, C) of type Es.
Moreover, go = 0 and g, is a Cartan subalgebra of g for any
0+#aeZ3.



Exceptional Jordan gradings

Theorem
The gradings:
1. a Zg—grading on the simple Lie algebra of type Gy induced by
the Z3-grading of the Cayley algebra,

2. a Z%-grading on the simple Lie algebra of type D4 induced by
the Z3-grading of the Cayley algebra,

3. a Z%—grading on the simple Lie algebra of type F4 induced by
the Z3-grading of the Okubo algebra,

4. a Zg—grading on the simple Lie algebra of type Eg induced by
the Z3-grading of the Okubo algebra,

5. a Z3-grading on the simple Lie algebra of type Eg induced by
the Z%—grading of the Cayley algebra,

are exceptional Jordan gradings.




The missing exceptional Jordan grading
Only one exceptional Jordan grading does not fit in the Theorem
above: the Zg—grading on Eg.



The missing exceptional Jordan grading
Only one exceptional Jordan grading does not fit in the Theorem
above: the Zg—grading on Eg.

Let V71 and V5 be two vector spaces over F of dimension 5, and
consider the Zs-graded vector space

g = Bi_o8s
where
g5 = 5[(\/1) @5[( \/2),
g1 = Vi@ N Vs,
o= NVio AV,
g3 =NVie W,
g =AN"Vie A\ Ve

This is a Zs-graded Lie algebra in a unique way: the exceptional
simple Lie algebra of type Es.
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Up to conjugation in Autg, there is a unique order 5
automorphism of the simple Lie algebra g of type Eg such that the
dimension of the subalgebra of fixed elements is 48.
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The missing exceptional Jordan grading

Up to conjugation in Autg, there is a unique order 5
automorphism of the simple Lie algebra g of type Eg such that the
dimension of the subalgebra of fixed elements is 48.

The uniqueness shows us that, up to conjugation, this is the
automorphism of g such that its restriction to gz is ' times the
identity, where £ is a fixed primitive fifth root of unity.
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The missing exceptional Jordan grading

Consider the following automorphisms o1, 02, o3 of g:

o1(x) =&'x for any x € gy and 0 < i < 4,
U2|gi = bl X /\2b27

2
U3|Ei = N,



The missing exceptional Jordan grading

Consider the following automorphisms o1, 02, o3 of g:

o1(x) = &'x for any x € gy and 0 < i < 4,
U2|gi =b® /\2b27
o3lg; = ® N,
where on fixed bases of Vi and V5, the coordinate matrices of

b1, c1, by, ¢ are:

1 g 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0 O
bl < o o ¢ o o , co o 1 0 0 of,

o 0o o & o 0 0 1 0 0

0 0 0 0 &t 0O 0 0 1 o0

1 0 0 0 0 0 0 0 0 1

0 ¢ o0 o0 o0 1 0 0 0 0
by« o o ¢ o of, <o 1 0 0o o0

0 0 0 £ 0 0 0 1 0 O©

0 0 0 0o & 0O 0 0 1 o0
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Theorem

The grading of Eg induced by the order 5 commuting
automorphisms o1, 02,03 Is the Jordan grading by Zg.
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The missing exceptional Jordan grading

Theorem

The grading of Eg induced by the order 5 commuting
automorphisms o1, 02,03 Is the Jordan grading by Zg.

V0 # o € Z3, ®%_,gia is a Cartan subalgebra of g.

There are models of the Jordan gradings of F4 and Eg by Z3

constructed along the same lines.



That's all.
Thanks
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