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Gradings on Lie algebras have been extensively used since the beginning of
Lie theory:

the Cartan grading on a complex semisimple Lie algebra is the
Zr -grading (r being the rank) whose homogeneous components are
the root spaces relative to a Cartan subalgebra (which is the zero
component),

symmetric spaces are related to Z2-gradings,

Kac–Moody Lie algebras to gradings by a finite cyclic group,

the theory of Jordan algebras and pairs to 3-gradings on Lie algebras,
etc.
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In 1989, a systematic study of gradings on Lie algebras was started by
Patera and Zassenhaus.

Fine gradings on the classical simple complex Lie algebras, other than D4,
by arbitrary abelian groups were considered by Havĺıcek, Patera, and
Pelantova in 1998.

The arguments there are computational and the problem of classification
of fine gradings is not completely settled. The complete classification, up
to equivalence, of fine gradings on all classical simple Lie algebras
(including D4) over algebraically closed fields of characteristic zero has
been obtained quite recently.
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For any abelian group G , the classification of all G -gradings, up to
isomorphism, on the classical simple Lie algebras other than D4 over
algebraically closed fields of characteristic different from two has been
achieved in 2010 by Bahturin and Kochetov, using methods developed in
the last years by a number of authors.
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As to the exceptional simple Lie algebras, the classification of all gradings
(up to equivalence) for type G2 over an algebraically closed field of
characteristic 0 was obtained independently by Draper and
Mart́ın-González and by Bahturin and Tvalavadze, using the known results
on gradings on the Cayley algebras.

Also, the classification of fine gradings (up to equivalence) for type F4

over an algebraically closed field of characteristic 0 has recently been
obtained by Draper and Mart́ın-González.
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The method used for F4 relies on the fact that, under the stated
assumptions on the ground field, any abelian group grading on an algebra
is the decomposition into common eigenspaces for some diagonalizable
subgroup of the automorphism group of the algebra.

It is shown that any such subgroup is contained in the normalizer of a
maximal torus of the automorphism group.

Since the automorphism groups of the simple Lie algebra of type F4 and of
the exceptional simple Jordan algebra (the Albert algebra) are isomorphic,
the fine gradings on the Albert algebra have been classified as well.
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In joint work with M. Kochetov, both gradings up to isomorphism and fine
gradings up to equivalence in the simple Lie algebras of types G2 and F4

over algebraically closed fields of characteristic different from two have
been classified.

This is done by first classifying gradings on the Cayley algebra and on the
Albert algebra, and then use automorphism group schemes to transfer the
classification to the corresponding Lie algebras.

The purpose of this mini-course is to review these methods and results.
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General definitions and methods

1 Gradings

2 Characteristic 0

3 Gradings and affine group schemes

4 Gradings on matrix algebras
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State of the art

5 Classical simple Lie algebras

6 Octonions and G2

7 The Albert algebra and F4

8 And now?
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4 Gradings on matrix algebras
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Definition

G abelian group, A algebra over a field F.

G -grading on A:
A = ⊕g∈GAg ,

AgAh ⊆ Agh ∀g , h ∈ G .
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Example: Pauli matrices

A = Matn(F)

X =


1 0 0 . . . 0
0 ε 0 . . . 0
0 0 ε2 . . . 0
...

...
...

. . .
...

0 0 0 . . . εn−1

 Y =


0 1 0 . . . 0
0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1
1 0 0 . . . 0


(ε a primitive nth root of 1)

X n = 1 = Y n, YX = εXY

A = ⊕(ı̄,̄)∈Zn×Zn
A(ı̄,̄), A(ı̄,̄) = FX iY j .

A becomes a graded division algebra.
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Example: octonions

Cayley-Dickson process:

K = F⊕ Fi , i2 = −1,

H = K⊕Kj , j2 = −1,

O = H⊕Hl , l2 = −1,

O is Z3
2-graded with

deg(i) = (1̄, 0̄, 0̄), deg(j) = (0̄, 1̄, 0̄), deg(l) = (0̄, 0̄, 1̄).
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Examples: Lie algebras

Cartan grading: g = h⊕
(
⊕α∈Φgα

)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Zn, n = rank g.

Jordan systems ↔ Z-gradings

g = g−n ⊕ · · · ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ · · · ⊕ gn.

I. Kantor: “There are no Jordan algebras, there are only Lie algebras.”

K. McCrimmon: “Of course, this can be turned around: nine times
out of ten, when you open up a Lie algebra you find a Jordan algebra
inside which makes it tick.”
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Examples: Lie algebras

Symmetric spaces ↔ Z2-gradings: g = g0̄ ⊕ g1̄.

Finite order automorphisms of simple complex Lie algebras (classified
by V. Kac) correspond to gradings over finite cyclic groups:

ϕ ∈ Aut g, ϕn = 1 ↔ g = ⊕ı̄∈Zngı̄,

gı̄ = {x ∈ g : ϕ(x) = εix} (ε = e
2πi
n ).

(This is important in the theory of Kac-Moody Lie algebras.)
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Conventions

In what follows:

F will denote an algebraically closed ground field, charF 6= 2.

The dimension of the algebras considered will always be finite.

The stress will be put more on the methods than on the results.
Some of them are quite technical.
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Basic definitions

Let Γ : A = ⊕g∈GAg be a grading on A:

The support of Γ is Supp Γ = {g ∈ G : Ag 6= 0}.
The universal grading group of Γ is the group U(Γ) generated by
Supp Γ subject to the relations g1g2 = g3 if 0 6= Ag1Ag2 ⊆ Ag3 .

The automorphism group is the group Aut(Γ) of automorphisms of A
which permute the homogeneous components.

The subgroup Stab(Γ) consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.

The diagonal subgroup Diag(Γ) is the (abelian) subgroup of Stab(Γ)
consisting of the automorphisms whose restriction to any
homogeneous component is the multiplication by a scalar.

The quotient W (Γ) = Aut(Γ)/ Stab(Γ) is the Weyl group of Γ.

More on Weyl groups in M. Kochetov’s talk!!
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Basic definitions

Let Γ : A = ⊕g∈GAg and Γ′ : A = ⊕g ′∈G ′A′g ′ be two gradings on A:

Γ is a refinement of Γ′ if for any g ∈ G there is a g ′ ∈ G ′ such that
Ag ⊆ Ag ′ .
Then Γ′ is a coarsening of Γ.

Γ is fine if it admits no proper refinement.

Γ and Γ′ are equivalent if there is an automorphism ϕ ∈ AutA such
that for any g ∈ G there is a g ′ ∈ G ′ with ϕ(Ag ) = A′g ′ .

Γ and Γ′ are weakly isomorphic if there is an automorphism
ϕ ∈ AutA and an isomorphism α : G → G ′ such that for any g ∈ G
ϕ(Ag ) = A′α(g).

For G = G ′, Γ and Γ′ are isomorphic if there is an automorphism
ϕ ∈ AutA such that ϕ(Ag ) = A′g for any g ∈ G .
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Abelian diagonalizable subgroups

Any grading Γ : A = ⊕g∈GAg induces a group homomorphism

ηΓ : Ĝ = Hom(G ,F×) −→ AutA
ϕ 7→ ηΓ(ϕ) : xg ∈ Ag 7→ ϕ(g)xg .

The homogeneous components are the common eigenspaces of the
elements of the abelian diagonalizable subgroup ηΓ(Ĝ ).

Conversely, for an abelian diagonalizable subgroup Q ≤ AutA, its
Zariski closure Q̄ remains abelian and diagonalizable with the same
eigenspaces, and it is an algebraic subgroup of AutA. Then
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MAD subgroups

The fine gradings on A up to equivalence are in bijection with the
conjugacy classes of maximal abelian diagonalizable (MAD)
subgroups of AutA. (Patera-Zassenhaus 1989)

The G -gradings on A up to isomorphism are in bijection with the
conjugacy classes by AutA of the homomorphism of algebraic groups
Ĝ → AutA.

Algebras with isomorphic groups of automorphisms present “the
same” classification of fine gradings up to equivalence, and of
gradings up to isomorphism.
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Classical simple Lie algebras (charF = 0)

Havĺıcek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Aut g for g classical (but D4 is excluded).

Any MAD subgroup is conjugated to (at least) one in the list, but the
problem of equivalence is not completely settled.

The methods are quite computational.

An explicit (and irredundant) description of the corresponding fine
gradings has been given for some classical simple Lie algebras of small
rank (Patera, Pelantova, Svobodova).
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Havĺıcek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Aut g for g classical (but D4 is excluded).

Any MAD subgroup is conjugated to (at least) one in the list, but the
problem of equivalence is not completely settled.

The methods are quite computational.

An explicit (and irredundant) description of the corresponding fine
gradings has been given for some classical simple Lie algebras of small
rank (Patera, Pelantova, Svobodova).

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 22 / 79



Classical simple Lie algebras (charF = 0)
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Classical simple Lie algebras (charF = 0)

Draper, Mart́ın-González and Viruel (2008-2010) gave the
classification of the conjugacy classes of the MAD subgroups of the
simple Lie algebra of type D4 which contain outer automorphisms.

The classification of the fine gradings, up to equivalence, on the
classical simple Lie algebras (including D4!) has been recently
completed (E. 2010).
It follows a different path, which assigns certain invariants to each
fine grading. This is based on the study of gradings on associative
algebras, in the spirit of Bahturin et al.

(The results are involved. For instance, there appear 17 non
equivalent fine gradings for D4.)
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Exceptional simple Lie algebras (charF = 0)

G2

The fine gradings have been classified by Draper and Mart́ın-González
(2006), and independently by Bahturin and Tvalavadze (2009), using the
results on gradings on the octonions (E. 1998).

Up to equivalence, there appear only the Cartan grading and the
Z3

2-grading induced by the corresponding grading of the octonions.
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Exceptional simple Lie algebras (charF = 0)

F4

Again the fine gradings have been classified by Draper and
Mart́ın-González (2009).

The proof relies on MAD subgroups and on the description of the simple
Lie algebra of type F4 as the Lie algebra of derivations of the exceptional
simple Jordan algebra (or Albert algebra) A = H3(O).

Any MAD subgroup is contained in the normalizer of a maximal torus of
the automorphism group. This keeps some control on these subgroups.

Apart from the Cartan grading, there appear three other non-equivalent
fine gradings.
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Exceptional simple Lie algebras (charF = 0)

E6: A classification has been announced by Draper and Viruel.

See the beautiful poster by Cristina Draper in this conference!!

E7,E8: ??
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3 Gradings and affine group schemes

4 Gradings on matrix algebras
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Gradings and comodule algebras

In the modular case, gradings are no longer given by eigenspaces of abelian
diagonalizable subgroups. A different approach is needed.

G -grading ←→ comodule algebra over the group algebra FG

Γ : A = ⊕g∈GAg ⇒ ρΓ : A −→ A⊗ FG

xg 7→ xg ⊗ g

(algebra morphism and comodule structure)

Γρ : A = ⊕g∈GAg ⇐ ρ : A → A⊗ FG

(Ag = {x ∈ A : ρ(x) = x ⊗ g})
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Gradings and comodule algebras

A comodule algebra map

ρ : A → A⊗ FG

induces a generic automorphism of FG -algebras

A⊗ FG −→ A⊗ FG

x ⊗ h 7→ ρ(x)h.

All the information on the grading Γ attached to ρ is contained in this
single automorphism!
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Affine group schemes

An affine group scheme over F is a representable functor

G : AlgF → Grp,

where

AlgF is the category of unital commutative associative algebras over
the field F,

Grp is the category of groups.

Recall that a functor F : AlgF → Grp is said to be representable if there
exists an object A in AlgF such that F is naturally isomorphic to
HomAlgF(A,−).

We will denote the representing object of G by F[G]. For R in AlgF, the
elements of G(R), i.e., homomorphisms F[G]→ R, will be called the
R-points of G.
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Affine group schemes. Examples

Let V be an n-dimensional vector space. The general linear group
scheme is the functor

GL(V )(R) = {ϕ ∈ EndR(V ⊗R) | ϕ is invertible}.

This defines an affine group scheme GL(V ). If we fix a basis in V , we
can identify V with Fn. Then the representing object is F[Xij ,D

−1]
where D = det(Xij), i , j = 1, . . . , n.

Let U be a nonassociative algebra over F, dimU = n <∞. Then, for
any R in AlgF, the tensor product U ⊗R is an algebra over R. The
automorphism group scheme is the functor

Aut(U)(R) = AutR(U ⊗R).
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Affine group schemes and Hopf algebras

Since the sets G(R) are endowed with multiplication that makes them
groups, the representing object A = F[G] should also carry some
additional structure.

The group multiplication defines a natural map of functors
G× G→ G, which, in view of Yoneda’s Lemma, gives rise to a
homomorphism

∆: A → A⊗A.

The associativity of group multiplication translates to the property

(∆⊗ id) ◦∆ = (id⊗∆) ◦∆.
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Affine group schemes and Hopf algebras

The existence of identity element in each G(R) can be expressed as a
natural map from the trivial group scheme to G, which gives rise to a
homomorphism

ε : A → F.

The definition of identity element translates to the property

(ε⊗ id) ◦∆ = id = (id⊗ ε) ◦∆,

where we identified F⊗A and A⊗F with A.
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Affine group schemes and Hopf algebras

The existence of inverses can be expressed as a natural map G→ G,
which gives rise to a homomorphism

S : A → A.

The definition of inverse translates to the property

m ◦ (S ⊗ id) ◦∆ = η ◦ ε = m ◦ (id⊗S) ◦∆,

where m : A⊗A → A is the multiplication map and η : F→ A is the
map λ→ λ1A.
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Affine group schemes and Hopf algebras

Theorem

There is a one-to-one correspondence between affine group schemes and
commutative Hopf algebras.

Example

Let G be a group. The group algebra FG becomes a Hopf algebra if we
declare all elements of G group-like: ∆(g) = g ⊗ g for any g ∈ G .
If G is abelian, then FG is commutative and hence gives rise to an affine
group scheme, which we will denote by GD . For any R in AlgF, we have

GD(R) = HomAlgF(FG ,R) ' Hom(G ,R×)

In particular, GD(F) is the group of characters of the group G .
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Affine group schemes and gradings

Γ : A = ⊕g∈GAg ⇔ ρΓ : A → A⊗ FG

(comodule algebra structure)

Now,

ρΓ : A → A⊗ FG ⇐⇒ ηΓ : GD → AutA
(comodule algebra) (morphism of affine group schemes)

For any ϕ ∈ GD(R), ηΓ(ϕ) ∈ AutR(A⊗R) is given by:

ηΓ(ϕ)(xg ⊗ r) = xg ⊗ ϕ(g)r .

and ρΓ is recovered as

ρΓ(x) = ηΓ(idFG )(x ⊗ 1)
(
ηΓ(idFG ) ∈ AutFG (A⊗ FG )

)
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Gradings and affine group schemes

Message:

It is not enough to deal with Ĝ and AutA, but also with their extensions
to unital commutative and associative F-algebras.

If AutA ∼= AutB, then the problem of the classification of fine gradings
up to equivalence, and of gradings up to isomorphism, on A and B are

equivalent.
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Gradings and affine group schemes

Actually, assume that Φ : AutA −→ AutA′ is a homomorphism of affine
group schemes (a natural transformation).

Then any grading Γ : A = ⊕g∈GAg induces a grading Γ′ : A′ = ⊕g∈GA′g
by means of:

ηΓ′ = Φ ◦ ηΓ : GD → AutA′.

If Γ1 : A = ⊕g∈GAg and Γ2 : A = ⊕h∈HA′h are weakly isomorphic (i.e.,
there is an automorphism ψ ∈ AutA and a group isomorphism ϕ : G → H
such that ψ(Ag ) = A′ϕ(g) for any g ∈ G ), then the induced gradings Γ′1
and Γ′2 on A′ are weakly isomorphic too through the automorphism
ΦF(ψ) ∈ AutA′ and ϕ : G → H.
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Example

G affine group scheme, its Lie algebra is defined by:

Lie(G) := ker
(
G(F[τ ])→ G(F)

)
' Der(F[G],F)

(F[τ ] = F1 + Fτ , τ2 = 0, is the algebra of dual numbers; F is a module for
F[G] by means of the augmentation ε.)

The adjoint map Ad : G→ Aut(Lie(G)) is defined as follows:

AdR(g) = (x 7→ gxg−1) for all g ∈ G(R), x ∈ Lie(G)⊗R,

where Lie(G)⊗R is identified with a subset in G(R[τ ]).
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Example

For G = AutA, Lie(G) = Der(A), so

Ad : AutA → Aut
(
Der(A)

)
is a homomorphism, and any grading Γ : A = ⊕g∈GAg induces a grading

Γ′ : Der(A) = ⊕g∈G Der(A)g ,

Der(A)g = {d ∈ Der(A) : d(Ah) ⊆ Agh ∀h ∈ G}.
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Automorphism group schemes of classical simple Lie
algebras

Orthogonal and symplectic Lie algebras

Aut son(F) ∼= Aut(Matn(F), ϕo), n ≥ 5, n 6= 8,

Aut spn(F) ∼= Aut(Matn(F), ϕs), n even, n ≥ 4,

where ϕo is an orthogonal involution and ϕs a symplectic involution.
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Automorphism group schemes of classical simple Lie
algebras

Special linear Lie algebras

Aut sl2(F) ∼= AutMat2(F),

Aut psln(F) ∼= AutMatn(F), n ≥ 3, unless n = 3 = charF,

where AutMatn(F) denotes the affine group scheme of
automorphisms and antiautomorphisms of Matn(F).
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Therefore, the problem of classification of gradings on the classical Lie
algebras (other than D4 and, for charF = 3, A2), reduces to a problem
about certain gradings on algebras of matrices.
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1 Gradings

2 Characteristic 0

3 Gradings and affine group schemes

4 Gradings on matrix algebras
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Gradings on matrix algebras

A = Matn(F), Γ : A = ⊕g∈GAg

There is a graded division algebra D and a right graded module V for D
such that

A ∼= EndD(V ),

and the grading on A is the one induced by the grading on V .

(D is a tensor product of matrix algebras graded by Pauli matrices.)
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Gradings on matrix algebras

Sketch of proof:

Take a minimal graded left ideal I of A.

There is a homogeneous idempotent e ∈ I such that I = Ae.

I minimal⇒ eAe is a graded division algebra (graded Schur Lemma).

Take V = I and D = eAe.
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Example: fine gradings on Mat8(F)

Up to equivalence, the fine gradings on Mat8(F), with their universal
grading groups, are:

Z7-grading: D = F, dimD V = 8.

Z3 × Z2
2-grading: D = Mat2(F), dimD V = 4.

Z× Z4
2-grading: D = Mat2(F)⊗Mat2(F), dimD V = 2.

Z6
2-grading: D = Mat2(F)⊗Mat2(F)⊗Mat2(F), dimD V = 1.

Z× Z2
4-grading: D = Mat4(F), dimD V = 2.

Z2
2 × Z2

4-grading: D = Mat2(F)⊗Mat4(F), dimD V = 1.

Z2
8-grading: D = Mat8(F), dimD V = 1.
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Gradings on matrix algebras. Antiautomorphisms.

A = Matn(F), Γ : A = ⊕g∈GAg

If ϕ is an antiautomorphism of A preserving the grading, and such that ϕ2

acts as a scalar on each homogeneous space (in particular, if ϕ is an
involution on A preserving the grading), then there is a graded division
algebra D with a graded involution τ , and a right graded module V for D
endowed with a balanced homogeneous hermitian form

B : V × V → D,

such that
A ∼= EndD(V )

and ϕ corresponds to the adjoint map relative to B.

The involution τ imposes severe restriction on D, which must be a tensor
product of algebras of 2× 2 matrices (quaternion algebras) each one
graded over Z2

2.
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5 Classical simple Lie algebras

6 Octonions and G2

7 The Albert algebra and F4

8 And now?
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Orthogonal and symplectic Lie algebras

Aut son(F) ∼= Aut(Matn(F), ϕo), n ≥ 5, n 6= 8,

Aut spn(F) ∼= Aut(Matn(F), ϕs), n even, n ≥ 4.

(ϕo is an orthogonal involution and ϕs a symplectic involution)

With A = Matn(F) and ϕ an involution of A:

Γ : A = ⊕g∈GAg with ϕ(Ag ) = Ag ∀g ∈ G

⇔ ρΓ : A → A⊗ FG ‘commuting with ϕ’

⇔ ηΓ : GD → Aut(A, ϕ).

It is enough to study gradings on matrix algebras which are compatible
with an involution.
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Br (r ≥ 2), Cr (r ≥ 3), Dr (r ≥ 5)

In all these cases, g ∼= K(A, ϕ) = {x ∈ A : ϕ(x) = −x}, for A = Matn(F)
and ϕ an involution, and

Any grading on g is the restriction of a grading on A preserved by ϕ.

There is a graded division algebra D with a graded involution τ , and a
right graded module V , endowed with a hermitian form B : V × V → D
such that A ∼= EndD(V ) and ϕ corresponds to the adjoint map relative to
B.
Some freedom exists in the election of τ and B, and it is important to
diagonalize B in a way compatible with the grading on V .

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51 / 79



Br (r ≥ 2), Cr (r ≥ 3), Dr (r ≥ 5)

In all these cases, g ∼= K(A, ϕ) = {x ∈ A : ϕ(x) = −x}, for A = Matn(F)
and ϕ an involution, and

Any grading on g is the restriction of a grading on A preserved by ϕ.

There is a graded division algebra D with a graded involution τ , and a
right graded module V , endowed with a hermitian form B : V × V → D
such that A ∼= EndD(V ) and ϕ corresponds to the adjoint map relative to
B.
Some freedom exists in the election of τ and B, and it is important to
diagonalize B in a way compatible with the grading on V .

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51 / 79



Br (r ≥ 2), Cr (r ≥ 3), Dr (r ≥ 5)

In all these cases, g ∼= K(A, ϕ) = {x ∈ A : ϕ(x) = −x}, for A = Matn(F)
and ϕ an involution, and

Any grading on g is the restriction of a grading on A preserved by ϕ.

There is a graded division algebra D with a graded involution τ , and a
right graded module V , endowed with a hermitian form B : V × V → D
such that A ∼= EndD(V ) and ϕ corresponds to the adjoint map relative to
B.
Some freedom exists in the election of τ and B, and it is important to
diagonalize B in a way compatible with the grading on V .

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51 / 79



Br (r ≥ 2), Cr (r ≥ 3), Dr (r ≥ 5)

In all these cases, g ∼= K(A, ϕ) = {x ∈ A : ϕ(x) = −x}, for A = Matn(F)
and ϕ an involution, and

Any grading on g is the restriction of a grading on A preserved by ϕ.

There is a graded division algebra D with a graded involution τ , and a
right graded module V , endowed with a hermitian form B : V × V → D
such that A ∼= EndD(V ) and ϕ corresponds to the adjoint map relative to
B.

Some freedom exists in the election of τ and B, and it is important to
diagonalize B in a way compatible with the grading on V .

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51 / 79



Br (r ≥ 2), Cr (r ≥ 3), Dr (r ≥ 5)

In all these cases, g ∼= K(A, ϕ) = {x ∈ A : ϕ(x) = −x}, for A = Matn(F)
and ϕ an involution, and

Any grading on g is the restriction of a grading on A preserved by ϕ.

There is a graded division algebra D with a graded involution τ , and a
right graded module V , endowed with a hermitian form B : V × V → D
such that A ∼= EndD(V ) and ϕ corresponds to the adjoint map relative to
B.
Some freedom exists in the election of τ and B, and it is important to
diagonalize B in a way compatible with the grading on V .

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51 / 79



Example: fine gradings on sp8(F)

Up to equivalence, the fine gradings on sp8(F) are:

D = F: B is a nondegenerate skew-symmetric form, unique up to
isomorphism. Take a symplectic homogeneous basis
{ui , vi : 1 ≤ i ≤ 4} of V (B(ui , vj) = δij = −B(vj , ui ), all the other
pairings equal to 0). This gives a fine Z4-grading:
deg(u1) = (1, 0, 0, 0) = − deg(v1), ...

D = Mat2(F): Here τ may be taken to be the standard symplectic

involution on D, and B an hermitian form. There are three different
diagonalizations with diagonal (1, 1, 1, 1), (1, 1, ( 0 1

1 0 )), and
(( 0 1

1 0 ) , ( 0 1
1 0 )). They give fine gradings over Z5

2, Z3
2 × Z and Z2

2 × Z2.

D = Mat2(F)⊗Mat2(F): Two fine gradings over Z4
2 × Z and

Z3
2 × Z4.

D = Mat2(F)⊗Mat2(F)⊗Mat2(F): A final fine grading over Z6
2.
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Special linear Lie algebras

Aut sl2(F) ∼= AutMat2(F),

Aut psln(F) ∼= AutMatn(F), n ≥ 3, unless n = 3 = charF

Here Aut denotes the affine group scheme of automorphisms and
antiautomorphisms.
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Type Ar

Assume n 6= 3 if charF = 3. Let g = psln(F) = [A,A]/Z (A)∩ [A,A] with
A = Matn(F).

For n = 2, any grading on g is induced by a grading on A:
gg = g ∩ Ag ∀g ∈ G .

For n > 2, any grading on g is either

induced by a grading on A, or
there are h ∈ G , h2 = 1, a Ḡ = G/〈h〉-grading on A, an
antiautomorphism ϕ such that ϕ preserves the Ḡ -grading and its
square acts as a scalar on each homogeneous component, and a
character χ ∈ Ĝ with χ(h) = −1, such that

gg = {x ∈ Aḡ : −ϕ(x) = χ(g)x} ∩ [A,A] (mod Z (A)).
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Type A2, charF = 3.

The exceptional case psl3(F) in characteristic 3 is dealt with in an
unexpected way, as psl3(F) ∼= [O,O] here, and its gradings are in bijection
with the gradings on the octonions. (E. 1998)

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 55 / 79



Type A2, charF = 3.

The exceptional case psl3(F) in characteristic 3 is dealt with in an
unexpected way, as psl3(F) ∼= [O,O] here, and its gradings are in bijection
with the gradings on the octonions. (E. 1998)

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 55 / 79



5 Classical simple Lie algebras

6 Octonions and G2

7 The Albert algebra and F4

8 And now?
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G2

Aut g2
∼= AutO

The gradings on g2 = Der(O) are induced by gradings on O.

This is valid for arbitrary fields of characteristic 6= 2, 3.

In characteristic 3 there are no simple Lie algebras of type G2.
(Note that Der(O) is no longer simple in characteristic 3, as it contains
the simple ideal ad[O,O]

∼= psl3(F).)
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Octonions

Theorem (E. 1998)

Up to equivalence, the fine gradings on O are

the Cartan grading (weight space decomposition relative to a Cartan
subalgebra of g2 = Der(O)), and

the Z3
2-grading given by the Cayley-Dickson doubling process.
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Octonions

Sketch of proof:

The Cayley-Hamilton equation: x2 − n(x , 1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n(Og ) = 0 unless g 2 = e, n(Og ,Oh) = 0 unless gh = e.

If there is a g ∈ Supp Γ with either order > 2 or dimOg ≥ 2, there
are elements x ∈ Og , y ∈ Og−1 with n(x) = 0 = n(y), n(x , y) = 1.
Then e1 = xȳ and e2 = y x̄ are orthogonal primitive idempotents in
Oe , and one uses the corresponding Peirce decomposition to check
that, up to equivalence, our grading is the Cartan grading.

Otherwise dimOg = 1 and g 2 = e for any g ∈ Supp Γ. We get the
Z3

2-grading.
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Cartan grading on the Octonions

O contains canonical bases:

B = {e1, e2, u1, u2, u3, v1, v2, v3}

with

n(e1, e2) = n(ui , vi ) = 1, otherwise 0.

e2
1 = e1, e2

2 = e2,

e1ui = uie2 = ui , e2vi = vie1 = vi , (i = 1, 2, 3)

uivi = −e1, viui = −e2, (i = 1, 2, 3)

uiui+1 = −ui+1ui = vi+2, vivi+1 = −vi+1vi = ui+2, (indices modulo 3)

otherwise 0.

The Cartan grading is determined by:

deg u1 = − deg v1 = (1, 0), deg u2 = − deg v2 = (0, 1),
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Z3
2-grading: Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra

O = Fσ[Z3
2],

where
eαeβ = σ(α, β)eα+β

for α, β ∈ Z3
2, with

σ(α, β) = (−1)ψ(α,β),

ψ(α, β) = β1α2α3 + α1β2α3 + α1α2β3 +
∑
i≤j

αiβj .

This allows to consider the algebra of octonions as an “associative algebra
in a suitable category”.
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G2

Up to equivalence, the fine gradings on g2 are

the Cartan grading, and

a Z3
2-grading with (g2)0 = 0 and where (g2)g is a Cartan subalgebra

of g2 for any 0 6= g ∈ Z3
2.
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F4

Aut f4 ∼= AutA (A = H3(O) is the Albert algebra)

The gradings on f4 = Der(A) are induced by gradings on A.
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Albert algebra

A = H3(O, ∗) =


α1 ā3 a2

a3 α2 ā1

ā2 a1 α3

 | α1, α2, α3 ∈ F, a1, a2, a3 ∈ O


= FE1 ⊕ FE2 ⊕ FE3 ⊕ ι1(O)⊕ ι2(O)⊕ ι3(O),

where

E1 =

1 0 0
0 0 0
0 0 0

 , E2 =

0 0 0
0 1 0
0 0 0

 , E3 =

0 0 0
0 0 0
0 0 1

 ,

ι1(a) = 2

0 0 0
0 0 ā
0 a 0

 , ι2(a) = 2

0 0 a
0 0 0
ā 0 0

 , ι3(a) = 2

0 ā 0
a 0 0
0 0 0

 ,
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Albert algebra

The multiplication in A is given by X ◦ Y = 1
2 (XY + YX ).

Then Ei are orthogonal idempotents with E1 + E2 + E3 = 1. The rest of
the products are as follows:

Ei ◦ ιi (a) = 0, Ei+1 ◦ ιi (a) =
1

2
ιi (a) = Ei+2 ◦ ιi (a),

ιi (a) ◦ ιi+1(b) = ιi+2(āb̄), ιi (a) ◦ ιi (b) = 2n(a, b)(Ei+1 + Ei+2),

for any a, b ∈ O, with i = 1, 2, 3 taken modulo 3.
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Gradings on A

Z5
2-grading:

A is naturally Z2
2-graded with

A(0̄,0̄) = FE1 + FE2 + FE3,

A(1̄,0̄) = ι1(O), A(0̄,1̄) = ι2(O), A(1̄,1̄) = ι3(O).

This Z2
2-grading may be combined with the fine Z3

2-grading on O to obtain
a fine Z5

2-grading:

deg Ei = (0̄, 0̄, 0̄, 0̄, 0̄), i = 1, 2, 3,

deg ι1(x) = (1̄, 0̄, deg x), deg ι2(x) = (0̄, 1̄, deg x), deg ι3(x) = (1̄, 1̄, deg x).
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Gradings on A

Z× Z3
2-grading:

Take an element i ∈ F with i2 = −1 and consider the following elements in
A:

E = E1, Ẽ = 1− E = E2 + E3,

ν(a) = iι1(a) for all a ∈ O0,

ν±(x) = ι2(x)± iι3(x̄) for all x ∈ O,

S± = E3 − E2 ±
i

2
ι1(1).

A is then 5-graded:

A = A−2 ⊕ A−1 ⊕ A0 ⊕ A1 ⊕ A2,

with A±2 = FS±, A±1 = ν±(O), and A0 = FE ⊕
(
FẼ ⊕ ν(O0)

)
.
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Gradings on A

Z× Z3
2-grading:

The Z3
2-grading on O combines with this Z-grading

A = FS− ⊕ ν−(O)⊕ A0 ⊕ ν+(O)⊕ FS+

to give a fine Z× Z3
2-grading as follows:

deg S± = (±2, 0̄, 0̄, 0̄),

deg ν±(x) = (±1, deg x),

deg E = 0 = deg Ẽ ,

deg ν(a) = (0, deg a),

for homogeneous elements x ∈ O and a ∈ O0.
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Gradings on A

Z3
3-grading (charF 6= 3):

Consider the order three automorphism τ of O:

τ(ei ) = ei , i = 1, 2, τ(uj) = uj+1, τ(vj) = vj+1, j = 1, 2, 3,

and define a new multiplication on O:

x ∗ y = τ(x̄)τ2(ȳ).

This is the Okubo algebra, which is Z2
3-graded by setting

deg e1 = (1̄, 0̄) and deg u1 = (0̄, 1̄).
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Gradings on A

Z3
3-grading (charF 6= 3):

Define ι̃i (x) = ιi (τ
i (x)) for all i = 1, 2, 3 and x ∈ O. Then the

multiplication in the Albert algebra

A = ⊕3
i=1

(
FEi ⊕ ι̃i (O)

)
becomes:

E ◦2i = Ei , Ei ◦ Ei+1 = 0,

Ei ◦ ι̃i (x) = 0, Ei+1 ◦ ι̃i (x) =
1

2
ι̃i (x) = Ei+2 ◦ ι̃i (x),

ι̃i (x) ◦ ι̃i+1(y) = ι̃i+2(x ∗ y), ι̃i (x) ◦ ι̃i (y) = 2n(x , y)(Ei+1 + Ei+2),

for i = 1, 2, 3 and x , y ∈ O.
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Gradings on A

Z3
3-grading (charF 6= 3):

Assume now charF 6= 3. Then the Z2
3-grading on the Okubo algebra is

determined by two commuting order 3 automorphisms ϕ1, ϕ2 ∈ Aut(O, ∗):

ϕ1(e1) = ωe1, ϕ1(u1) = u1,

ϕ2(e1) = e1, ϕ2(u1) = ωu1,

where ω is a primitive third root of unity in F.
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Gradings on A

Z3
3-grading (charF 6= 3):

The commuting order 3 automorphisms ϕ1, ϕ2 of (O, ∗) extend to
commuting order 3 automorphisms of A:

ϕj(Ei ) = Ei , ϕj

(
ι̃i (x)

)
= ι̃i (ϕj(x)).

On the other hand, the linear map ϕ3 ∈ End(A) defined by

ϕ3(Ei ) = Ei+1, ϕ3

(
ι̃i (x)

)
= ι̃i+1(x),

is another order 3 automorphism, which commutes with ϕ1 and ϕ2.

The subgroup of Aut(A) generated by ϕ1, ϕ2, ϕ3 is isomorphic to Z3
3 and

induces a Z3
3-grading on A.

All the homogeneous components have dimension 1.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 73 / 79



Gradings on A

Z3
3-grading (charF 6= 3):

The commuting order 3 automorphisms ϕ1, ϕ2 of (O, ∗) extend to
commuting order 3 automorphisms of A:

ϕj(Ei ) = Ei , ϕj

(
ι̃i (x)

)
= ι̃i (ϕj(x)).

On the other hand, the linear map ϕ3 ∈ End(A) defined by

ϕ3(Ei ) = Ei+1, ϕ3

(
ι̃i (x)

)
= ι̃i+1(x),

is another order 3 automorphism, which commutes with ϕ1 and ϕ2.

The subgroup of Aut(A) generated by ϕ1, ϕ2, ϕ3 is isomorphic to Z3
3 and

induces a Z3
3-grading on A.

All the homogeneous components have dimension 1.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 73 / 79



Gradings on A

Z3
3-grading (charF 6= 3):

The commuting order 3 automorphisms ϕ1, ϕ2 of (O, ∗) extend to
commuting order 3 automorphisms of A:

ϕj(Ei ) = Ei , ϕj

(
ι̃i (x)

)
= ι̃i (ϕj(x)).

On the other hand, the linear map ϕ3 ∈ End(A) defined by

ϕ3(Ei ) = Ei+1, ϕ3

(
ι̃i (x)

)
= ι̃i+1(x),

is another order 3 automorphism, which commutes with ϕ1 and ϕ2.

The subgroup of Aut(A) generated by ϕ1, ϕ2, ϕ3 is isomorphic to Z3
3 and

induces a Z3
3-grading on A.

All the homogeneous components have dimension 1.
Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 73 / 79



Gradings on A

Theorem (Draper–Mart́ın-González 2009 (char = 0), E.–Kochetov
2010)

Up to equivalence, the fine gradings of the Albert algebra are:

1 The Cartan grading (weight space decomposition relative to a Cartan
subalgebra of f4 = Der(A)).

2 The Z5
2-grading obtained by combining the natural Z2

2-grading on
3× 3 hermitian matrices with the fine grading over Z3

2 of O.

3 The Z× Z3
2-grading obtained by combining a 5-grading and the

Z3
2-grading on O.

4 The Z3
3-grading with dimAg = 1 ∀g (charF 6= 3).

The fine gradings on f4 = Der(A) are the ones induced by these.

All the gradings up to isomorphism on A and f4 have been classified too
(E.–Kochetov).
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The Albert algebra as a twisted group algebra

Theorem

The Albert algebra is, up to isomorphism, the twisted group algebra

A = Fσ[Z3
3],

with

σ(α, β) =

ω
ψ(α,β) if dimZ3(Z3α + Z3β) ≤ 1,

−1
2ω

ψ(α,β) otherwise,

where
ψ(α, β) = (α2β1 − α1β2)(α3 − β3).
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5 Classical simple Lie algebras

6 Octonions and G2

7 The Albert algebra and F4

8 And now?
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And now?

Bahturin, Kochetov and their students have classified gradings on
some Cartan type simple modular Lie algebras. This requires different
methods.

A classification of gradings up to isomorphism on D4 is missing even
in characteristic 0, as it is the classification of fine gradings up to
equivalence in prime characteristic.

Many interesting gradings on E6, E7, E8 are known, some of them are
related either to gradings on octonions, the Okubo algebras, or the
Albert algebra, but a classification is missing.
The classification of fine gradings on E6 in characteristic 0 has been
announced by Draper and Viruel.
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That’s all. Thanks
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