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Gradings on Lie algebras have been extensively used since the beginning of
Lie theory:

o the Cartan grading on a complex semisimple Lie algebra is the
Z"-grading (r being the rank) whose homogeneous components are
the root spaces relative to a Cartan subalgebra (which is the zero
component),

@ symmetric spaces are related to Zj-gradings,
@ Kac—Moody Lie algebras to gradings by a finite cyclic group,

@ the theory of Jordan algebras and pairs to 3-gradings on Lie algebras,
etc.
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In 1989, a systematic study of gradings on Lie algebras was started by
Patera and Zassenhaus.

Fine gradings on the classical simple complex Lie algebras, other than Dy,
by arbitrary abelian groups were considered by Havlicek, Patera, and
Pelantova in 1998.

The arguments there are computational and the problem of classification
of fine gradings is not completely settled. The complete classification, up
to equivalence, of fine gradings on all classical simple Lie algebras
(including D4) over algebraically closed fields of characteristic zero has
been obtained quite recently.
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For any abelian group G, the classification of all G-gradings, up to
isomorphism, on the classical simple Lie algebras other than D, over
algebraically closed fields of characteristic different from two has been
achieved in 2010 by Bahturin and Kochetov, using methods developed in
the last years by a number of authors.
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As to the exceptional simple Lie algebras, the classification of all gradings
(up to equivalence) for type G, over an algebraically closed field of
characteristic 0 was obtained independently by Draper and
Martin-Gonzélez and by Bahturin and Tvalavadze, using the known results
on gradings on the Cayley algebras.

Also, the classification of fine gradings (up to equivalence) for type Fy4
over an algebraically closed field of characteristic O has recently been
obtained by Draper and Martin-Gonzalez.
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The method used for F4 relies on the fact that, under the stated
assumptions on the ground field, any abelian group grading on an algebra
is the decomposition into common eigenspaces for some diagonalizable
subgroup of the automorphism group of the algebra.

It is shown that any such subgroup is contained in the normalizer of a
maximal torus of the automorphism group.

Since the automorphism groups of the simple Lie algebra of type F4 and of
the exceptional simple Jordan algebra (the Albert algebra) are isomorphic,
the fine gradings on the Albert algebra have been classified as well.
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In joint work with M. Kochetov, both gradings up to isomorphism and fine
gradings up to equivalence in the simple Lie algebras of types G, and F4
over algebraically closed fields of characteristic different from two have
been classified.

This is done by first classifying gradings on the Cayley algebra and on the
Albert algebra, and then use automorphism group schemes to transfer the
classification to the corresponding Lie algebras.
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In joint work with M. Kochetov, both gradings up to isomorphism and fine
gradings up to equivalence in the simple Lie algebras of types G, and F4
over algebraically closed fields of characteristic different from two have
been classified.

This is done by first classifying gradings on the Cayley algebra and on the
Albert algebra, and then use automorphism group schemes to transfer the
classification to the corresponding Lie algebras.

The purpose of this mini-course is to review these methods and results. )
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General definitions and methods

© Gradings
@ Characteristic 0
© Gradings and affine group schemes

@ Gradings on matrix algebras

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 8 /79



State of the art

© Classical simple Lie algebras

@ Octonions and G>

@ The Albert algebra and F,

© And now?
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© Gradings
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G abelian group, A algebra over a field F.

G-grading on A:
-A == @geGAg’
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Example: Pauli matrices

A = Mat,(F)

100 0 010 0
0 ¢ 0 0 00 1 0

x=]0 0 €2 0 y — :
: 000 1
0 0 O en—1 1 00 0

(e a primitive nth root of 1)
Xn:]‘:Yna YXZEXY
A = B p)ez,x2.A77)> Az =FX'YI.
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Example: Pauli matrices

A = Mat,(F)

100 0 010 0
0 ¢ 0 0 00 1 0

x=]0 0 €2 0 y — :
: 000 1
0 0 O en—1 1 00 0

(e a primitive nth root of 1)
Xn:]‘:Yna YXZEXY
A = B p)ez,x2.A77)> Az =FX'YI.

A becomes a graded division algebra. J
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Example: octonions

Cayley-Dickson process:

K =
H =
0=

O is Z3-graded with
deg(i) = (1,0,0),

F & Fi, 2 =1,
K@Kjv j2__17
H ¢ HI, ? = —1,

deg(j) = (07 L, 0)7
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Examples: Lie algebras
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings

g=9-nD- - DPg-1PPgoDY1 D - D gn-
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Examples: Lie algebras

o Cartan grading: g="b® (Dacoda)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings
g=9-n® - Dg-19900Dg1 DD gn.

I. Kantor: “There are no Jordan algebras, there are only Lie algebras.”
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Examples: Lie algebras

o Cartan grading: g="h® (Bacola)
(root space decomposition of a semisimple complex Lie algebra).
This is a grading over Z", n = rankg.

o Jordan systems < Z-gradings
0=9-nD - Bg-1D90Dg1D - Dgn

I. Kantor: “There are no Jordan algebras, there are only Lie algebras.”

K. McCrimmon: "Of course, this can be turned around: nine times
out of ten, when you open up a Lie algebra you find a Jordan algebra
inside which makes it tick.”
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Examples: Lie algebras

e Symmetric spaces <> Zp-gradings: g = g5 ® 97.
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Examples: Lie algebras

e Symmetric spaces <> Zp-gradings: g = g5 ® 97.

o Finite order automorphisms of simple complex Lie algebras (classified
by V. Kac) correspond to gradings over finite cyclic groups:

peAutg, " =1 < g= Dz, 0,
2mi

gr={x€g:pkx)= eix} (e=en).

(This is important in the theory of Kac-Moody Lie algebras.)
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Conventions

In what follows:
o I will denote an algebraically closed ground field, charF # 2.
@ The dimension of the algebras considered will always be finite.

@ The stress will be put more on the methods than on the results.
Some of them are quite technical.

NAART Conference 16 / 79
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Basic definitions

Let I : A = ®gcgAg be a grading on A:
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Basic definitions

Let I : A = ®gcgAg be a grading on A:

@ The support of I'is Supp I' = {g € G : A; # 0}.
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Basic definitions

Let I : A = ®gcgAg be a grading on A:

@ The support of I'is Supp I' = {g € G : A; # 0}.

@ The universal grading group of T is the group U(I") generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.
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Basic definitions

Let I : A = ®gecAg be a grading on A:

@ The support of I'is Supp I' = {g € G : A; # 0}.

@ The universal grading group of T is the group U(I") generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

e The automorphism group is the group Aut(I") of automorphisms of .4
which permute the homogeneous components.
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Basic definitions

Let I : A = ®gecAg be a grading on A:

@ The support of I'is Supp I' = {g € G : A; # 0}.

@ The universal grading group of T is the group U(I") generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

e The automorphism group is the group Aut(I") of automorphisms of .4
which permute the homogeneous components.

@ The subgroup Stab(I') consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.
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Basic definitions

Let I : A = ®gecAg be a grading on A:

The support of ['is Supp ' = {g € G : A, # 0}.

The universal grading group of T is the group U(I') generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

The automorphism group is the group Aut(I") of automorphisms of A
which permute the homogeneous components.

The subgroup Stab(I") consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.

The diagonal subgroup Diag(I') is the (abelian) subgroup of Stab(I)
consisting of the automorphisms whose restriction to any
homogeneous component is the multiplication by a scalar.
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Basic definitions

Let I : A = ®gecAg be a grading on A:

The support of ['is Supp ' = {g € G : A, # 0}.

The universal grading group of T is the group U(I') generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

The automorphism group is the group Aut(I") of automorphisms of A
which permute the homogeneous components.

The subgroup Stab(I") consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.

The diagonal subgroup Diag(I') is the (abelian) subgroup of Stab(I)
consisting of the automorphisms whose restriction to any
homogeneous component is the multiplication by a scalar.

The quotient W(I') = Aut(I")/ Stab(T") is the Weyl group of T.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 17 /79



Basic definitions

Let I : A = ®gecAg be a grading on A:

The support of ['is Supp ' = {g € G : A, # 0}.

The universal grading group of T is the group U(I') generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

The automorphism group is the group Aut(I") of automorphisms of A
which permute the homogeneous components.

The subgroup Stab(I") consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.

The diagonal subgroup Diag(I') is the (abelian) subgroup of Stab(I)
consisting of the automorphisms whose restriction to any
homogeneous component is the multiplication by a scalar.

The quotient W(I') = Aut(I")/ Stab(T") is the Weyl group of T.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 17 /79



Basic definitions

Let I : A = ®gecAg be a grading on A:

The support of ['is Supp ' = {g € G : A, # 0}.

The universal grading group of T is the group U(I') generated by
Supp I subject to the relations gig» = g3 if 0 # Ag Ag, C Ag,.

The automorphism group is the group Aut(I") of automorphisms of A
which permute the homogeneous components.

The subgroup Stab(I") consisting of those automorphisms which fix
all the homogeneous components is the stabilizer group.

The diagonal subgroup Diag(I') is the (abelian) subgroup of Stab(I)
consisting of the automorphisms whose restriction to any
homogeneous component is the multiplication by a scalar.

The quotient W(I') = Aut(I")/ Stab(T") is the Weyl group of T.

More on Weyl groups in M. Kochetov's talk!!
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Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:
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Basic definitions

Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:

o [ is a refinement of "' if for any g € G there is a g’ € G’ such that

Then I is a coarsening of T.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 18 /79



Basic definitions

Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:

o [ is a refinement of "' if for any g € G there is a g’ € G’ such that

Then I is a coarsening of T.

o [ is fine if it admits no proper refinement.
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Basic definitions

Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:

o [ is a refinement of "' if for any g € G there is a g’ € G’ such that

Then I is a coarsening of T.
o [ is fine if it admits no proper refinement.

e [ and I are equivalent if there is an automorphism ¢ € Aut A such
that for any g € G there is a g’ € G" with p(Ag) = A,
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Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras



Basic definitions

Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:

o [ is a refinement of "' if for any g € G there is a g’ € G’ such that

Then I is a coarsening of T.
o [ is fine if it admits no proper refinement.

e [ and I are equivalent if there is an automorphism ¢ € Aut A such
that for any g € G there is a g’ € G" with p(Ag) = A,

o I and I’ are weakly isomorphic if there is an automorphism
¢ € Aut A and an isomorphism « : G — G’ such that for any g € G
p(Ag) = A

!
a(g)
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Basic definitions

Let [: A= GgecAg and I : A = ©yprecr Ay, be two gradings on A:

[ is a refinement of [ if for any g € G there is a g’ € G’ such that

Then I is a coarsening of T.
o [ is fine if it admits no proper refinement.

e [ and I are equivalent if there is an automorphism ¢ € Aut A such
that for any g € G there is a g’ € G" with p(Ag) = A,

o I and I’ are weakly isomorphic if there is an automorphism
¢ € Aut A and an isomorphism « : G — G’ such that for any g € G
p(Ag) = A

!/

a(g)

@ For G = G’, I and I’ are isomorphic if there is an automorphism
¢ € Aut A such that p(Ag) = A for any g € G.
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@ Characteristic 0
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Abelian diagonalizable subgroups
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Abelian diagonalizable subgroups

@ Any grading I' : A = ©gecAg induces a group homomorphism
nr: G = Hom(G,F*) — Aut A
v ar(p) s xg € Ag = 0(g)xg-

The homogeneous components are the common eigenspaces of the
elements of the abelian diagonalizable subgroup nr(G).
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Abelian diagonalizable subgroups

@ Any grading I' : A = ©gecAg induces a group homomorphism

nr: G = Hom(G,F*) — Aut A
o = ar(e)  xg € Ag = o(8)xg-

The homogeneous components are the common eigenspaces of the
elements of the abelian diagonalizable subgroup nr(G).

o Conversely, for an abelian diagonalizable subgroup @ < Aut A, its
Zariski closure @ remains abelian and diagonalizable with the same
eigenspaces, and it is an algebraic subgroup of Aut. A. Then
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Abelian diagonalizable subgroups

@ Any grading I' : A = ©gecAg induces a group homomorphism

nr: G = Hom(G,F*) — Aut A
o = ar(e)  xg € Ag = o(8)xg-

The homogeneous components are the common eigenspaces of the
elements of the abelian diagonalizable subgroup nr(G).

o Conversely, for an abelian diagonalizable subgroup @ < Aut A, its
Zariski closure @ remains abelian and diagonalizable with the same
eigenspaces, and it is an algebraic subgroup of Aut. A. Then

o Q=0G, for G = Hom(Q,F*) (morphisms of algebraic groups).
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Abelian diagonalizable subgroups

@ Any grading I' : A = ©gecAg induces a group homomorphism

nr: G = Hom(G,F*) — Aut A
o = ar(e)  xg € Ag = o(8)xg-

The homogeneous components are the common eigenspaces of the
elements of the abelian diagonalizable subgroup nr(G).

o Conversely, for an abelian diagonalizable subgroup @ < Aut A, its
Zariski closure @ remains abelian and diagonalizable with the same
eigenspaces, and it is an algebraic subgroup of Aut. A. Then

o Q=0G, for G = Hom(Q,F*) (morphisms of algebraic groups).
o A= P ccAg is a grading, with

Ag ={x € A: p(x) = g(p)x V¢ € Q}.
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MAD subgroups
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MAD subgroups

@ The fine gradings on A up to equivalence are in bijection with the
conjugacy classes of maximal abelian diagonalizable (MAD)
subgroups of Aut.A. (Patera-Zassenhaus 1989)
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MAD subgroups

@ The fine gradings on A up to equivalence are in bijection with the
conjugacy classes of maximal abelian diagonalizable (MAD)
subgroups of Aut.A. (Patera-Zassenhaus 1989)

@ The G-gradings on A up to isomorphism are in bijection with the
conjugacy classes by Aut A of the homomorphism of algebraic groups
G — Aut A.
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MAD subgroups

@ The fine gradings on A up to equivalence are in bijection with the
conjugacy classes of maximal abelian diagonalizable (MAD)
subgroups of Aut.A. (Patera-Zassenhaus 1989)

@ The G-gradings on A up to isomorphism are in bijection with the
conjugacy classes by Aut A of the homomorphism of algebraic groups
G — Aut A.

@ Algebras with isomorphic groups of automorphisms present “the
same” classification of fine gradings up to equivalence, and of
gradings up to isomorphism.
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Classical simple Lie algebras (char F = 0)
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Classical simple Lie algebras (char F = 0)

@ Havlicek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Autg for g classical (but Dy is excluded).
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Classical simple Lie algebras (char F = 0)

@ Havlicek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Autg for g classical (but Dy is excluded).

Any MAD subgroup is conjugated to (at least) one in the list, but the
problem of equivalence is not completely settled.
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Classical simple Lie algebras (char F = 0)

@ Havlicek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Autg for g classical (but Dy is excluded).

Any MAD subgroup is conjugated to (at least) one in the list, but the
problem of equivalence is not completely settled.

The methods are quite computational.
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Classical simple Lie algebras (char F = 0)

@ Havlicek, Patera and Pelantova (1998) gave a list of MAD subgroups
of Autg for g classical (but Dy is excluded).

Any MAD subgroup is conjugated to (at least) one in the list, but the
problem of equivalence is not completely settled.

The methods are quite computational.

An explicit (and irredundant) description of the corresponding fine
gradings has been given for some classical simple Lie algebras of small
rank (Patera, Pelantova, Svobodova).
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Classical simple Lie algebras (char F = 0)
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Classical simple Lie algebras (char F = 0)

@ Draper, Martin-Gonzalez and Viruel (2008-2010) gave the
classification of the conjugacy classes of the MAD subgroups of the
simple Lie algebra of type D, which contain outer automorphisms.
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Classical simple Lie algebras (char F = 0)

@ Draper, Martin-Gonzalez and Viruel (2008-2010) gave the
classification of the conjugacy classes of the MAD subgroups of the
simple Lie algebra of type D, which contain outer automorphisms.

@ The classification of the fine gradings, up to equivalence, on the
classical simple Lie algebras (including D4!) has been recently
completed (E. 2010).
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Classical simple Lie algebras (char F = 0)

@ Draper, Martin-Gonzalez and Viruel (2008-2010) gave the
classification of the conjugacy classes of the MAD subgroups of the
simple Lie algebra of type D, which contain outer automorphisms.

@ The classification of the fine gradings, up to equivalence, on the
classical simple Lie algebras (including D4!) has been recently
completed (E. 2010).

It follows a different path, which assigns certain invariants to each
fine grading. This is based on the study of gradings on associative
algebras, in the spirit of Bahturin et al.
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Classical simple Lie algebras (char F = 0)

@ Draper, Martin-Gonzalez and Viruel (2008-2010) gave the
classification of the conjugacy classes of the MAD subgroups of the
simple Lie algebra of type D, which contain outer automorphisms.

@ The classification of the fine gradings, up to equivalence, on the
classical simple Lie algebras (including D4!) has been recently
completed (E. 2010).

It follows a different path, which assigns certain invariants to each
fine grading. This is based on the study of gradings on associative
algebras, in the spirit of Bahturin et al.

(The results are involved. For instance, there appear 17 non
equivalent fine gradings for Dy.)
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Exceptional simple Lie algebras (charF = 0)
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Exceptional simple Lie algebras (charF = 0)

o )

The fine gradings have been classified by Draper and Martin-Gonzélez
(2006), and independently by Bahturin and Tvalavadze (2009), using the
results on gradings on the octonions (E. 1998).
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Exceptional simple Lie algebras (charF = 0)

G ]

The fine gradings have been classified by Draper and Martin-Gonzélez
(2006), and independently by Bahturin and Tvalavadze (2009), using the
results on gradings on the octonions (E. 1998).

Up to equivalence, there appear only the Cartan grading and the
Z3-grading induced by the corresponding grading of the octonions.
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Exceptional simple Lie algebras (charF = 0)
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Exceptional simple Lie algebras (charF = 0)

Fa )

Again the fine gradings have been classified by Draper and
Martin-Gonzalez (2009).
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Exceptional simple Lie algebras (charF = 0)
Fy ]

Again the fine gradings have been classified by Draper and
Martin-Gonzalez (2009).

The proof relies on MAD subgroups and on the description of the simple
Lie algebra of type F4 as the Lie algebra of derivations of the exceptional
simple Jordan algebra (or Albert algebra) A = H3(0).
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Exceptional simple Lie algebras (charF = 0)
Fy ]

Again the fine gradings have been classified by Draper and
Martin-Gonzalez (2009).

The proof relies on MAD subgroups and on the description of the simple
Lie algebra of type F4 as the Lie algebra of derivations of the exceptional
simple Jordan algebra (or Albert algebra) A = H3(0).

Any MAD subgroup is contained in the normalizer of a maximal torus of
the automorphism group. This keeps some control on these subgroups.
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Exceptional simple Lie algebras (charF = 0)

Fi J

Again the fine gradings have been classified by Draper and
Martin-Gonzalez (2009).

The proof relies on MAD subgroups and on the description of the simple
Lie algebra of type F4 as the Lie algebra of derivations of the exceptional
simple Jordan algebra (or Albert algebra) A = H3(0).

Any MAD subgroup is contained in the normalizer of a maximal torus of
the automorphism group. This keeps some control on these subgroups.

Apart from the Cartan grading, there appear three other non-equivalent
fine gradings.
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Exceptional simple Lie algebras (charF = 0)
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Exceptional simple Lie algebras (charF = 0)

Eg: A classification has been announced by Draper and Viruel.
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Exceptional simple Lie algebras (charF = 0)

Eg: A classification has been announced by Draper and Viruel.

See the beautiful poster by Cristina Draper in this conference!!
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Exceptional simple Lie algebras (charF = 0)

Eg: A classification has been announced by Draper and Viruel.

See the beautiful poster by Cristina Draper in this conference!!

E77 Eg: 7
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© Gradings and affine group schemes
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Gradings and comodule algebras

In the modular case, gradings are no longer given by eigenspaces of abelian
diagonalizable subgroups. A different approach is needed.
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In the modular case, gradings are no longer given by eigenspaces of abelian
diagonalizable subgroups. A different approach is needed.

G-grading <— comodule algebra over the group algebra FG J
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Gradings and comodule algebras

In the modular case, gradings are no longer given by eigenspaces of abelian
diagonalizable subgroups. A different approach is needed.

G-grading <— comodule algebra over the group algebra FG J

Xg = Xg Qg

(algebra morphism and comodule structure)
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Gradings and comodule algebras

In the modular case, gradings are no longer given by eigenspaces of abelian
diagonalizable subgroups. A different approach is needed.

G-grading <— comodule algebra over the group algebra FG J

Xg = Xg Qg

(algebra morphism and comodule structure)

M, A=®gccAg = p:A— ARFG
(Ag ={x€A:p(x) =x®g})
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Gradings and comodule algebras

A comodule algebra map
p: A= ARFG
induces a generic automorphism of IF G-algebras

ARFG — A®FG
x® h— p(x)h.
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Gradings and comodule algebras

A comodule algebra map
p: A= ARFG
induces a generic automorphism of IF G-algebras

ARFG — A®FG
x® h— p(x)h.

All the information on the grading ' attached to p is contained in this
single automorphism!
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Affine group schemes

An affine group scheme over IF is a representable functor
G: Algr — Grp,

where

o Algp is the category of unital commutative associative algebras over
the field I,

o Grp is the category of groups.
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Affine group schemes

An affine group scheme over IF is a representable functor

G: Algr — Grp,
where

o Algp is the category of unital commutative associative algebras over
the field I,

o Grp is the category of groups.

Recall that a functor F: Algr — Grp is said to be representable if there
exists an object A in Algp such that F is naturally isomorphic to
Homayg, (A, —).
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Affine group schemes

An affine group scheme over IF is a representable functor
G: Algr — Grp,

where

o Algp is the category of unital commutative associative algebras over
the field I,

o Grp is the category of groups.

Recall that a functor F: Algr — Grp is said to be representable if there
exists an object A in Algp such that F is naturally isomorphic to
Homayg, (A, —).

We will denote the representing object of G by F[G]. For R in Algp, the
elements of G(R), i.e., homomorphisms F[G] — R, will be called the
R-points of G.
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Affine group schemes. Examples

@ Let V be an n-dimensional vector space. The general linear group
scheme is the functor

GL(V)(R) = {p € Endr(V®R) | ¢ is invertible}.

This defines an affine group scheme GL(V). If we fix a basis in V, we
can identify V with F". Then the representing object is F[X;;, D~!]
where D = det(Xj), i,j=1,...,n.
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Affine group schemes. Examples

@ Let V be an n-dimensional vector space. The general linear group
scheme is the functor

GL(V)(R) = {y € Endg(V®R) | ¢ is invertible}.

This defines an affine group scheme GL(V). If we fix a basis in V, we
can identify V with F". Then the representing object is F[X;;, D~!]
where D = det(Xj), i,j=1,...,n.

@ Let U be a nonassociative algebra over IF, dimi/ = n < co. Then, for
any R in Algp, the tensor product &/ ® R is an algebra over R. The
automorphism group scheme is the functor

Aut(U)(R) = Autr(U®R).
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Affine group schemes and Hopf algebras

Since the sets G(R) are endowed with multiplication that makes them
groups, the representing object A = F[G] should also carry some
additional structure.
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Affine group schemes and Hopf algebras

Since the sets G(R) are endowed with multiplication that makes them
groups, the representing object A = F[G] should also carry some
additional structure.

@ The group multiplication defines a natural map of functors
G x G — G, which, in view of Yoneda's Lemma, gives rise to a
homomorphism

A A AR A.

The associativity of group multiplication translates to the property

(A®id)o A = (iId®A)o A,

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 32/ 79



Affine group schemes and Hopf algebras

@ The existence of identity element in each G(R) can be expressed as a
natural map from the trivial group scheme to G, which gives rise to a
homomorphism

e: A—=TF.

The definition of identity element translates to the property
(e®id) o A=id = (id®e)o A,

where we identified F® A and AQF with A.
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Affine group schemes and Hopf algebras

@ The existence of inverses can be expressed as a natural map G — G,
which gives rise to a homomorphism

S:A— A
The definition of inverse translates to the property
mo(S®id)oA=noe=mo(id®S)o A,

where m: A® A — A is the multiplication map and n: F — A is the
map A — Al 4.
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Affine group schemes and Hopf algebras

There is a one-to-one correspondence between affine group schemes and
commutative Hopf algebras.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 35/ 79



Affine group schemes and Hopf algebras

There is a one-to-one correspondence between affine group schemes and
commutative Hopf algebras.

Example

Let G be a group. The group algebra FG becomes a Hopf algebra if we

declare all elements of G group-like: A(g) =g ® g for any g € G.

If G is abelian, then FG is commutative and hence gives rise to an affine
group scheme, which we will denote by GP. For any R in Algg, we have

GP(R) = Homa, (FG, R) ~ Hom(G,R*)

In particular, GP(FF) is the group of characters of the group G.

v
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Affine group schemes and gradings

MNA=®gccAhy & pr:A— ARFG
(comodule algebra structure)
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Affine group schemes and gradings

MNA=®gccAhy & pr:A— ARFG
(comodule algebra structure)

Now,

or A—> AQFG < 1nr:GP — AutA
(comodule algebra) (morphism of affine group schemes)
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Affine group schemes and gradings

MNA=®gccAhy & pr:A— ARFG
(comodule algebra structure)

Now,

or A—> AQFG < 1nr:GP — AutA
(comodule algebra) (morphism of affine group schemes)

For any ¢ € GP(R), nr(¢) € Autr(A® R) is given by:

nr(e)(xg ® r) = xg ® p(g)r.
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Affine group schemes and gradings

MNA=®gccAhy & pr:A— ARFG
(comodule algebra structure)

Now,

or A—> AQFG < 1nr:GP — AutA
(comodule algebra) (morphism of affine group schemes)

For any ¢ € GP(R), nr(¢) € Autr(A® R) is given by:
nr(p)(xg @ r) = xg @ p(g)r.

and pr is recovered as

pr(x) = nr(idec)(x ® 1) (nr(idFG) € Autp(A ® IFG))
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Gradings and affine group schemes

Message:

It is not enough to deal with G and Aut A, but also with their extensions
to unital commutative and associative [F-algebras.
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Gradings and affine group schemes

Message:

It is not enough to deal with G and Aut A, but also with their extensions
to unital commutative and associative [F-algebras.

If Aut A =2 Aut B, then the problem of the classification of fine gradings
up to equivalence, and of gradings up to isomorphism, on A and B are
equivalent.
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Gradings and affine group schemes

Actually, assume that ® : Aut A — Aut A’ is a homomorphism of affine
group schemes (a natural transformation).
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Gradings and affine group schemes

Actually, assume that ® : Aut A — Aut A’ is a homomorphism of affine
group schemes (a natural transformation).

Then any grading I' : A = @gec.Ag induces a grading I : A’ = ©gec A,
by means of:

nrr = Cbonr . GD — AUt.A/.
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Gradings and affine group schemes

Actually, assume that ® : Aut A — Aut A’ is a homomorphism of affine
group schemes (a natural transformation).
Then any grading I' : A = @gec.Ag induces a grading I : A’ = ©gec A,
by means of:

nr=®donr: GP — Aut A'.

If I A= @gccAg and Iy 1 A = BpepAj, are weakly isomorphic (i.e.,
there is an automorphism ¥ € Aut.A and a group isomorphism ¢ : G — H
such that ¢(Ag) = Afp(g) for any g € G), then the induced gradings '}
and I, on A’ are weakly isomorphic too through the automorphism

Op(y) € Aut A" and ¢ : G — H.
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G affine group scheme, its Lie algebra is defined by:

Lie(G) := ker(G(F[r]) — G(F)) ~ Der(F[G], F)

(F[r] = F1+Fr, 72 = 0, is the algebra of dual numbers; FF is a module for
F[G] by means of the augmentation ¢.)
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G affine group scheme, its Lie algebra is defined by:

Lie(G) := ker(G(F[r]) — G(F)) ~ Der(F[G], F)

(F[r] = F1+Fr, 72 = 0, is the algebra of dual numbers; FF is a module for
F[G] by means of the augmentation ¢.)

The adjoint map Ad: G — Aut(Lie(G)) is defined as follows:
Adr(g) = (x> gxg 1) forall ge& G(R), x € Lie(G) @R,

where Lie(G) ® R is identified with a subset in G(R[7]).
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For G = Aut A, Lie(G) = Der(A), so
Ad : Aut A — Aut(Der(A))
is a homomorphism, and any grading I' : A = @z Ag induces a grading

M Der(A) = Bgec Der(A)g,

Der(A)g = {d € Der(A) : d(Ap) C Agy ¥h € G}
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Automorphism group schemes of classical simple Lie

algebras

@ Orthogonal and symplectic Lie algebras
Aut s50,(F) = Aut(Mat,(F), o), n>5 n#8,
Autsp(F) = Aut(Mat,(F), ¢s), neven, n > 4,

where ¢, is an orthogonal involution and ys a symplectic involution.
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Automorphism group schemes of classical simple Lie

algebras

o Special linear Lie algebras

Autsl>(F) = Aut Maty(F),

Aut psl,(F) = Aut Mat,(F), n> 3, unless n = 3 = charF,

where Aut Mat,(F) denotes the affine group scheme of
automorphisms and antiautomorphisms of Mat,(F).
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Therefore, the problem of classification of gradings on the classical Lie
algebras (other than Dy and, for charF = 3, A;), reduces to a problem
about certain gradings on algebras of matrices.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 43 /79



@ Gradings on matrix algebras
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Gradings on matrix algebras

A=Mat,(F), T:A=&zecA, |
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Gradings on matrix algebras

A=Mat,(F), T:A=&zecA, |

There is a graded division algebra D and a right graded module V for D
such that

A = Endp(V),
and the grading on A is the one induced by the grading on V.
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Gradings on matrix algebras

A=Mat,(F), T:A=&zecA, |

There is a graded division algebra D and a right graded module V for D
such that

A = Endp(V),
and the grading on A is the one induced by the grading on V.

(D is a tensor product of matrix algebras graded by Pauli matrices.)

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 45 /79



Gradings on matrix algebras

Sketch of proof:

o Take a minimal graded left ideal Z of A.
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Gradings on matrix algebras

Sketch of proof:

o Take a minimal graded left ideal Z of A.

@ There is a homogeneous idempotent e € Z such that Z = Ae.
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Gradings on matrix algebras

Sketch of proof:

o Take a minimal graded left ideal Z of A.
@ There is a homogeneous idempotent e € Z such that Z = Ae.

@ 7 minimal = eAe is a graded division algebra (graded Schur Lemma).
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Gradings on matrix algebras

Sketch of proof:

o Take a minimal graded left ideal Z of A.
@ There is a homogeneous idempotent e € Z such that Z = Ae.
@ 7 minimal = eAe is a graded division algebra (graded Schur Lemma).

@ Take V=7 and D = eAe.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.

o 7Z x Z3-grading: D = Maty(F) ® Maty(F), dimp V = 2.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.
o 7Z x Z3-grading: D = Maty(F) ® Maty(F), dimp V = 2.

o Z§-grading: D = Maty(F) ® Mat(F) ® Maty(F), dimp V = 1.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.

Z x Z3-grading: D = Mat,(F) ® Mato(F), dimp V = 2.

Z§-grading: D = Maty(F) ® Maty(F) ® Maty(F), dimp V = 1.

Z x Z3-grading: D = Maty(F), dimp V = 2.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.

Z x Z3-grading: D = Mat,(F) ® Mato(F), dimp V = 2.

Z§-grading: D = Maty(F) ® Maty(F) ® Maty(F), dimp V = 1.

Z x Z3-grading: D = Maty(F), dimp V = 2.

73 x 73-grading: D = Maty(F) ® Maty(F), dimp V = 1.
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Example: fine gradings on Matg([F)

Up to equivalence, the fine gradings on Matg(IF), with their universal
grading groups, are:

o Z'-grading: D =T, dimp V = 8.
o 73 x Z3-grading: D = Maty(F), dimp V = 4.

Z x Z3-grading: D = Mat,(F) ® Mato(F), dimp V = 2.

Z§-grading: D = Maty(F) ® Maty(F) ® Maty(F), dimp V = 1.

Z x Z3-grading: D = Maty(F), dimp V = 2.

73 x 73-grading: D = Maty(F) ® Maty(F), dimp V = 1.

Z%-grading: D = Matg(F), dimp V = 1.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 47 / 79



Gradings on matrix algebras. Antiautomorphisms.

A=Maty(F), T:A=&zecd, |
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Gradings on matrix algebras. Antiautomorphisms.

A=Maty(F), T:A=&zecd, J

If  is an antiautomorphism of A preserving the grading, and such that ¢?
acts as a scalar on each homogeneous space (in particular, if ¢ is an
involution on A preserving the grading), then there is a graded division
algebra D with a graded involution 7, and a right graded module V for D
endowed with a balanced homogeneous hermitian form

B:VxV =D,

such that
A= EndD(V)

and ¢ corresponds to the adjoint map relative to B.
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Gradings on matrix algebras. Antiautomorphisms.

A=Maty(F), T:A=&zecd, J

If  is an antiautomorphism of A preserving the grading, and such that ¢?
acts as a scalar on each homogeneous space (in particular, if ¢ is an
involution on A preserving the grading), then there is a graded division
algebra D with a graded involution 7, and a right graded module V for D
endowed with a balanced homogeneous hermitian form

B:VxV—D,
such that
A= EndD(V)
and ¢ corresponds to the adjoint map relative to B.

The involution 7 imposes severe restriction on D, which must be a tensor
product of algebras of 2 x 2 matrices (quaternion algebras) each one
graded over Z3.
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e Classical simple Lie algebras
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Orthogonal and symplectic Lie algebras
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Orthogonal and symplectic Lie algebras

Aut s50,(F) = Aut(Mat,(F), vo), n>5 n#8,
Autsp,(F) = Aut(Mat,(F), ¢s), n even, n > 4.

(po is an orthogonal involution and ¢s a symplectic involution)
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Orthogonal and symplectic Lie algebras

Aut s50,(F) = Aut(Mat,(F), vo), n>5 n#8,
Autsp,(F) = Aut(Mat,(F), ¢s), n even, n > 4.

(po is an orthogonal involution and ¢s a symplectic involution)

With A = Mat,(F) and ¢ an involution of A:
M A=®gccAg with p(Ay) =A; Vg e G

< pr: A— ARFG ‘commuting with ¢’

e r: GP = Aut(A4, ¢).
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Orthogonal and symplectic Lie algebras

Aut s50,(F) = Aut(Mat,(F), vo), n>5 n#8,
Autsp,(F) = Aut(Mat,(F), ¢s), n even, n > 4.

(po is an orthogonal involution and ¢s a symplectic involution)

With A = Mat,(F) and ¢ an involution of A:
M A=®gccAg with p(Ay) =A; Vg e G

< pr: A— ARFG ‘commuting with ¢’
e r: GP = Aut(A4, ¢).

It is enough to study gradings on matrix algebras which are compatible
with an involution. J
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B, (r>2), C (r>3), D (r>5)

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference



B, (r>2), C (r>3), D (r>5)

In all these cases, g = K(A, ¢) = {x € A: ¢(x) = —x}, for A = Mat,(F)
and ¢ an involution, and
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B, (r>2), C (r>3), D (r>5)

In all these cases, g = K(A, ¢) = {x € A: ¢(x) = —x}, for A = Mat,(F)
and ¢ an involution, and

Any grading on g is the restriction of a grading on A preserved by ¢. J
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B, (r>2), C (r>3), D (r>5)

In all these cases, g = K(A, ¢) = {x € A: ¢(x) = —x}, for A = Mat,(F)
and ¢ an involution, and

Any grading on g is the restriction of a grading on A preserved by ¢. J

There is a graded division algebra D with a graded involution 7, and a
right graded module V, endowed with a hermitian form B: V x V — D

such that A = Endp(V) and ¢ corresponds to the adjoint map relative to
B.
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B, (r>2), C (r>3), D (r>5)

In all these cases, g = K(A, ¢) = {x € A: ¢(x) = —x}, for A = Mat,(F)
and ¢ an involution, and

Any grading on g is the restriction of a grading on A preserved by ¢. |

There is a graded division algebra D with a graded involution 7, and a
right graded module V, endowed with a hermitian form B: V x V — D
such that A = Endp(V) and ¢ corresponds to the adjoint map relative to
B.

Some freedom exists in the election of 7 and B, and it is important to
diagonalize B in a way compatible with the grading on V.

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 51/ 79



Example: fine gradings on spg(IF)

Up to equivalence, the fine gradings on spg(IF) are:
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Example: fine gradings on spg(IF)

Up to equivalence, the fine gradings on spg(IF) are:

° B is a nondegenerate skew-symmetric form, unique up to
isomorphism. Take a symplectic homogeneous basis

{uj,vi 11 < i <4} of V (B(uj,vj) = 6jj = —B(vj, uj), all the other
pairings equal to 0). This gives a fine Z*-grading:
deg(u1) =(1,0,0,0) = —deg(wv1), ..
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Example: fine gradings on spg(IF)

Up to equivalence, the fine gradings on spg(IF) are:

° B is a nondegenerate skew-symmetric form, unique up to
isomorphism. Take a symplectic homogeneous basis

{uj,vi 11 < i <4} of V (B(uj,vj) = 6jj = —B(vj, uj), all the other
pairings equal to 0). This gives a fine Z*-grading:
deg(u1) =(1,0,0,0) = —deg(wv1), ..

° ‘D = Maty(F): ‘ Here 7 may be taken to be the standard symplectic
involution on D, and B an hermitian form. There are three different
diagonalizations with diagonal (1,1,1,1), (1,1,(93)), and

((93),(98)). They give fine gradings over Z3, Z3 x Z and Z3 x Z>.

NAART Conference 52 /79

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras



Example: fine gradings on spg(IF)

Up to equivalence, the fine gradings on spg(IF) are:

° B is a nondegenerate skew-symmetric form, unique up to
isomorphism. Take a symplectic homogeneous basis

{uj,vi 11 < i <4} of V (B(uj,vj) = 6jj = —B(vj, uj), all the other
pairings equal to 0). This gives a fine Z*-grading:
deg(u1) =(1,0,0,0) = —deg(wv1), ..

° ‘D = Maty(F): ‘ Here 7 may be taken to be the standard symplectic
involution on D, and B an hermitian form. There are three different
diagonalizations with diagonal (1,1,1,1), (1,1,(93)), and

((93),(98)). They give fine gradings over Z3, Z3 x Z and Z3 x Z>.

° ‘D = Maty(F) ® Maty(F): ‘ Two fine gradings over Z4 x Z and
Zg X Z4.

52 /79
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Example: fine gradings on spg(IF)

Up to equivalence, the fine gradings on spg(IF) are:

° B is a nondegenerate skew-symmetric form, unique up to
isomorphism. Take a symplectic homogeneous basis

{uj,vi 11 < i <4} of V (B(uj,vj) = 6jj = —B(vj, uj), all the other
pairings equal to 0). This gives a fine Z*-grading:
deg(u1) =(1,0,0,0) = —deg(wv1), ..

° ‘D = Maty(F): ‘ Here 7 may be taken to be the standard symplectic
involution on D, and B an hermitian form. There are three different
diagonalizations with diagonal (1,1,1,1), (1,1,(93)), and

((93),(98)). They give fine gradings over Z3, Z3 x Z and Z3 x Z>.

° ‘D = Maty(F) ® Maty(F): ‘ Two fine gradings over Z4 x Z and
Zg X Z4.

o | D = Maty(F) @ Mat,(F) ® Mat,(F): | A final fine grading over Z3.
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Special linear Lie algebras
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Special linear Lie algebras

Autslp(F) = Aut Maty(F),

Aut psl,(F) = Aut Mat,(F), n >3, unless n =3 = charF
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Special linear Lie algebras

Autslp(F) = Aut Maty(F),

Aut psl,(F) = Aut Mat,(F), n >3, unless n =3 = charF

Here Aut denotes the affine group scheme of automorphisms and
antiautomorphisms.
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Assume n # 3 if charF = 3. Let g = psl,(F) = [A, A]/Z(A) N[A, A] with
A = Mat,(F).
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Assume n # 3 if charF = 3. Let g = psl,(F) = [A, A]/Z(A) N[A, A] with
A = Mat,(F).

@ For n =2, any grading on g is induced by a grading on A:
gg =0NA; Vg€ G.
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Assume n # 3 if charF = 3. Let g = psl,(F) = [A, A]/Z(A) N[A, A] with
A = Mat,(F).

@ For n =2, any grading on g is induced by a grading on A:
gg =0NA; Vg€ G.

@ For n > 2, any grading on g is either
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Assume n # 3 if charF = 3. Let g = psl,(F) = [A, A]/Z(A) N[A, A] with
A = Mat,(F).

@ For n =2, any grading on g is induced by a grading on A:
gg =0NA; Vg€ G.

@ For n > 2, any grading on g is either
e induced by a grading on A, or
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Assume n # 3 if charF = 3. Let g = psl,(F) = [A, A]/Z(A) N[A, A] with
A = Mat,(F).

@ For n =2, any grading on g is induced by a grading on A:
gg =0NA; Vg€ G.

@ For n > 2, any grading on g is either
e induced by a grading on A, or
o thereare he G, 2 =1,a G = G/(h)-grading on A, an
antiautomorphism ¢ such that ¢ preserves the G-grading and its
square acts as a scalar on each homogeneous component, and a
character x € G with x(h) = —1, such that

ge = {x € Az : —o(x) = x(g)x} N [A,A]  (mod Z(A)).
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Type A, charF = 3.
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Type A, charF = 3.

The exceptional case psl3(IF) in characteristic 3 is dealt with in an
unexpected way, as psl3(F) = [0, Q] here, and its gradings are in bijection
with the gradings on the octonions. (E. 1998)
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@ Octonions and G,
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Autg, = AutO J
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Autg, = AutO J

The gradings on go = Der(Q) are induced by gradings on O. )
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Autg, = AutO J

The gradings on go = Der(Q) are induced by gradings on O. )

This is valid for arbitrary fields of characteristic # 2, 3.
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Autg, = AutO J

The gradings on go = Der(Q) are induced by gradings on O. )

This is valid for arbitrary fields of characteristic # 2, 3.

In characteristic 3 there are no simple Lie algebras of type Go.

(Note that Der(Q) is no longer simple in characteristic 3, as it contains
the simple ideal ad|g o] = psl3(F).)
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Octonions

Theorem (E. 1998)

Up to equivalence, the fine gradings on O are

o the Cartan grading (weight space decomposition relative to a Cartan
subalgebra of g, = Der(Q)), and

@ the Z%-grading given by the Cayley-Dickson doubling process.
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Octonions

Sketch of proof:
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Octonions

Sketch of proof:

e The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n((O)g) = 0 unless g2 = e, n((O)g,(O)h) = 0 unless gh = e.
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Octonions

Sketch of proof:

e The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n((O)g) = 0 unless g2 = e, n((O)g,(O)h) = 0 unless gh = e.

o If there is a g € Supp I' with either order > 2 or dimQ, > 2, there
are elements x € Og, y € Og-1 with n(x) =0 = n(y), n(x,y) = 1.
Then e; = xy and e; = yXx are orthogonal primitive idempotents in
e, and one uses the corresponding Peirce decomposition to check
that, up to equivalence, our grading is the Cartan grading.
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Octonions

Sketch of proof:

e The Cayley-Hamilton equation: x? — n(x,1)x + n(x)1 = 0, implies
that the norm has a well behavior relative to the grading:

n((O)g) = 0 unless g2 = e, n((O)g,(O)h) = 0 unless gh = e.

o If there is a g € Supp I' with either order > 2 or dimQ, > 2, there
are elements x € Og, y € Og-1 with n(x) =0 = n(y), n(x,y) = 1.
Then e; = xy and e; = yXx are orthogonal primitive idempotents in
e, and one uses the corresponding Peirce decomposition to check
that, up to equivalence, our grading is the Cartan grading.

@ Otherwise dimQ, =1 and g? = e for any g € Supp . We get the
Z3-grading.
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Cartan grading on the Octonions

O contains canonical bases:

B = {e1, e, u1,up, u3,v1, v, v3}
with
n(er, e2) = n(uj,v;) =1, otherwise 0.

2 2
€ = €1, & =&y,

eiuj = ujex = uj, eV = Vvier =V, (i = 1,2,3)

ujvi = —eq, viuj = —€p, (i == 1,2,3)

Ujldjy1 = —Ujy1Uj = Viy2, ViViy1 = — Vi1V = Uj42, (indices modulo 3)
otherwise 0.
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Cartan grading on the Octonions

O contains canonical bases:

B = {e1, e, u1, U2, u3, v1, v2, v3}
with
n(er, e2) = n(uj,v;) =1, otherwise 0.
2 2
€ =€, & =€,

euj = uiex = uj, evi=vier=v;, (i=1,2,3)

uivi = —e1, Vviui=—e, (i=1,2,3)
Ujldjy1 = —Ujy1Uj = Viy2, ViViy1 = — Vi1V = Uj42, (indices modulo 3)
otherwise 0.

The Cartan grading is determined by:

degu; = —degvy = (1,0), degup = —degv> =(0,1),
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Z3-grading: Octonions as a twisted group algebra
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Z3-grading: Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra

0 =TF,[z73],

where
e“e’ = o(a, B)et’?

for o, B € 73, with
ofa, f) = (~1)42)

(e, B) = Brazas + a1fa3 + a102f3 + Y ify.

i<j
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Z3-grading: Octonions as a twisted group algebra

Theorem (Albuquerque-Majid 1999)

The octonion algebra is the twisted group algebra
0 =TF,[Z3],

where
e“e’ = o(a, B)et’?

for o, B € 73, with
ofa, f) = (~1)42)

(e, B) = Brazas + a1fa3 + a102f3 + Y ify.

i<j

This allows to consider the algebra of octonions as an “associative algebra

. . "
in a suitable category”.
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Up to equivalence, the fine gradings on g, are

o the Cartan grading, and

e a Z3-grading with (g2)o = 0 and where (g2), is a Cartan subalgebra
of ga for any 0 # g € Z3.
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@ The Albert algebra and F,
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Autf; = Aut A (A = H3(0) is the Albert algebra) )

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 64 / 79



Autf; = Aut A (A = H3(0) is the Albert algebra) )
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Autf; = Aut A (A = H3(0) is the Albert algebra) )

The gradings on f4 = Detr(A) are induced by gradings on A. |
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Albert algebra

a1 53 an
A= Hg((O),*): a w» a1 ‘ ay,a,a3 €F, aj,ar, a3 € 0
a2 ar o3

=FEEDFE ®FE3 ® Ll(@) ) Lz(@) () L3(@),

where
1 00 0 0O 0 0O
EE=10 0 0], E,=10 1 0], Es=1(0 0 0],
0 0O 0 0O 0 0 1
0 0O 0 0 a 0 2 0
Ll(a) =210 0 a s Lg(a) =210 0 O s L3(a) =21a 0 O y
0 a 0 a 00 0 0O
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Albert algebra

The multiplication in A is given by X o Y = %(XY + YX).

Then E; are orthogonal idempotents with £1 + E» + E3 = 1. The rest of
the products are as follows:

1
Eioii(a) =0, Ejyi10ui(a)= 5“(3) = Ei120i(a),

L,'(a) o LiJrl(b) = L,'+2(§E), L,'(a) @) L,'(b) = 2n(a, b)(E,'+1 + Ei+2),

for any a, b € O, with / = 1,2, 3 taken modulo 3.
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Gradings on A

Z3-grading: J

A is naturally Z%—graded with

A((—)’@) =FE +FE, + FE3,
Agg =u(0),  Agi =w(0), Agg=1(0).
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Gradings on A

Z3-grading: J

A is naturally Z%—graded with

A((—)’(—J) =FE +FE, + FE3,
Agg =u(0),  Agi =w(0), Agg=1(0).

This Z3-grading may be combined with the fine Z3-grading on O to obtain
a fine Z3-grading:

deg E; = (0,0,0,0,0), i =1,2,3,
dEg Ll(X) = (i,ﬁ,degx), deg L2(X) = ((_J,i,degx), deg ['3(X) = (ia i,degx).
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Gradings on A

Z x 73-grading: J

Take an element i € F with i> = —1 and consider the following elements in
A:

E=E, E=1—-E=E,+ Es,

v(a) =iw1(a) forall ae€ O,

vi(x) = t2(x) £iez(x) forall x €O,
ST=E-E+ %L1(1).

A is then 5-graded:
A=A ,BA 1 DA DA & Ay,

with App = FS*, Ayq = 12 (0), and Ag = FE @ (FE ® y(<o>o)).

Alberto Elduque (Universidad de Zaragoza) Gradings on simple Lie algebras NAART Conference 68 / 79



Gradings on A

Z x Z7.3-grading: )

The Z3-grading on O combines with this Z-grading
A=FS arv (0)®A® v (0)pFST
to give a fine Z x Zg—grading as follows:

deg S* = (£2,0,0,0),
degry(x) = (£1,degx),
degE=0= degE,
degr(a) = (0,deg a),

for homogeneous elements x € O and a € Q.
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Gradings on A

Z3-grading (charF # 3):

Consider the order three automorphism 7 of O:
T(ei) = €j, I = 1727 T(uj) = uj+17 T(VJ) = Vj+17 J: 172737

and define a new multiplication on Q:

X*y = T()_()Tz()_/).
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Gradings on A

Z3-grading (charF # 3): )

Consider the order three automorphism 7 of O:
T(ei) = €j, I = 1727 T(uj) = uj+17 T(VJ) = Vj+17 J: 172737
and define a new multiplication on Q:

X*y = T()_()Tz()_/).

This is the Okubo algebra, which is Z%—graded by setting

dege; = (1,0) and degu; = (0,1).
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Gradings on A

Z3-grading (charF # 3): )

Define 7;(x) = t;(77(x)) for all i = 1,2,3 and x € Q. Then the
multiplication in the Albert algebra

A=}, (FE o ;(0))
becomes:

E? =E, EoEy;=0,

1, .
Sl Zi(x) = Eiy2 0 Ii(x),
Ui

(x)oTi(y) = 2n(x, y)(Eit1 + Eit2),

Eioii(x) =0, Eii100i(x)=
Li(x) o Tliza(y) = Tiga(x x y),
fori=1,2,3and x,y € Q.
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Gradings on A

Z3-grading (charF # 3): J

Assume now charF # 3. Then the Z%—grading on the Okubo algebra is
determined by two commuting order 3 automorphisms o1, @2 € Aut(Q), *):

pi(e1) =wer,  @1(u1) = w1,
wo(e1) = e, a(u1) = wuy,

where w is a primitive third root of unity in F.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(E) = Ei,  ;(Ti(x)) = Ti(i(x))-
On the other hand, the linear map ¢3 € End(.A) defined by

@3(Ei) = Eiy1,  @3(li(x)) = Lipa(x),

is another order 3 automorphism, which commutes with (1 and 5.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(Ei) = Ei.  9;(Ti(x)) = Ti(p;(x)).
On the other hand, the linear map ¢3 € End(.A) defined by
¢3(E) = Eit1,  93(6i(x)) = Tiva(x),
is another order 3 automorphism, which commutes with (1 and 5.

The subgroup of Aut(A) generated by (1, 2, ¢3 is isomorphic to Z3 and
induces a Z3-grading on A.
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Gradings on A

Z3-grading (charF # 3): J

The commuting order 3 automorphisms 1, @2 of (O, ) extend to
commuting order 3 automorphisms of A:

wi(Ei) = Ei.  9;(Ti(x)) = Ti(p;(x)).
On the other hand, the linear map ¢3 € End(.A) defined by
¢3(E) = Eit1,  93(6i(x)) = Tiva(x),
is another order 3 automorphism, which commutes with (1 and 5.

The subgroup of Aut(A) generated by (1, 2, ¢3 is isomorphic to Z3 and
induces a Z3-grading on A.

All the homogeneous components have dimension 1.
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Gradings on A

Theorem (Draper—Martin-Gonzalez 2009 (char = 0), E.—Kochetov

2010)
Up to equivalence, the fine gradings of the Albert algebra are:

@ The Cartan grading (weight space decomposition relative to a Cartan
subalgebra of f4 = Der(A)).

@ The Z3-grading obtained by combining the natural Z%—grading on
3 x 3 hermitian matrices with the fine grading over Zg of O.

© The Z x 7Z3-grading obtained by combining a 5-grading and the
Z3-grading on O.
Q The Z3-grading with dim Ag = 1 Vg (charF # 3).
The fine gradings on fa = Det(A) are the ones induced by these.
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Gradings on A

Theorem (Draper—Martin-Gonzalez 2009 (char = 0), E.—Kochetov

2010)
Up to equivalence, the fine gradings of the Albert algebra are:

@ The Cartan grading (weight space decomposition relative to a Cartan
subalgebra of f4 = Der(A)).

@ The Z3-grading obtained by combining the natural Z3-grading on
3 x 3 hermitian matrices with the fine grading over Zg of O.

©Q TheZ x Zg—grading obtained by combining a b-grading and the
Z3-grading on O.
Q The Z3-grading with dim Ag = 1 Vg (charF # 3).
The fine gradings on fa = Det(A) are the ones induced by these.

All the gradings up to isomorphism on A and f4 have been classified too
(E.—Kochetov).
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The Albert algebra as a twisted group algebra
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The Albert algebra as a twisted group algebra

Theorem
The Albert algebra is, up to isomorphism, the twisted group algebra

A= FU[Zg]’
with
wi(e:B) if dimz,(Zsa + Z3B) < 1,
o(a,B) =
_%wlﬂ(aﬁ) otherwise,
where

Y(a, B) = (a2f1 — a1B2)(az — B3).
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O And now?
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@ Bahturin, Kochetov and their students have classified gradings on
some Cartan type simple modular Lie algebras. This requires different
methods.
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@ Bahturin, Kochetov and their students have classified gradings on
some Cartan type simple modular Lie algebras. This requires different
methods.

@ A classification of gradings up to isomorphism on D, is missing even
in characteristic 0, as it is the classification of fine gradings up to
equivalence in prime characteristic.
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@ Bahturin, Kochetov and their students have classified gradings on
some Cartan type simple modular Lie algebras. This requires different
methods.

@ A classification of gradings up to isomorphism on D, is missing even
in characteristic 0, as it is the classification of fine gradings up to
equivalence in prime characteristic.

@ Many interesting gradings on Eg, E7, Eg are known, some of them are
related either to gradings on octonions, the Okubo algebras, or the
Albert algebra, but a classification is missing.

The classification of fine gradings on Eg in characteristic 0 has been
announced by Draper and Viruel.
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A commercial break
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commercial break

VI International Conference on
NON ASSOCIATIVE ALGEBRA AND ITS APPLICATIONS

A Conference in Honor of the 60th birthday of Santos
Gonzélez

Santos Gonzalez November 1-5, 2011

The VI International Conference on Non Associative Algebra and its Applications will be held in Zaragoza (Spain), November 1-5,
2011.

The previous conferences in this series were held in Novosibirsk (Russia, 1988), Tashkent (Uzbekistan, 1990), Oviedo (Spain, 1993), Sao
Paulo (Brazil, 1998), and Oaxtepec (Mexico, 2003).

Scientific Committee:
Georgia Benkart (University of Wisconsin)
Kevin McCrimmon (University of Virginia)
Ivan Shestakov (Universidade de Sao Paulo)
Efim Zelmanov (University of California - San Diego)

http://iuma.unizar.es/~elduque/vinaaa
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That's all. Thanks
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