Clifford algebras as twisted group

algebras and the Arf invariant
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Goal

To connect
@ the work of Bahturin and Zaicev on one hand, and
Rodrigo-Escudero on the other, on real graded-division
algebras,

@ Ovsienko's work on real Clifford algebras and quadratic forms
over 5, and

@ the results of Albuquerque and Majid on Clifford algebras as
twisted group algebras.
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Summary

@ Graded-division algebras and twisted group algebras

© Clifford algebras as twisted group algebras

© Quadratic forms over [,

@ From quadratic forms over [ to real algebras
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@ Graded-division algebras and twisted group algebras
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Group-gradings

Definition

Let A be an algebra (over a field F) and let G be an abelian group.

@ A G-grading on A is a vector space decomposition
M:A=@,ccAg such that AgA; C Ay forany g, h € G.

@ The nonzero elements in A, are said to be homogeneous of
degree g.

@ The support of I is the set {g € G | A, # 0}.
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Graded-division algebras

Given and algebra with a G-grading I', (D, T) is a graded-division
algebra if the left and right multiplications by any homogeneous
element are bijections.

If D is associative, this is equivalent to D being unital and every
nonzero homogeneous element being invertible.

In this case 1 € D¢ and for 0 # X € Dg, X 1le ng.

The support of I is then a subgroup of G.
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Twisted group algebras

Definition

Given a group G, a field Fand amap o : G x G — F*, the
twisted group algebra F? G is the algebra over F with a basis
consisting of a copy of G: {e; : g € G}, and with (bilinear)

multiplication given by

egeh i=0(g, h)egn

for any g, h € G.

F? G is a graded-division algebra.
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Twisted group algebras

Remark

Any G-graded-division algebra (not necessarily associative), with
homogeneous components of dimension 1, is a twisted group
algebra, isomorphic to F? T, for a suitable o, where T is the

support of the grading.
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Twisted group algebras

Examples

With F = R, Albuquerque and Majid considered the classical
algebras of complex numbers, quaternions and octonions as the
twisted group algebras R? T with:

@ T =7y and o(x,y) = (—1) for the complex numbers.

o T =73 and o((x1,%), (y1,y2)) = (—1)yw1Ftatx) for the
real associative division algebra H of quaternions.

o T =123 and

o ((x1, %2, x3), (y1,¥2, ¥3)) = (—1pres A haestiigicica

for the real non-associative division algebra O of octonions.
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Twisted group algebras

Associative case

The twisted group algebra F? G is associative if, and only if, o is a
2-cocycle:

o(g, h)r(gh, k) = o(h, K)o(g, hk), Vg, hk € G,
with values in F*.

Two twisted group algebras F? G and F?' G are isomorphic as
G-graded algebras if, and only if, o and ¢’ are cohomologous:

Fu: G — F* st u(gh)o(g. h) = u(g)u(h)o'(g. h), Vg, h € G.

10/29



Twisted group algebras

Associative case

Given a 2-cocycle o € Z?(G,F*), consider the map

B:GxG—F*
(g.h) — o(g, h)o(h,g)™ .

In other words, 3 is determined by the commutativity condition:

egeh = B(g, h)eneg

for any g, h € G, in the twisted group algebra F°G.

B is an alternating bicharacter:

e B(g,g)=1forany g € G.
@ (3 is multiplicative on each slot.
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Twisted group algebras

Another way of looking at them

Theorem

Let G be a finitely generated abelian group, and let

B:G x G — F* be an alternating bicharacter on G, then there
exists a 2-cocycle o € Z?(G,F*) such that

B(g.h) = o(g, h)o(h,g)~".

Moreover, if G = (g1) X --- X (gn), for a finite number of elements
81,---,8N, with gj of order m; € N> fori =1,...,r, and g; of
infinite order for i = r+1,...,N; and if pu1,...,u, € F* are
chosen arbitrarily, then the 2-cocycle o above can be taken so that
F? G is isomorphic, as a G-graded algebra, to the algebra:

‘AF(N’m’H75) ::a|g<xlv"'axN|Ximi = Ki i:]-,-..,r;
xixj = B(gi, &)xixi, i, =1,..., N),

which is a G-graded-division algebra (deg(x;) = gi Vi =1).
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9 Clifford algebras as twisted group algebras
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Clifford algebras

Definition
Let V be an FF-vector space of finite dimension N, and let
Q : V — F be a quadratic form on V.

The Clifford algebra CI(V(, Q) is the quotient of the tensor algebra
T(V) by the ideal /(Q) generated by the elements v ® v — Q(v)1,
vev.
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Clifford algebras

If the characteristic of the ground field F is not 2, Q is
nondegenerate, and {v1,..., vy} is an orthogonal basis of V/, then

CI(V,Q)%aIg<X1,...,xN | x? =i i=1,...,N;
xix; = —xjxj, i # j) = Ap(N,2, u, B)

where
e 2=(2,2,...,2) (N components),
(] M= (Q(Vl), Q(Vg), ey Q(VN)),
@ [ is the alternating bicharacter on the cartesian product
G=Cl(G=(g) x--- x (gn) with g; or order 2 for any
i=1,...,N), with B(gj, gj) = —1 for any i # j.
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Clifford algebras

o Ar(N,2,u,3) is graded-isomorphic to a twisted group algebra
F? G and, in particular, its dimension is 2N,

@ Therefore C1(V, Q) is a G-graded-division algebra, with
deg(v;) = gj for i = 1,..., N (here we identify v; € V with
the class of v; modulo /(Q) in CI(V, Q)).

@ This is the grading by the group C2N = ZQ’ that Albuquerque
and Majid considered in 2002.
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© Quadratic forms over [,
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Quadratic forms over >

Here we will consider quadratic forms q : W — F, defined on a
finite dimensional vector space W over the field Fy of two
elements.

Let bg : W x W — F» be the associated bilinear form.
As 2 =0 in Fy, bq is alternating: bgq(w,w) =0 for any w € W.

Two quadratic forms q: W — F» and q’ : W/ — T, are equivalent
if there is a linear isomorphism ¢ : W — W' such that
q'(o(w)) = q(w) for any w € W.
The orthogonal sum q L q is the quadratic form on W x W’
given by

(aLq)(w,w)=a(w)+q'(w)

forany w e W and w' € W'.
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Quadratic forms over >
Classification (Dickson 1901)

Theorem
Any regular quadratic form q : IFQ’ — 5 is equivalent to one of
the following:
N even (N =2n)
° qé"(xl, ooy Xopn) = X1X2 + X3Xa + - - + Xon—1X2n,
o al(xt,...,x0n) =
X1X2 + X3X4 + - - + Xop—1X2p + X1 + X2.
N odd (N=2n+1)

° Q6V(Xl7 ey Xongl) = X1X2 +X3X4 4+ - -+ Xop_1X2n,
("] q{V(xl, 000 ,X2n+1) =

X1X2 + X3Xg + - -+ + Xop—1Xon + X1 + X2,
("] qév(xl, 000 ,X2n+1) =

X1X2 + X3Xg + + - + Xop—1X2n + X2n41.
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Arf invariant

The Arf invariant of a quadratic form q : W — [F, on a finite
dimensional vector space W over IF, is the democratic invariant
defined by:

1 if[{we W |a(w) =0} > [{we W|q(w) =1}
Arf(q) =40 if {we W |aq(w)=0}| = {we W |aq(w) = 1}]
1 if[{we W a(w) = 0}| < [{w e W|q(w) = 1}|.

Arf(q)) =1,  Arf(a)) =—1,  Arf(q}) =0 (N odd),

so regular quadratic forms are determined, up to equivalence, by
their Arf invariant.
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Arf invariant

Example

Take p,q € Z>q such that p+ g = N, and consider the regular
quadratic form qp q : IFQV — [, defined by:

qp,q(le--'aXN):Xp+1+"'+XN+ Z XiXj.
1<i<j<N

Theorem

™ .
—+ sin

Arf(qp,q) = sign <cos (p 4q) q
1 ifp—qg+1=1,23 (mod8),

=40 ifp—q+1=0,4 (mod 8),
-1 ifp—q+1=5,6,7 (mod8).

(p— q)ﬂ)
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Multiplicative notation

Given a quadratic form q : FQ’ — [y, its multiplicative version is
the map p : C)¥ — G, given by

p (=1, ..., (=1)y™) ::(——l)q(xh”wXN)

for x1,...,xy € Fo ={0,1}.
Its polar form is given by

Bu(r,s) = u(rs)u(r)u(s)

which is an alternating bicharacter. Identifying C, with
{1, -1} <R*, we may thing of §,, as an alternating bicharacter
with values in R*.

The Arf invariant of w is, by definition, the Arf invariant of q.

The multiplicative versions of the quadratic forms q,N will be
denoted by ulN, and the multiplicative version of qp ¢ by p,, ..
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@ From quadratic forms over I to real algebras

23/29



From quadratic forms over [, to real algebras

Proposition

Given a multiplicative quadratic form g : C2N — (G, the
C2N—graded algebra -A]R{(N,Z, 122 Bu) (H = (”(el)v 000 p’(eN))'

where e; = (1,...,1, —1,1,...,1)) is graded isomorphic to the

twisted group algebra R? C2N, where the 2-cocycle o is given by

o(q,q) = p(q) Vg € C;

ere) 1 if i <,
o(€;,€j) = e - .
J @L(e;,ej) if i > /.

and

ARr(N,2, i, B) depends only on the quadratic form p:  Ar(p).
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From quadratic forms over [, to real algebras

Theorem (Ovsienko 2016)

Mon(R) = Ar(p3"),

Man-1(H) = Ag (pi"),

Man(R) x Man(R) 2= Ag(pg"*),
Mo (H) X Moo (H) 2 Ag(uH),
Mon(C) = Ag(p5").
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From quadratic forms over [, to real algebras

This result can be rephrased as follows:

Corollary

Let p: CN — G, be a regular multiplicative quadratic form.
o if N iseven, N =2n, and Arf(p) = 1, then Ar(p) = Man(R),
e if N is even, N = 2n, and Arf(u) = —1, then
Ar(p) = Mo (H),
e if N isodd, N=2n+1, and Arf(p) = 1, then
Ag (1) = Man(R) x Man(R),
e if N isodd, N=2n+1, and Arf(n) = —1, then
.A]R([,L) = M2n71(H) X M2n71 (H),
e if N isodd, N=2n+1, and Arf(p) = 0, then
Ar(p) = Man(C).
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From quadratic forms over [, to real algebras

Classical consequences

Clp,q(R) = Ar(p, 4) and we have computed Arf(u, ), so:

Corollary
Let p,q € Z>o and N = p+ q. Then,

o Clpg(R) = Myns2(R) if p—g+1=1,3 (mod 8).

o Clp 4(R) = Myw—2)2(H) if p—q+1=5,7 (mod 8).

o Clpq(R) = Myw-1)2(R) X Myw-1)2(R) if p—qg+1=2
(mod 8).

o Clp 4(R) = Myw-1)2(C) if p—qg+1=0,4 (mod 8).

o Clpq(R) = Myw—3)/2(H) X Myw—32(H) if p—q+1=6

(mod 8).
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From quadratic forms over [, to real algebras

Classical consequences

Corollary
Let p, q € Z>g, then the following periodicity results hold:

1. Clpt1,g+1(R) = Clp 4(R) ®r M2(R).
2. Clpy2,4(R) = Clg p(R) @r Ma(R).
3. Clp,q+2(R) = Clgp(R) @r H.

4. Clpt4,q(R) = Clp g44(R).
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Happy birthday!
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