An extended Freudenthal Magic Square

in characteristic 3

Alberto Elduque

Universidad de Zaragoza

From Lie Algebras to Quantum Groups
Coimbra, 2006

Alberto Elduque (Universidad de Zaragoza) Freudenthal Magic Supersquare June 30, 2006 1/29



Exceptional Lie algebras

Go, Fa4, Es, E7, Eg J
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Exceptional Lie algebras

Go, Fa4, Es, E7, Eg J

Gy =0er O (Cartan 1914)

Fy = der H3(0) (Chevalley-Schafer 1950)

E6 = strg H3(@)
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Tits construction (1966)

e C a Hurwitz algebra (unital composition algebra),
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Tits construction (1966)

e C a Hurwitz algebra (unital composition algebra),
@ J a central simple Jordan algebra of degree 3,

Then

T(C,J) =0et C & (Co ® Jo) @ der J J

is a Lie algebra (char # 3) under a suitable Lie bracket.
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Freudenthal Magic Square

T(C,J) | Ha(k) Hs(k x k) Hz(Mata(k)) Hz(C(k))
k A Ay G F4
k x k Ao Ax @ Az As Ee
Mata(k) | G3 As Ds E
C(k) F4 Es E; Eg
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Tits construction rearranged

J=H3(C") = kK& (&7_u(C)),
Jo~ K@ (®7_oi(C")),

ver J ~ ti(C) @ (82oui(C))),
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Tits construction rearranged

J=H3(C") = kK& (&7_u(C)),
Jo~ K@ (®7_oi(C")),

ver J ~ ti(C) @ (82oui(C))),

T(C,J)=0er C P (Co® Jp) ®verJ
~ et CH (G ® k?) @ (7qCo ® 1i(C)) @ (ti(C') & (BZgti(C)))
~ (ti(C) @ tri(C')) ® (92oi(C ® C'))
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Tits construction rearranged

J=H3(C") = kK& (&7_u(C)),
Jo~ K> ® ( ,OL(C)),

ver J ~ ti(C) @ (82oui(C))),

T(C,J)=0er C P (Co® Jp) ®verJ
~ et CH (G ® k?) @ (7qCo ® 1i(C)) @ (ti(C') & (BZgti(C)))
~ (ti(C) @ tri(C')) ® (92oi(C ® C'))

(Barton-Sudbery, Landsberg-Manivel, Allison-Faulkner)
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Symmetric composition algebras

Nicer formulas are obtained if symmetric composition algebras are used,
instead of the more classical Hurwitz algebras.
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Symmetric composition algebras

Nicer formulas are obtained if symmetric composition algebras are used,
instead of the more classical Hurwitz algebras.

(S.*,q)

{ qa(xxy) = a(x)q(y),

q(xxy,z) = q(x,y * z).
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Symmetric composition algebras: examples

@ Para-Hurwitz algebras: C Hurwitz algebra with norm g and standard
involution —, but with new multiplication

X*y =Xy.
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Symmetric composition algebras: examples

@ Para-Hurwitz algebras: C Hurwitz algebra with norm g and standard
involution —, but with new multiplication

X*y =Xy.

@ Okubo algebras: In characteristic # 3 these are the forms of (5[3, *,q)
with
2

3 tr(Xy)]'7

X ¥y = wxy — wlyx —

a) = 3 r0), gl y) = (),

(w a cubic root of 1.)

A different definition is needed in characteristic 3.

June 30, 2006
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Symmetric composition algebras: classification

Theorem (Okubo, Osborn, Myung, Pérez-lzquierdo, E.)

With some exceptions in dimension 2, any symmetric composition algebras
is either
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Symmetric composition algebras: classification

Theorem (Okubo, Osborn, Myung, Pérez-lzquierdo, E.)

With some exceptions in dimension 2, any symmetric composition algebras
is either

@ a para-Hurwitz algebra (dimension 1, 2, 4 or 8), or
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Symmetric composition algebras: classification

Theorem (Okubo, Osborn, Myung, Pérez-lzquierdo, E.)

With some exceptions in dimension 2, any symmetric composition algebras
is either

@ a para-Hurwitz algebra (dimension 1, 2, 4 or 8), or

e an Okubo algebra (dimension 8).
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Triality algebra

(S,*,q) a symmetric composition algebra

ti(S) = {(do, d1, d») € 50(S, q) :
do(xxy) =di(x)*y +xxda(y) Vx,y € S}

is the triality Lie algebra of S.
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Triality algebra

(S,*,q) a symmetric composition algebra

ti(S) = {(do, d1, d») € 50(S, q) :
do(xxy) =di(x)*y +xxda(y) Vx,y € S}

is the triality Lie algebra of S.

0 if diimS = 1,
i(S) = 2-dim’'l abelian if dim$S = 2,
50(S0, q)° if dim S = 4,
50(S, q) if dim S = 8.
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The Lie algebra g(S,S’)

Let S and S’ be two symmetric composition algebras. Consider
g(S,5) = (&i(S) @ 1i(S)) @ (@2ou(S® ")),

where 1;(S ® S') is just a copy of S ® S’, with bracket given by:
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The Lie algebra g(S,S’)

Let S and S’ be two symmetric composition algebras. Consider
g(S,5) = (&i(S) @ 1i(S)) @ (@2ou(S® ")),
where 1;(S ® S') is just a copy of S ® S’, with bracket given by:
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The Lie algebra g(S,S’)

Let S and S’ be two symmetric composition algebras. Consider
g(S,5) = (&i(S) @ 1i(S)) @ (@2ou(S® ")),
where 1;(S ® S') is just a copy of S ® S’, with bracket given by:

o tri(S) @ tri(S’) is a Lie subalgebra of g(S,5’),
e [(do,d1,dr),ti(x®x")] = L,‘(d,'(X) ®x’),
o [(dp. di, d3),Li(x ® X)] = vi(x @ di(x')),
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The Lie algebra g(S,S’)

Let S and S’ be two symmetric composition algebras. Consider
g(S,5) = (&i(S) @ 1i(S)) @ (@2ou(S® ")),
where 1;(S ® S') is just a copy of S ® S’, with bracket given by:
o tri(S) @ tri(S’) is a Lie subalgebra of g(S,5’),
e [(do,d1,dr),ti(x®x")] = L,‘(d,'(X) ® x’),
b [(d(/)’ di, dy), ti(x ® x')] = Li(x ® d;(X/))'
o [Li(x®x),tit1(y ®y")] = tiz2((xxy)® (X' *y’)) (indices modulo 3),
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The Lie algebra g(S,S’)

Let S and S’ be two symmetric composition algebras. Consider
g(S,5) = (&i(S) @ 1i(S)) @ (@2ou(S® ")),
where 1;(S ® S') is just a copy of S ® S’, with bracket given by:
o tri(S) @ tri(S’) is a Lie subalgebra of g(S,5’),
e [(do,d1,dr),ti(x®x")] = L,‘(d,'(X) ® x’),
o [(dp, di, dp),Li(x ® x")] = vi(x @ d!(x')),
o [ti(x®x),tiri(y®y)] = L;+2((X*y) ® (x’*y’)) (indices modulo 3),
o [Li(x®@x),uly ®y)] = q(X,y)0 (ty) + a(x,)0" (8 ),

where t,, = (q(x, Jy —q(y, )x, %q(x,y)l — ey, %q(x,y)l — /Xry)
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Freudenthal Magic Square again (2004)

g9(5,5) | 1 2 4 8

dim S

o BN
O
>
[&)]
&
m

(characteristic # 3)
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Freudenthal Magic Square (char 3)

9(s,8) | 1 2 4 8

dim S De E

Fa Ee E; Esg

o AN
Q)
>
(€3]
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Freudenthal Magic Square (char 3)

9(s,8) | 1 2 4 8

1 Aq Ao G R
A, Aok A E
Ds E;
F, E E E

dim S

o AN
Q)
>
(€3]

o A, denotes a form of pgls, so [Az, Az] is a form of psls.
o As denotes a form of pgls, so [As, As] is a form of psls.
o Eg is not simple, but [Eﬁ, Ee] is a codimension 1 simple ideal.
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Composition superalgebras

A superalgebra C = (5 @ (3, endowed with a regular quadratic superform
q = (g, b), called the norm, is said to be a composition superalgebra in

case

a6(x0Y0) = 95(%6)q6(¥o)
b(xpy: xa2) = G5(x5)b(y, z) = b(yxp, 2%5),

b(xy, zt) + (—1)XIVFIzIEWIZ 2 xt) = (1)1l b(x, 2)b(y, 1),

The unital composition superalgebras are termed Hurwitz superalgebras.

v

June 30, 2006 13 /29
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Composition superalgebras: examples

B(1,2) = k1@ V, ]

char k = 3, V a two dim’l vector space with a nonzero alternating bilinear
form (.|.), with

Ix =x1=x, uv={u|v)l, q5(1) =1, b(u,v)= (u|v),

is a Hurwitz superalgebra.
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Composition superalgebras: examples

B(1,2) = k1@ V, ]

char k = 3, V a two dim’l vector space with a nonzero alternating bilinear
form (.|.), with

Ix =x1=x, uv={u|v)l, q5(1) =1, b(u,v)= (u|v),
is a Hurwitz superalgebra.

Fix a symplectic basis {u, v} of V and X € k.
@:1r 1, urs u-+Av, v v, isanautomorphism of B(1,2), 3 =1
and

51)‘72 = B(1,2) with same norm but xx*xy = 90(2)802()7)

is a symmetric composition superalgebra.
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Composition superalgebras: examples

B(4,2) = Endi(V) & V, J

k and V as before, and where Enc_lk(V) is equipped with the symplectic
involution f — f, ({f(u)|v) = (u|f(v))), with multiplication given by:
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k and V as before, and where Enc_lk(V) is equipped with the symplectic
involution f — f, ({f(u)|v) = (u|f(v))), with multiplication given by:

@ the usual multiplication (composition of maps) in Endg(V),
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Composition superalgebras: examples

B(4,2) = Endi(V) & V, J

k and V as before, and where Enc_lk(V) is equipped with the symplectic
involution f — f, ({f(u)|v) = (u|f(v))), with multiplication given by:

@ the usual multiplication (composition of maps) in Endg(V),
o v-f=f(v)=Ff-vforany f € Endg(V)and v eV,
o u-v=_|uyv(wr— (wlu)v) € Endi(V) for any u,v € V,

and with quadratic superform
qs(f) =detf, b(u,v) = (u|v),

is a Hurwitz superalgebra.
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Composition superalgebras: examples

B(4,2) = Endi(V) & V, J

k and V as before, and where Enqk(V) is equipped with the symplectic
involution f — f, ({f(u)|v) = (u|f(v))), with multiplication given by:

@ the usual multiplication (composition of maps) in Endg(V),
o v-f=f(v)="Ff-vforany f € End(V)and vV,
o u-v=_|uyv(wr— (wlu)v) € Endi(V) for any u,v € V,
and with quadratic superform
qs(f) =detf, b(u,v) = (u|v),

is a Hurwitz superalgebra.

S42 will denote the associated para-Hurwitz superalgebra.
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Composition superalgebras: classification

Theorem (E.-Okubo 02)

@ Any unital composition superalgebra is either:
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Composition superalgebras: classification

Theorem (E.-Okubo 02)
@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
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Composition superalgebras: classification

Theorem (E.-Okubo 02)

@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
e a Zy-graded Hurwitz algebra in characteristic 2,
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Composition superalgebras: classification

Theorem (E.-Okubo 02)

@ Any unital composition superalgebra is either:
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Composition superalgebras: classification

Theorem (E.-Okubo 02)

@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
e a Zy-graded Hurwitz algebra in characteristic 2,
e isomorphic to either B(1,2) or B(4,2) in characteristic 3.

@ Any symmetric composition superalgebra is either:
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Composition superalgebras: classification

Theorem (E.-Okubo 02)

@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
e a Zy-graded Hurwitz algebra in characteristic 2,
e isomorphic to either B(1,2) or B(4,2) in characteristic 3.

@ Any symmetric composition superalgebra is either:

e a symmetric composition algebra,
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Composition superalgebras: classification

Theorem (E.-Okubo 02)
@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
e a Zy-graded Hurwitz algebra in characteristic 2,
e isomorphic to either B(1,2) or B(4,2) in characteristic 3.

@ Any symmetric composition superalgebra is either:

e a symmetric composition algebra,
e a Zp-graded symmetric composition algebra in characteristic 2,
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Composition superalgebras: classification

Theorem (E.-Okubo 02)
@ Any unital composition superalgebra is either:

e a Hurwitz algebra,
e a Zy-graded Hurwitz algebra in characteristic 2,
e isomorphic to either B(1,2) or B(4,2) in characteristic 3.

@ Any symmetric composition superalgebra is either:

e a symmetric composition algebra,
e a Zp-graded symmetric composition algebra in characteristic 2,
e isomorphic to either 51)‘72 or S4» in characteristic 3.
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Freudenthal Magic Supersquare (Cunha-E.)

9(5,5) | S S, S4 Sg| Si2 S42
S Ay Ao G Fi| (68) (21,14)
S, A,® A, As Es| (11,14) (35.20)
Ss De E; | (24,26) (66,32)
Ss Es | (55,50) (133,56)

Sio (21,16)  (36,40)
Suz (78,64)

Alberto Elduque (Universidad de Zaragoza)

Freudenthal Magic Supersquare

June 30, 2006



Lie superalgebras in Freudenthal Magic Supersquare

S12 Sap

51 psly o spe ©(14)
S | (sh@pgls) @ ((2) ®@psly)  palg B(20)
Ss | (sh@spg) @ ((2) ® (13))  s012 Bspinrz
Ss | (sh®fs) ® ((2) ®(25)) e7 @ (56)
S12 507 B2sping spg B(40)

)

5472 5Pg 69(40) 5013 DSpin3
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Lie superalgebras in Freudenthal Magic Supersquare

S12 Sap

51 psly o spe ©(14)
S | (sh@pgls) @ ((2) ®@psly)  palg B(20)
Ss | (sh@spg) @ ((2) ® (13))  s012 Bspinrz
Ss | (sh®fs) ® ((2) ®(25)) e7 @ (56)
S12 507 B2sping spg B(40)

)

5472 5Pg 69(40) 5013 DSpin3

All these Lie superalgebras are simple, with the exception of g(52, S12)
and g(S2, 542), both of which contain a codimension one simple ideal.
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9(51,27 S)

tti(5172) = {(d, d, d) cd e 05]3(5172)} ~ 05]3(51,2) ~ 5]3(\/) o V.
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9(51,27 S)

tti(5172) = {(d, d, d) cd e 05]3(5172)} ~ 05]3(51,2) ~ 5]3(\/) o V.

8(512,S) = (ti(S12) ® ti(S)) ® (9Zpti(S12® S))
= ((sp(V) & V) @ tti(S)) @ (@oti(1 ® S)) @ (87_oti(V ® 5))
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9(51,27 S)

tti(5172) = {(d, d, d) cd e 05]3(5172)} ~ 05]3(51,2) ~ 5]3(\/) o V.

8(512,S) = (ti(S12) ® ti(S)) ® (9Zpti(S12® S))
= ((sp(V) & V) @ tti(S)) @ (@oti(1 ® S)) @ (87_oti(V ® 5))

8(S1.2,5)5 = sp(V) @ tri(S) @ (BF_oi(S))
~ sp(V) & ver J (J = H3(5))

)
)
9(512,S)1 = Vo (ar 0L,(V®5))
Ve (ko

OLI )))
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9(51.2,S) (cont.)

k@ (22 0ti(S)) = Jo/k1 =: ]
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9(51.2,S) (cont.)

k@ (22 0i(S)) = Jo/k1 =T
Thus,

9(51,2,5)5 = sp(V) @ ver J, (direct sum of ideals)

9(512,S);i >~ Vel
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9(51.2,S) (cont.)

k@ (22 0i(S)) = Jo/k1 =T
Thus,

9(51,2,5)5 = sp(V) @ ver J, (direct sum of ideals)
9(512,9) 1 V® J.
Jis then an orthogonal triple system with
[592] = (xo(yoz) —yo(xoz))

(% = x + k1)
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9(51.2,S) (cont.)

S a para-Hurwitz algebra,

J = H3(S) the associated central simple degree 3 Jordan algebra.
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9(51.2,S) (cont.)

S a para-Hurwitz algebra,

J = H3(S) the associated central simple degree 3 Jordan algebra.

Theorem (Cunha-E.)

The Lie superalgebra g(S12,S) is the Lie superalgebra associated to the
orthogonal triple system J = Jy/k1, for J = H3(S).
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e dimV =2, (.|.) a nonzero alternating bilinear form.
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9(54127 5)

e dimV =2, (.|.) a nonzero alternating bilinear form.

@ The split para-quaternion algebra is

Sqs = Maty(k) ~ Endg (V) = V1 @ Vo ((x|.)y &< x®y).
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9(54127 5)

e dimV =2, (.|.) a nonzero alternating bilinear form.

@ The split para-quaternion algebra is

Sqs = Maty(k) ~ Endg (V) = V1 @ Vo ((x|.)y &< x®y).
@ The split para-Cayley algebra is

Ss = Endk(V) D Endk(V) ~ (Vl X V2) D (V3 ® V4).
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9(54,27 5)

e dimV =2, (.|.) a nonzero alternating bilinear form.
@ The split para-quaternion algebra is
Si = Mata(k) ~ Endi (V) ~ Vi @ Vo ((x|.)y < x @ y).
@ The split para-Cayley algebra is
Sg = Endi(V) @ Endy(V) ~ (Vi @ Vo) & (Va @ Va).
@ The para-Hurwitz superalgebra attached to B(4,2) is

54,2 = Endk(V) eV~ (Vl &® V2) @® Vi.
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9(S42,S) (cont.)

Then

tri(Sg) ~ s0(8)
~ (sp(V1) @ sp(Va) @ sp(Va) @ sp(Va)) & (Vi@ Vo ® V3@ Vy)

tri(Sa) ~ sp(V1) @ sp(Va) @ sp(V3)

tri(Sa2) =~ (sp(V1) @ sp(Vo) @ sp(V3)) @ (Vi @ Vo ® V3)
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9(S42,S) (cont.)

9(Ss, S) ~ (@} sp(V7)) @ (®]; Vi) © ti(S))
O (Vi@ Ve) ® (V30 V4)) @ 1o(S)
(V2 ® V3) & (Vi ® V4)) ® 11(S)
(Vi Vi) @ (Va® Vi) ®S)

9(54,5) = (@1 5p( V1)) @ #i(S))
(V1® V2)®L0(5) (V2® V3 ®L1( ) (V1® V3)®L2(5)

9(Sa2,S) ~ (@3-, 5p

A

)
Vi) @ (@7, Vi) @ ti(S))
(Vl & VQ) S5, V3) ®L0(S)
(V2® V3) D V1)®L1(S)
()

@
®
(Vi Vi) @& Vo)®w(sS

e N )
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9(S42,S) (cont.)

9(Ss,S) ~ (sp(Va) ® 9(5s, )
Vi (VLo Voo Va)
D (V3 & Lo(S)) D (V1 & Ll(S)) D (V2 & LQ(S)))

9(54,2, S) ~ 9(54, S)
® (Vi ®@ Vo ® V)
D (V3 X Lo(S)) D (V1 X Ll(S)) D (V2 & LQ(S)))
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9(S42,S) (cont.)

Given any Zy-graded Lie algebra g = go ® g1 with

go =sp(V) @s (direct sum of ideals),
g=VeT (as a module for go),
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9(S42,S) (cont.)

Given any Zy-graded Lie algebra g = go ® g1 with
go =sp(V) @s (direct sum of ideals),
gn=VeT (as a module for go),

then
[u@x,vey] = (xly)({ul)v + (v])u) + (u|v)dx,

for some alternating bilinear form (.|.) : T x T — k and skewsymmetric
bilinear mapd,  : T x T — 5.
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9(S42,S) (cont.)

Given any Zy-graded Lie algebra g = go ® g1 with

go =sp(V) @s (direct sum of ideals),
g=VeT (as a module for go),
then
[uex, vyl = (xly)((ul)v + (v].)u) + (ulv)dy,

for some alternating bilinear form (.|.) : T x T — k and skewsymmetric
bilinear mapd,  : T x T — 5.
T becomes a symplectic triple system under [xyz] = dx ,(2).
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9(S42,S) (cont.)

Given any Zy-graded Lie algebra g = go ® g1 with

go =sp(V) @s (direct sum of ideals),
g=VeT (as a module for go),
then
[uex, vyl = (xly)((ul)v + (v].)u) + (ulv)dy,

for some alternating bilinear form (.|.) : T x T — k and skewsymmetric
bilinear mapd,  : T x T — 5.
T becomes a symplectic triple system under [xyz] = dx ,(2).

Theorem (E. 05)

In characteristic 3, s ® T is a Lie superalgebra with the natural bracket.
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9(S42,S) (cont.)

Corollary (Cunha-E.)
Let S be a para-Hurwitz algebra, then:
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9(S42,S) (cont.)

Corollary (Cunha-E.)
Let S be a para-Hurwitz algebra, then:

o T=(Vi®Va® V3)®(Vz®:(S)) ® (V1 ®u(S)) ®(Va®aS)) is
a symplectic triple system.
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Let S be a para-Hurwitz algebra, then:

o T=(Vi®Va® V3)®(Vz®:(S)) ® (V1 ®u(S)) ®(Va®aS)) is
a symplectic triple system.

® g(S542,5) is the Lie superalgebra attached to this triple system.
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Conclusion on g(S;1.2,S) and g(S42, S)

) 1 52 54 58

S1 | Lie superalgebras attached to orthogonal
triple systems J = Jy/k1

S4 | Lie superalgebras attached to symplectic

tripl tem ko J
iple systems J ok

(J a degree 3 central simple Jordan algebra)
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Some final comments

@ Only g(51,2,51) ~ psly , has a counterpart in Kac's classification in
characteristic 0. The other Lie superalgebras in Freudenthal Magic
Supersquare, or their derived algebras, are new simple Lie
superalgebras, specific of characteristic 3.
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@ Only g(51,2,51) ~ psly , has a counterpart in Kac's classification in
characteristic 0. The other Lie superalgebras in Freudenthal Magic
Supersquare, or their derived algebras, are new simple Lie
superalgebras, specific of characteristic 3.

@ g(512,51,2) and g(S1,2, Sa2) are related to some orthosymplectic
triple systems (Cunha-E.).

® g(512,51,2) is related to a “null orthogonal triple system”.

@ The simple Lie superalgebra [g(S512, S2), 9(51,2, S2)] has recently
appeared, in a completely different way, in work of Bouarroudj and
Leites.
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