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Gradings

G abelian group, A algebra over a field F.

G-grading on A:
M:A=EpA,,
geG

.Ag.Ah - -Agh Vg,h e G.
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Examples

Cartan grading:

g=0® (Buco 9a)

(root space decomposition of a semisimple complex Lie algebra).



Examples

Cartan grading:
9="0& (Daco 8a)
(root space decomposition of a semisimple complex Lie algebra).

This is a grading by Z", n = rank g.



Examples

Pauli matrices:

O O =

0
€
0

00

(e a primitive nth root of 1)

A =

A = Mat,(F)

X"=1=Y",

D 4w

0 1
00 1
y=|[::
000
100
YX = eXY
Az =FX'YI.
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Examples

Pauli matrices:

O O =

0
€
0

00

(e a primitive nth root of 1)

A =

A becomes a graded division algebra.

A = Mat,(F)

X"=1=Y",

D 4w

0 1
00 1
y=|[::
000
100
YX = eXY
Az =FX'YI.

This grading induces a grading on sl,(IF).

6
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MA=@,ccAe M A=@zcq Ay gradings on A.
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Fine gradings

MA=@,ccAe M A=@zcq Ay gradings on A.

o [ is a refinement of [ if for any g € G there is a g’ € G’ such
that .Ag Q .Ag/.
Then " is a coarsening of T.

o [ is fine if it admits no proper refinement.

Remark
Any grading is a coarsening of a fine grading.
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Gradings and affine group schemes

MA=PAa, < n:G6°— Aut(A)
geG

(morphism of affine group schemes)
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Gradings and affine group schemes

MA=PAa, < n:G6°— Aut(A)
geG

(morphism of affine group schemes)

where

GP : Algr —> Grp
R+ GP(R) = Hompg (FG, R) (=~ Homgyp(G, R¥)),

Aut(A) : Algr — Grp
R~ AUtR_a|g(.A QF R)
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Gradings and affine group schemes

rA=PA, < n:G6°— Aut(A)
geG

(morphism of affine group schemes)

where

nr(F)(xg @ r) = xg @ f(g)r
for f € GP(R) = Homay,, (FG,R), xg € Ag and r € R.
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Gradings and affine group schemes

rA=PA, < n:G6°— Aut(A)
geG

(morphism of affine group schemes)

Conversely,

n:GP = Aut(A) = nre(id) € Aut(A @F FG)

r:A=p A, with
geG
Ag={acA:npg(id)(a®1)=a®g} Vged.
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Consequences

Given a morphism Aut(A) — Aut(B), any grading on A induces a
grading on B.
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Ad : Aut(A) — Aut(Der(A)).
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Consequences

Given a morphism Aut(A) — Aut(B), any grading on A induces a
grading on B.
Example

Ad : Aut(A) — Aut(Der(A)).

If Aut(A) = Aut(B), the problems of classifying fine gradings on
A and on B up to equivalence (or the problem of classifying
gradings up to isomorphism) are equivalent.
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Classical Lie algebras

Assume the ground field is algebraically closed of characteristic not
two.

e B, C, (n>2), D, (n>5):
Aut(L) = Aut(M,(F), involution).
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Gradings on matrix algebras (with involution) have been dealt with
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Classical Lie algebras

Assume the ground field is algebraically closed of characteristic not
two.

e B,,C, (n>2), D, (n>05):
Aut(L) = Aut(M,(F), involution).
o A,
Aut(L) = Aut(M,(F)H),
(“Affine group scheme of automorphisms and

antiautomorphisms of the matrix algebra™)

Gradings on matrix algebras (with involution) have been dealt with
by Bahturin et al.

The fine gradings are obtained by combining Pauli gradings and
coarsenings of Cartan gradings.

What about D,?
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Aut(L) = Aut(0).
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Gy

Aut(L) = Aut(0).
There are, up to equivalence, two fine gradings on the octonions
(E. 1998):
o The Cartan grading, obtained as the eigenspace
decomposition for a maximal torus in Aut(Q).
o A Zg—grading that appears naturally while constructing O from
the ground field using the Cayley-Dickson doubling process.
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Gy

Aut(L) = Aut(0).

There are, up to equivalence, two fine gradings on the octonions
(E. 1998):

o The Cartan grading, obtained as the eigenspace
decomposition for a maximal torus in Aut(Q).

o A Zg—grading that appears naturally while constructing O from
the ground field using the Cayley-Dickson doubling process.

The induced Zg—grading on the simple Lie algebra of type G
satisfies that Lo = 0 and £, is a Cartan subalgebra of £ for any
0+#acZ3.
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Fa

Aut(L) = Aut(A), where A = H3(Q) is the Albert algebra
(exceptional simple Jordan algebra).

15/33



Fa

Aut(L) = Aut(A), where A = H3(Q) is the Albert algebra
(exceptional simple Jordan algebra).

There are, up to equivalence, four fine gradings on the Albert
algebra —Draper-Martin (char F = 0, 2009); E.-Kochetov (2012)-:
o The Cartan grading, obtained as the eigenspace
decomposition for a maximal torus in Aut(A).
o A Z x Z3-grading related to the fine Z3-grading on the
octonions
o A Z3-grading obtained by combining a natural Z%—grading on
3 x 3 hermitian matrices with the fine grading over Z3 of O.
o A Z3-grading with dim Ay = 1 Vg (charF # 3).
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Fa

Aut(L) = Aut(A), where A = H3(Q) is the Albert algebra
(exceptional simple Jordan algebra).

There are, up to equivalence, four fine gradings on the Albert
algebra —Draper-Martin (char F = 0, 2009); E.-Kochetov (2012)-:
o The Cartan grading, obtained as the eigenspace
decomposition for a maximal torus in Aut(A).
o A Z x Z3-grading related to the fine Z3-grading on the
octonions
o A Z3-grading obtained by combining a natural Z%—grading on
3 x 3 hermitian matrices with the fine grading over Z3 of O.

o A Z3-grading with dim Ay = 1 Vg (charF # 3).

The induced Zg—grading on the simple Lie algebra of type F4
satisfies that Lo =0 and £, & £_, is a Cartan subalgebra of £
forany 0 A« € Z%.

15/33
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Composition algebras

Definition
A composition algebra is a triple (€, %, n), where
o (@, %) is a (not necessarily associative) algebra,

o n: C — F is a nonsingular multiplicative quadratic form.
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Composition algebras

Definition
A composition algebra is a triple (€, %, n), where
o (@, %) is a (not necessarily associative) algebra,

o n: C — F is a nonsingular multiplicative quadratic form.
The unital composition algebras are called Hurwitz algebras.

For Hurwitz algebras, the map x — X = bp(x,1)1 — x is an
involution such that xx = xx = n(x)1 for any x.

17/33
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Symmetric composition algebras

Definition
A composition algebra (C, %, n) is said to be symmetric if its norm
is associative:

bn(x *y,z) = bn(x,y * 2)
for any x,y,z € C.
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Symmetric composition algebras

Definition
A composition algebra (€, , n) is said to be symmetric if its norm
is associative:

bn(x *y,z) = bn(x,y * 2)
for any x,y,z € C.

Example

For any Hurwitz algebra (C, , n), its para-Hurwitz counterpart is
(C, e, n), with

Xoy=Xx*y

for any x, y € €. These are symmetric composition algebras.
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Okubo algebras

Example

Let w € F be a primitive cube root of unity, then sl3(F), with
o multiplication: x * y = wxy — w?yx — & tr(xy),
o norm: n(x) = —3 tr(x?),

is a symmetric composition algebra.

Its forms are called Okubo algebras.
(Okubo algebras need a different definition in characteristic three.)
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Symmetric composition algebras

Theorem

With a few exceptions in dimension 2, any symmetric composition
algebra is either a para-Hurwitz algebra or an Okubo algebra.
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Symmetric composition algebras

Theorem

With a few exceptions in dimension 2, any symmetric composition
algebra is either a para-Hurwitz algebra or an Okubo algebra.

Two para-Hurwitz algebras are isomorphic if and only if so are
their Hurwitz counterparts.

In characteristic not three, the classification of Okubo algebras, up
to isomorphism, is given in terms of central simple associative
algebras of degree three.

In characteristic three it follows a different path.
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Triality

Let (C, %, n) be an eight-dimensional symmetric composition
algebra.
The linear map

C — Endp(C @ @)
X 0 k
rne O
induces an algebra isomorphism between the Clifford algebra of
(€, n) and Endp(C @ €), that restricts to an isomorphism

a: €l5(C, n) — Endp(C) x Endg(C).
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Triality
For any u € Spin(C, n), if a(u) = (p,}, p; ), then
Xu(x#y) = py (%) * pj (¥)

for any x,y € C. (Here x,(x) = u-x - u~! is the natural
representation of Spin(C, n) on C.)



Triality
For any u € Spin(C, n), if a(u) = (p,}, p; ), then
Xu(x#y) = py (%) * pj (¥)

for any x,y € C. (Here x,(x) = u-x - u~! is the natural
representation of Spin(C, n) on C.)
This provides a group isomorphism:

Spin(C, n) — Tri(C, *, n)
u e (Xus P P)

where the triality group is defined by

Tri(C, *, n) := {(f1, f, ) € O(G,n)3 :

A(xxy) = fh(x)*K(y) Vx,y € C}.



Triality
For any u € Spin(C, n), if a(u) = (p,}, p; ), then

Xu(x *y) = py (x) * pi (y)

for any x,y € C. (Here x,(x) = u-x - u~! is the natural
representation of Spin(C, n) on C.)
This provides a group isomorphism:

Spin(C, n) — Tri(C, *, n)
u = (Xus P PY)
where the triality group is defined by
Tri(C, *, n) := {(f, i, ) € O(C, n)>:
filxxy) = fa(x) * f3(y) Vx,y € C}.

(This isomorphism can be defined at the level of the corresponding
affine group schemes.)
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Cyclic compositions (Springer)

Definition
A cyclic composition is a 5-tuple (V,L, p, *, Q) consisting of
@ a cubic étale F-algebra I with an F-automorphism p of order
3,
o a free L-module V of rank 8,
@ a quadratic form @ : V — IL with nondegenerate polar form
bo,
@ an F-bilinear multiplication x : V x V — V such that, for any
x,y,z€ V and ¢ € L:

(€x) xy = p()(x xy), xx(Ly) = p*(£)(x * y),
Q(x * y) = p(Q(x))r*(Q(y)),
bo(x x y,z) = p(bo(y * z,x)) = p* (bg(z * X, y)).



Cyclic compositions

Example

Let (@, , n) be a symmetric composition algebra (over F) and let
L=FxFxFandp:(a,a2,a3)— (az,a3z,a1).
Then ((‘3 ®r L, L, p, *, Q), with Q@ = (n, n, n) and

(x1,x2,x3) * (¥1, ¥2,¥3) = (X2 % y3, X3 * y1, X1 * 2)

for any x1,...,y3 € C, is a cyclic composition.
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Cyclic compositions

Example

Let (@, , n) be a symmetric composition algebra (over F) and let
L=FxFxFandp:(a,a2,a3)— (az,a3z,a1).
Then ((‘3 ®r L, L, p, *, Q), with Q@ = (n, n, n) and

(x1,x2,x3) * (¥1, ¥2,¥3) = (X2 % y3, X3 * y1, X1 * 2)

for any x1,...,y3 € C, is a cyclic composition.

In this example, the automorphism group scheme is given by:

Autp(V,L, p, %, Q) = Tri(C, %, n) x Az = Spin(C, n) x As.

24 /33
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Trialitarian algebras (The Book of Involutions)

Let (V,L, p, %, Q) be a cyclic composition.

The associative algebra E = Endp, (V) is endowed with the
involution ¢ determined by @ and an isomorphism

a:Cl(E, o) =5 PE x P°E,

where the superscripts denote the twist of scalar multiplication
(i.e., PE is E as an F-algebra with involution, but with the new
L-module structure defined by ¢ - a = p(¢)a).

(In the example above, this isomorphism is induced by the
isomorphism €l5(C, n) ~ Endg(C) x Endg(C).)
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Trialitarian algebras (The Book of Involutions)

Let (V,L, p, %, Q) be a cyclic composition.

The associative algebra E = Endp, (V) is endowed with the
involution ¢ determined by @ and an isomorphism

a:Cl(E, o) =5 PE x P°E,

where the superscripts denote the twist of scalar multiplication
(i.e., PE is E as an F-algebra with involution, but with the new
L-module structure defined by ¢ - a = p(¢)a).

(In the example above, this isomorphism is induced by the
isomorphism €l5(C, n) ~ Endg(C) x Endg(C).)

The quadruple (E,LL, 0, «) is an example of a trialitarian algebra.
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Trialitarian algebras

The subspace
L(E) :={x € Skew(E,0) : a("x") = (x,x)}

is a central simple Lie algebra of type Djy.
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Trialitarian algebras

The subspace
L(E) :={x € Skew(E,0) : a("x") = (x,x)}
is a central simple Lie algebra of type Djy.

Theorem

Aut(L(E)) ~ Aut(E,L,0, ).
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Trialitarian algebras

The subspace
L(E) :={x € Skew(E,0) : a("x") = (x,x)}
is a central simple Lie algebra of type Djy.

Theorem

Aut(L(E)) ~ Aut(E,L,0, ).

Remark
Conjugation gives a natural morphism

Int : Aut(V,L, p,*, Q) — Aut(E,L,0,a).

26
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Type |, 11, Il gradings

From now on the ground field F will be assumed to be algebraically
closed of characteristic not two.
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Type |, 11, Il gradings

From now on the ground field F will be assumed to be algebraically
closed of characteristic not two.

Let £ be the simple Lie algebra of type Dy.

1—— PGO§ —— Autp(L) ——S3——1

If: L =@D,ccLe is agrading and 7 : GP — Aut(L) the
corresponding morphism of group schemes, then the image of 7 is
a diagonalizable subgroupscheme of the constant scheme S3, so it
corresponds to an abelian subgroup of the symmetric group Ss,
and hence its order is 1, 2 or 3. The grading I will be said to have
Type I, Il, or Il respectively.
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Type Il gradings

o The classification of type | or Il gradings follow the same lines
as the classification of gradings for D,,, n > 5.

o Type Ill gradings do not appear in characteristic 3.
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Type Il gradings

o The classification of type | or Il gradings follow the same lines
as the classification of gradings for D,,, n > 5.

o Type Ill gradings do not appear in characteristic 3.

From now on we will deal with type Ill gradings ' on £. If

(E,L, 0, ) is the trialitarian algebra over F, the isomorphism
Aut(L(E)) ~ Aut(E,L,0,«) allows us to transfer I to a grading
on (E,L,0,«q).

29/33



Lifting to Aut(V, L, p, *, Q)
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Lifting to Aut(V,L, p, *, Q)

Theorem

Any type Il grading, identified with a morphism
n: GP — Aut(E,LL,0,q), can be lifted to a grading on the cyclic
composition (V,L, p, *, Q):

AUtF(V7]L‘7 Py %, Q)

>

~
G = Int

Autp(E,L,0, )

30/33



Gradings on (V,L, p, %, Q)
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Gradings on (V,L, p, %, Q)

Theorem

Let T be a Type lll grading by an abelian group G on the cyclic
composition (V,L, p, *, Q) over an algebraically closed field IF,
charF # 2,3, and let 'y, be the induced grading on L.

Q If V=0, then (V,L, p,*, Q) is isomorphic to
(0,%,n) ® (L, p) as a graded cyclic composition algebra,
where (O, %, n) is the Okubo algebra, endowed with a
G-grading I'g with O, = 0, and the grading on
(0,%,n)®(L,p) isTo @ I..

Q Otherwise, (V,L, p,*, Q) is isomorphic to (C, e, n) ® (L, p) as
a graded cyclic composition algebra, where (C, e, n) is the
para-Cayley algebra, endowed with a G-grading e, and the
grading on (C,e,n) @ (L, p) isTe @ '
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Gradings on (V,L, p, %, Q)

Theorem

Let T be a Type lll grading by an abelian group G on the cyclic
composition (V,L, p, *, Q) over an algebraically closed field IF,
charF # 2,3, and let 'y, be the induced grading on L.

Q If V=0, then (V,L, p,*, Q) is isomorphic to
(0,%,n) ® (L, p) as a graded cyclic composition algebra,
where (O, %, n) is the Okubo algebra, endowed with a
G-grading I'g with O, = 0, and the grading on
(0,%,n)®(L,p) isTo @ I..

Q Otherwise, (V,L, p,*, Q) is isomorphic to (C, e, n) ® (L, p) as
a graded cyclic composition algebra, where (C, e, n) is the
para-Cayley algebra, endowed with a G-grading e, and the
grading on (C,e,n) @ (L, p) isTe @ '

The proof uses the fact that J(L, V) =L @ V is the Albert
algebra, and there is a classification of the gradings on this algebra.
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Gradings on D,
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Gradings on D,

Theorem

Up to equivalence, there are three fine gradings of Type Il on the
simple Lie algebra of type Dy over an algebraically closed field TF,
charF # 2,3. Their universal groups are 72 x 73, 73 x Z3 and Z3.
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Gradings on D,

Theorem

Up to equivalence, there are three fine gradings of Type Il on the
simple Lie algebra of type Dy over an algebraically closed field TF,
charF # 2,3. Their universal groups are 72 x 73, 73 x Z3 and Z3.

Theorem
Let IF be an algebraically closed field and let £ be the simple Lie
algebra of type Dy, over IF.
Q IfcharlF # 2,3 then there are, up to equivalence, 17 fine
gradings on (.

Q If charF = 3 then there are, up to equivalence, 14 fine
gradings on L.



¥ A. Elduque and M. Kochetov.
Gradings on simple Lie algebras.
Mathematical Surveys and Monographs 189,
American Mathematical Society, 2013.

[d A. Elduque and M. Kochetov.
Gradings on the Lie algebra Dy revisited.
J. Algebra 441 (2015), 441-474.
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A. Elduque and M. Kochetov.
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That's all.

Thanks
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