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Chapter 0

Integers

By now, you are used to deal with the integers:
Z=A{...,-2,—-1,0,1,2,...},

which are endowed with two operations: addition (4) and multiplication,
and with a total order (<). In this Chapter some of the well-known proper-
ties and definitions related to them will be recalled, mostly without proofs,
which you know from the course Numeros y Conjuntos.

§1. Division
Here are the main features that have to be taken into account:

e < is a well order in Z* (= N). That is, for any () # S C N, there is
an element m € S such that m < n for any n € S. Moreover, for any
a,b,c,d € Z with a < b and d > 0, it follows that a + ¢ < b+ ¢ and
ad < bd.

e For any m,n € Z with m # 0, m is said to divide n (and written m|n)
if there exists a ¢ € Z such that mc = n.

e Division algorithm: For any a,b € Z, with b # 0, there exists unique
q,r € 7 such that

a=gb+r and 0<r<]|bl.

Here |b| denotes the absolute value of b. The integers ¢ and r are called
the quotient and the remainder of the division of a by b.
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e Euclidean algorithm: Given any pair of integers a and b, with b # 0,
iterate the division algorithm until the remainder is 0:
a = qob+ 19
b=aqro+m
To = q2r1 + 12
0<ry <rp_q1<---<|b

Th—2 = qnTn—1+Tn

Tn—1 = qn+1Tn (remainder= 0)

Define r_9 = a, r—1 = |b| and 7,41 = 0 (note that n can be —1) .
Then

{common divisors of a and b} = {common divisors of b and 7¢},

= {common divisors of r,,_1 and 7,},

= {divisors of r,}.

Therefore r, is the unique natural number that satisfies:

Tnla, T b,
for any e € Z, e|a and e|b = e|ry,

that is, r, is the greatest common divisor of a and b. The notation
rn = ged(a, b) or just r, = (a,b) is used.

e Bezout’s identity: Given any two nonzero integers a and b, there
are integers x and y such that

ax + by = ged(a, b).
Proof. 1t is enough to go backwards in the Euclidean Algorithm:

Tn =Tpn—2 — nTn-1

=Tpn—2 — Qn(rn—B - Qn—lrn—Z) = (1 + Qn—1Qn)Tn—2 — qnTn-3

O

e In the other direction, if a,b,z,y € Z are nonzero integers such that
ar+by = 1, then ged(a, b) = 1, since any common divisor of a and b is
a divisor of ax + by. In this situation, a and b are said to be relatively
prime Or coprime.
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e Let a,b € Z\ {0}, then the set of positive common multiples of a and b
has a lowest element. Therefore, there exists a unique natural number
[ such that

all, b1,
for any e € Z, ale and ble = l]e,

[ is said to be the lowest (or least) common multiple of a and b and
denoted lem(a, b). You already know (but this a good moment to try
to prove it by yourself) that for 0 # a,b € Z:

|ab| = ged(a, b) lem(a, b).

Let us pause to give an example: take a = 57970 and b = 10353. The
Euclidean algorithm gives:

57970 = 5 x 10353 + 6205
10353 = 6205 + 4148
6205 = 4148 + 2057
4148 = 2 x 2057 + 34
2057 =60 x 34 417
34 =2x17

Thus

ged(57970,10353) = 17 = 2057 — 60 x 34
= 2057 — 60 x (4148 — 2 x 2057)
— —60 x 4148 + 121 x 2057
= —60 x 4148 + 121 x (6205 — 4148)
— —181 x 4148 4 121 x 6205
— —181 x (10353 — 6205) + 121 x 6205
— —181 x 10353 + 302 x 6205
— —181 x 10353 4 302 x (57970 — 5 x 10353)
— 302 x 57970 — 1691 x 10353

and

57970 x 10353
lem(57970,10353) = +7 = 3410 x 10353 = 35303730.
There is an easy way to perform the Euclidean algorithm and get the
coeflicients in Bezout’s identity. With r, = z,a 4+ y,b for any n > —2, let
R, = (rn, Tn,yn) (R—2 = (a,1,0), R—y = (b,0,1)). Since r,—1 = Gnt17Tn +
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Tni1, 0 < 7rpoq < 1y, it turns out that, since g1 = LT’;:J (|z] denotes the
largest integer < x),

Rn+1 = Rn—l - Lrn_lJ Rn

Tn

It is helpful to represent this recurrence as the evolution:

R72 T1 RO T2 RO T1 R2 T2
(ne) = ()= () = () =

T <R£n1> — (Rn_l B
Ty R —
2 Rn—l Rnfl -

In the previous example we get
57970 1 O N 6206 1 -5 N 6206 1 -5
10353 0 1 10353 0 1 4148 -1 6
N 2007 2 -11 R 2057 2 —11
4148 -1 6 34 -5 28

17 302 1791 17 302 —-1691
34 -5 28 0 —-609 3410

with

so 17 = ged (57970, 10353) = 302 x 57970 — 1691 x 10353.

e An integer p € Z \ {—1,0,1} is said to be prime if given any a,b € Z
such that p|ab, either p|a or p|b. Otherwise, p is said to be composite.

A word of caution is needed here. This definition is different from the
one you saw in the course Nameros y Conjuntos. Let us see that both
definitions are equivalent:

1.1 Theorem. Let p € Z\ {—1,0,1}. Then p is prime if and only if the
only divisors of p are +1 and +p.

Proof. =) Assume that p is prime and, without loss of generality, positive.
If 1 < a < pand a|p, then there is a b € Z such that p = ab, so p|a or p|b,
a contradiction since both a and b are smaller than p. Therefore, the only
divisors of p are £1 and +p.

<) Assume that p | ab but pta. Then ged(p,a) = 1 since the only
divisors of p are +1 and £p. By Bezout’s identity, there are z,y € Z such
that 1 = xp 4+ ya, so b = xzpb + yab is a multiple of p, because so are p and
ab. O
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e There are infinitely many prime numbers.

To end this section, let us recall the Fundamental Theorem of Arith-
metic:

1.2 Theorem. Any natural number n > 1 can be factored in a unique way
as a product of positive prime numbers:

n=pi Py
(a1,...,ar € N).

Besides, if @ and b are natural numbers, then there are positive prime
numbers py,...,p, and integers aq,...,a,,b1,...,b, € Z>o = NU {0} such
that @ = p{* ---pf and b = plil ---pb. Then:

{ ged(a, b) = pflnin{a1,b1} . Trflin{ar,br}

lem(a, b) = platantil . pmax{ar.b,}

§ 2. Congruences
Given a natural number n, define a relation in Z by means of:
a~b if nlb—a.

The usual notation for a ~ bis a = b (mod n) (read as a is congruent to b
modulo n.

e ~ is an equivalence relation.

e For any a € Z, its equivalence class is a = {a + kn : k € Z}.

e There are exactly n equivalence classes: 0,...,n — 1. The quotient set
is denoted by Z/nZ or Z,,.

e If a =0 (mod n) and ¢ =d (mod n), then

a+c=b+d (modn)
ac=bd (mod n)

so we may define an addition and a multiplication on Z/nZ by means
of:

a+b

ab

QI

+
SIS
Il

Ql
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2.1 Example. What are the last two digits of 210007

Since any natural number is congruent modulo 100 to the number formed
by the last two digits, we compute the class of 2'°%° modulo 100, taking
advantage of the remarks above:

210 = 1024 =24 (mod 100),
212 = 91092 =94 x4 =96 = —4 = —2? (mod 100),
220 — 21298 = 9298 — 910 (mod 100).
Thus, if a = 29, then a? = —a (mod 100), so
21000 — 100 — (_1)¥; = —4=—-24=76 (mod 100)
and the answer is 76.

2.2 Theorem. (Chinese Remainder Theorem) Letmy,..., m, be nat-
ural numbers such that any two of them are coprime, and let x1,...,z, € Z.
Then the system of linear congruences

z=x1 (mod my)

z=x, (mod m,)

has a solution. Moreover, if z1 and zy are two solutions, then zy = z9
(mod my ---my).

. m i
Proof. Write m = my---m, and for any i = 1,...,r let s;, = — = my S
m;
m,. By our assumptions, ged(m;,s;) = 1 for any i = 1,...,r, so there are

integers a;, b; such that a;m; + b;s; = 1 for any i. Let u; = b;s;, then

u; =1 (mod my),
u; =0 (mod s;), sou; =0 (mod my;) Vj#i.

Let z = z1uy + - -+ + x,u,, then for any i = 1,...,7:
z=zu1 + - F+zup =210+ Fz;- 1+ +x, - 0=z (modmi%

so that z is a solution.

Moreover, if z; and zo are two solutions, then z; — 29 = x; — x; =
0 (mod m;) for any 4, so that m; | 21 — 22 and hence m = my---m, =
lem(my,...,m;)|z1 — z2. Thus z; = z2 (mod m). O

An important subset of Z/nZ is the subset of its invertible elements:

(Z/nZ)* = {a € Z/nZ : b € Z/nZ such that ab =1}
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2.3 Proposition.
(Z/nZ)* ={a € Z/nZ : ged(a,n) = 1}.

(Notice that ged(0,n) = n for any 0 # n € Z.)
Proof. First, if ged(a,n) = 1, by Bezout’s identity there are integeres z,y €
Z such that ax +ny =1so0,as n =0, ax =axr = 1 and a € (Z/nZ)*.

Conversely, if ab = 1, then n|1—ab, so there is an x € Z with 1—ab = nx.
Then 1 = ab + nx, and this forces ged(a,n) to be 1. O
2.4 Definition. The map

¢:N— N
n ’(Z/nZ)X| <: {0 <z <n:ged(z,n) = 1}|>

is called the Fuler map.

Properties of the Euler map:

(i) o(1) =1, ¢(pk) = pk — pkil for any p, k € N with p prime.

This is because in the ‘interval’ 0 < z < p there are pF—!

p: 0,p,2p, ..., (pF "t —1)p.

multiples of

(ii) If my,mo € N and ged(mi, ma) = 1, then ¢(mima) = ¢(mq)p(ma).

Proof. Let f be the map from {0 < z < mimg : ged(z, mims) = 1}
into the cartesian product {0 <z < mq : ged(z,m) =1} x {0 <y <
ma ng(y7m2) = 1}7 given by f(Z) = (xvy)a where

{ x is the remainder of the division of z by my,

y is the remainder of the division of z by ms.

f is well defined because there are elements a, b, g1, g2 € Z such that
1 =az+bmime, 2 = ¢gmi +x and z = gmg +y. Hence 1 =
ax + (bmg 4 aqi)my and 1 = ay + (bmy + aga)ma, so that ged(z,my) =
1 = ged(y, m2). Now, the Chinese Remainder Theorem assures us that
f is a bijection. O

(ii) For any n € N, ¢(n) =n [] (1 - ;)

pin
p prime
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Proof. Let n = p{'---p% be the prime factorization of n; then, by the
two previous properties:

as required. O

(iv) For any n € N, n = Z o(d).
0<d|n

Proof. By joining together the elements in {1,...,n} with the same
greatest common divisor with n, one obtains that n = <djn Td>
with ng = {0 <z <n:gcd(z,n) =d}|. But if ged(z,n) = d with

0 <z <n, thenx:ydwith0<y§%andgcd(y,%) =1, so that

ng=ao (g) and the result follows. O

We finish our review of the Integers with a classical result that has
become very important for Criptography in recent times, as we will see
in the computer lab.

2.5 Theorem. (Euler’s Theorem) Letn € N and © € 7Z such that
ged(x,n) = 1. Then

2% =1 (mod n)

Proof. If n =1 this is trivial, so we will assume that n > 2. Let r = ¢(n)
and let {z1,...,2,} = {0 <y < n :ged(y,n) = 1}, so that (Z/nZ)* =
{Z1,...,%-}. Since gcd(xz,n) = 1, there is an element y € Z such that
7y = 1. Therefore the map

(Z/nZ)" — (Z/nZ)™

U — T
is a bijection, whose inverse is ‘the multiplication by g’. Therefore
(Z/nZ)" ={z1,..., %} ={Z%,..., %%}

and in Z/nZ,

Let z = 21 - - - 2, then ged(z,n) = 1 and Z = Z"Z. But since z has an ‘inverse’
in Z/nZ, it follows that " = 1 or, what is the same, " = 1 (mod n), as
required. O
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2.6 Corollary. (Fermat’s Little Theorem) Letp € N be a prime num-
ber and let v € Z. Then zP = x (mod p).
Moreover, if ptx then xP~' =1 (mod p).

Proof. If p| x, then z = 0 (mod p), so that 27 = 0 = = (mod p) and we
are done. Otherwise, pfx, so ged(z,p) = 1 as p is prime. Then by Euler’s

Theorem xP~! =1 (mod p) and thus 2P = 2P~z = 1z = = (mod p). O
Exercises
1. For any of the following pairs of natural numbers a and b, compute its

10.

greatest common divisor, least common multiple and integers z and y
with az + by = ged(a, b):

(a) a=1761, b= 1567.
(b) a = 507885, b = 60808.

. Given a positive prime number p, prove that ,/p is not a rational

number.

Let a € N, so that a = a,10" + a,_110" " + -+ + 4110 + ag, with
0<a;<10forany i=0,...,n. Provethat a=ag+a1+ -+ a,
(mod 9). Deduce from this the rule of 9 for checking the correctness
of multiplications.

. Let a be as in the previous exercise. Prove that a=a¢9—ai1+---%a,

(mod 11).

. Let a,b € Z:

(a) Prove that 10a + b is a multiple of 7 if and only if so is a — 2b.
(b) Prove that 10a + b is a multiple of 13 if and only if so is a + 4b.

Compute the remainder of the division of 3719 by 29.

Compute the last two digits of 9199,

4999
Compute the last digit of 999999999™*
Check that there are no squares whose last digit is 2, 3, 7 or 8.

Check that the square of any odd number gives remainder 1 when
divided by 8.
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719681978 _ 36878

1. 1 integer?
® T1o78 — 1968 U MOE

12. Let a,b € Z. Prove that the division of a® + b® by 4 never gives
remainder 3.

13. Prove that there are no integers a, b, ¢, not all of them 0, such that

a? + b = 3c%.

14. For any of the following pairs of integers a and n, check if they are
coprime and find the ‘inverse of @ modulo n’ (that is, 1 < x < n such
that ax =1 (mod n)):

15. With stamps of 15 and 21 cents, can you prepare a postage of 2 euros
and 11 cents? and of 2 euros and 13 cents?

13 Reduce modulo 4.



Chapter 1
Rings

The purpose of this chapter is the study of those sets that, like the integers,
are endowed with two operations: addition and multiplication, satisfying the
usual properties. Many of the properties satisfied by these sets are obtained
with the same arguments used for the integers, so some of the (easy) proofs
will be omitted.

8§ 1. Definitions and examples

1.1 Definition. A ring is a set R, endowed with two binary operations:
addition: R x R — R, (a,b) — a + b, and
multiplication: R x R — R, (a,b) — ab,

satisfying the following properties:

(i) The addition is associative, commutative, R contains a neutral element
for it (this is called the zero element and denoted by 0) and any element
has an opposite element (the opposite of a is denoted by —a).

(ii) The multiplication is associative and distributive relative to the addi-
tion.

1.2 Remark. If R is a ring and only the addition is taken into account,
then it forms an abelian group.

1.3 Definition.

e A ring R is said to be commutative if its multiplication is commutative.

e A ring R is said to be wunital if there is a neutral element for its
multiplication, which is denoted by 1, and 1 # 0. Thus, la = al = a
for any a € R.

11
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e A ring R is said to be a division ring if it is unital and for any 0 # a €

R, there is an inverse for a (denoted by a™!), that is, aa™! = a~la = 1.

e A commutative division ring is called a field.

1.4 Examples.

(i)
(i)
(i)

(vi)

Z is a unital commutative ring, but it is not a field.
Q, R and C are fields.

Z/nZ is a unital commutative ring. Moreover, the set of nonzero
elements that have an inverse is precisely (Z/nZ)*. Therefore,

’Z/nZ is a field if and only if n is prime‘

Hamilton quaternions (1843)

H={a+bi+cj+dk:abecdec R} (real vector space with basis
{1,4,7,k}). The addition in H is its addition as a vector space, while
the multiplication of two elements is obtained by the distributive prop-
erty and by applying the rules:

=2 =k=-1,ij=—ji=k, jk=—kj=1i, ki=—ik=].
H is a division ring with

1

. . -1 _
(a+bi+cj+ dk) = R io P

(a — bi —cj — dk),
but it is not a field.

If F is a field, then

F[X] = {polynomials with coefficients in F'}
={ao+au X+ +a, X" :n € Z>o, ap,...,a, € F}

is a unital commutative ring and, as for Z, there is a ‘division algo-
rithm’ for polynomials. For any p(X) € F[X] and 0 # ¢(X) € F[X],
there are unique polynomials ¢(X),r(X) € F[X] such that p(X) =
¢(X)q(X)+r(X) and either 7(X) = 0 or the degree of r(X) is strictly
smaller than the degree of ¢(X). Then, as in Z, this gives a ‘Euclidean
algorithm’ to compute the greatest common divisor, ...

Given any interval I on the real line, the sets of functions:

C(I,R)={f:I—R: fis continuous}
D(I,R) ={f:1I — R: f has a derivative at any point}

are unital commutative rings with the usual addition and multiplica-
tion of functions.
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(vii) If F is a field, Mat,,(F") (the n X n square matrices over F') is a unital
ring. If n > 2, Mat,,(F') is not commutative.

(viii) If R; and Ry are rings, so is its cartesian product R; x Rg, where
the operations are defined componentwise. This is called the direct
product of the rings R; and Ry. The same happens with the cartesian
product of any family of rings.

1.5 ¢Silly’ properties of rings. You should be able to prove these without
help:

(i) 0a = a0 =0 for any a € R.
(i

i) (—a)b=a(—b) = —(ab) for any a,b € R.
(iii) (—a)(—b) = ab for any a,b € R. (This is a consequence of (ii).)
)

(iv) If R is unital, then —a = (—1)a for any a € R. (This too is a conse-
quence of (ii).)

Given any ring R, for any a € R and n € N, the following notation will
be used:

na=a+---+a (—n)a=(—a)+---+(—a) (nsummands).
1.6 Definition. Let R be a ring.

(i) An element 0 # a € R is said to be a zero divisor if there exists
0 # b € R such that ab =0 or ba = 0.

(ii) If R is unital and u € R, u is said to be a unit or an invertible element
if there exists v € R such that uv = 1 = vu. The subset of R formed
by its units is denoted by R*.

(iii) R is said to be an integral domain if it is commutative, unital and
contains no zero divisors.

1.7 Examples.
e Z is an integral domain and Z* = {£1}.

e Let R={f:]0,1] - R : f is continuous} and let f,g € R defined by
means of:

if
f(fv)z{o | Hosw

Then f # 0 # g but fg =0, so f and g are zero divisors.

1 1 1
D=t
1 0 fs<z<1

1.8 Not so ‘silly’ properties. Let R be a ring. Then:
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(i) If R is unital and a € R is a zero divisor, then a is not a unit. In
particular, any field is an integral domain.

Proof. If ab =0 and ac = ca = 1, then 0 = ¢(ab) = (ca)b=1b=0. O

(ii) Let 0 # a € R. If a is not a zero divisor, then one may simplify by a.
That is, for any b,c¢ € R, if ab = ac, then b = ¢ and if ba = ca, then
b = c too.

Proof. If ab = ac, then a(b — ¢) = 0 and, since a is not a zero divisor,
b—c=0,orb=c. O

A word of caution here: zero divisors cannot be simplified!! For in-
stance, 2 x 2 =4 =2 x 8 in Z/127Z, but 2 # 8.

(iii) Any finite integral domain is a field.

Proof. Let R be a finite integral domain and 0 # a € R. Consider the
left multiplication by a:

L,:R— R

T — ax.

Since a is not a zero divisor, this is one-to-one. But any one-to-one map
between two finite sets with the same number of elements is also onto.
Therefore there is a b € R such that ab =1 (= ba) (R is commutative).
Thus any nonzero element has a multiplicative inverse. Hence R is a

field. O

1.9 Example. Let R be a unital commutative ring. Then the polynomials
in X with coefficients in R also form a unital commutative ring, denoted by
R[X]. Besides, if R is an integral domain, then:

- Vp(X), q(X) € R[X]\ {0}, deg(p(X)q(X)) = degp(X) + deg q(X),
- R X|* = R*.
- R[X] is an integral domain too.

1.10 Definition. A subring of a ring R is a nonempty subset of R that is
closed for the addition, multiplication and opposites.

That is, if ) # S C R, S is a subring of R if for any a,b € S, also,
a+be S, abe Sand —a € S.

In particular, for any a € S, 0 = a+ (—a) € S, so S becomes a ring with
the addition and multiplication inherited from R. This situation is written
S <R.
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1.11 Examples.

(i) Z<Q<R<C<H.

(ii) For any unital commutative ring R, R < R[X].
(iii) D(I,R) < C(I,R), for any real interval I.
)

(iv) Z+ Zi+ Zj + Zk < H.

§ 2. Homomorphisms and ideals

2.1 Definition. Let R and S be two rings and let ¢ : R — S be a map.
Then:

e ¢ is said to be a ring homomorphism (or just a homomorphism) if for
any a,b € R,

e If v is a ring homomorphism, then its kernel is the subset ker p =
©71(0) of R, while its image is the set im ¢ = ¢(R).

e A ring homomorphism is said to be a monomorphism if it is one-
to-one, an epimorphism if it is surjective, and an isomorphism if it
is a bijection. Moreover, the isomorphisms ¢ : R — R are called
automorphisms.

2.2 Examples.

(i) The map ¢ : Z — Z/nZ, given by ¢(x) = T is an epimorphism, with
kernel
kerp=0=nZ={nzx €Z:x €}

(i1) The map ¢ : Z — Z, given by ¢(x) = 2z, is NOT a homomorphism.

(iii) Given any unital commutative ring R and any element a € R, the map
¢ : RIX] - R, p(X) — p(a) is a homomorphism, called evaluation
homomorphism.

You should be able to prove the following:

2.3 Properties. Let ¢ : R — S be a ring homomorphism. Then:
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(i) ¢(0) =0 and p(—a) = —p(a) for any a € R.
(ii) im¢ is a subring of S.

(iii) ker ¢ is a subring of R that satisfies that for any a € R and x € ker ¢,
ax,xa € ker .

These properties satisfied by the kernel of any homomorphism deserve a
recognition:

2.4 Definition. Let R be a ring and I a nonempty subset of R.

e [ issaid to be a left ideal (respectively right ideal) of R if it is a subring
of R and for any a € R and z € I, ax € I (respectively, xa € I). The
notation I <y, R (respectively I right R) will be used.

e [ is said to be an ideal of R if it is both a left and a right ideal of R.
In this case, we write I < R.

Notice that for commutative rings, left ideals, right ideals or ideals are
the same thing.

2.5 Examples.

1. Let us compute the ideals of Z. First of all, {0} is clearly an ideal
(which, by abuse of notation, is denoted simply by 0), something that
is valid for any ring. Now, let 0 £ I < Z and let n be the least natural
number in I (notice that if —n € I, then also n = —(—n) € I). Then
for any x € I, there are integers ¢ and r such that x = cn + r and
0<r<n Butz,nel sor=x—cn €I From our hypotheses
on n, we must have r = 0. Therefore I consists of multiples of n and
hence I = nZ.

Thus

{Ideals of Z} = {nZ :n e NU{0}}

2. Let F be a field, n > 1 an integer and R = Mat,(F'). For any j =
1,...,n, let R; be the set of those matrices in R whose entries not in
the j* row are all 0 and, in the same vein, let C; be the set of those
matrices in R whose entries not in the j*" column are all 0. Then

Rj <iignt B,  Cj Jiepy R,

but
Rj ety R,  Cj Arigie R.
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Now we arrive at one of the most important concepts in Ring Theory.
Let R be a ring and I an ideal of R. Consider the binary relation on R
defined by

(2.6) a~b if a—bel,

for any a,b € R. Then ~ is an equivalence relation. The equivalence class
of any a € R is the set

a+I={a+r:rel}.
The quotient set (that is, the set of equivalence classes) is denoted by R/I.
Moreover, if a,b,c,d € R and a ~ ¢, b ~ d, then also a +b ~ ¢+ d

and ab ~ cd, so an addition and a multiplication can be defined on R/I by
means of:

(a+I)+(b+1)=(a+0b)+1,
(a+I1)b+1I)=uab+ 1.
With these two operations, the quotient set R/I is a ring, which is called
the quotient ring of R by 1.

The ring Z/nZ developed in Chapter 0 is just an instance of quotient
ring.

2.7 Properties. Let R and S be two rings.

o First Isomorphism Theorem: Let p : R — S be a homomorphism,
then the quotient ring R/ ker ¢ is isomorphic to im ¢ through the iso-
morphism

@: R/kerp — imp
a + ker p — p(a).

e Let I be an ideal of R, then the map m: R — R/I, a— a+ I, is an

epimorphism, called the natural projection of R over R/I. Besides,

kerm = I. In particular, this shows that any ideal is the kernel of some
homomorphism.

o Let ¢ : R— S be a homomorphism, then

@ is a monomorphism <= ker p = 0,

p is an epimorphism <= imp = S.

e Second Isomorphism Theorem: Let A be a subring and I an ideal
of R, then A+ I ={a+x:a€ Ax €1} is a subring of R, ANIT is
an ideal of A and the map

A/JANT —- A+1/I
a+ANI—a+1,

s an tsomorphism.
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Proof. The map A — A+ 1I/I, a — a+ I is clearly an epimorphism
with kernel AN 1. Now the First Isomorphism Theorem applies. O

o Third isomorphism theorem: Let I and J be two ideals of R with
I C J, then J/I is an ideal of R/I and the quotient rings (R/I)/(J/I)

and R/J are isomorphic.

Proof. The map R/I — R/J, a+ I — a+ J is an epimorphism with
kernel J/I and again the First Isomorphism Theorem applies. ]

o Let I be an ideal of R, then the map
{subrings of R containing I} — {subrings of R/1}
S > S/1,

is a bijection. The inverse map is given by S<R/I—S={acR:
a+ I € S}. The same result is valid changing subrings for ideals.

Some more properties of ideals and homomorphisms are given in the
next result:

2.8 Proposition. Let R be a unital ring. Then:
(i) If I is an ideal of R, then I = R if and only if I has a unit.

(ii) If R is commutative, then R is a field if and only if R has no proper
ideals. (An ideal I is said to be proper if I # 0,R.)

(iii) Let R be a field and let ¢ : R — S be a nonzero homomorphism. Then
© 18 a monomorphism.

Let R be a ring and let A be a subset of R, consider the following subsets
of R:

RA={ra;+ - +mra,:neNr €R,a; € AVi},
AR ={a1r1+ - +aprn :n €N, € Rya; € AVi},
RAR = {ria17} + -+ rpanrl, :n € N,ry, vl € R,a; € AVi}.

where, by convention, R) = )R = ROR = 0.
2.9 Proposition. Let R be a unital ring and let A be a subset of R, then:
e RA is the smallest left ideal of R containing A.

o AR is the smallest right ideal of R containing A.
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e RAR is the smallest ideal of R containing A.

Under the conditions of RA (respectively AR, RAR) is said to be
the left ideal (respectively right ideal, ideal) generated by A.
If A={a}or A=/{ay,...,a,} then one writes RAR = (a) or (a1, ..., an).

2.10 Definition. Let R be a unital ring and let I be an ideal of R such
that there exists a € R (respectively ay,...,a, € R) with I = (a) (respec-
tively I = (aq,...,ay)), then I is said to be principal (respectively finitely
generated).

2.11 Examples.
e In 7Z every ideal is principal.

e Let us see that the ideal (2, X) of Z[X] is not principal. First notice
that

(2,X) = {2p(X) + Xq(X) : p(X),¢(X) € Z[X]}
= {p(X) € Z[X] : p(0) is even}.

If there would exist a polynomial a(X) € Z[X] such that (2,X) =
(a(X)), then 2 € (a(X)), so there would exist p(X) € Z[X] with
2 = a(X)p(X), but then the degree of a(X) would be 0 and a(X) = £1
or a(X) = £2. In the first case (a(X)) = Z[X], while in the second
case X ¢ (a(X)), a contradiction.

2.12 Definition. Let R be a ring and let M be an ideal of R with M # R.
Then M is said to be maximal if the only ideal of R containing strictly M
is the whole R.

2.13 Example. In Z, nZ C mZ if and only if m | n, so the maximal ideals
of Z are precisely the pZ with p a prime number.

For many other unital rings, like Z, it can be easily proved that they
contain maximal ideals, but a ‘general proof’ requires the use of Zorn’s
Lemma (which is equivalent to the Axiom of Choice). Let us pause to recall
some relevant facts about it.

* % % X X

The Axiom of Choice. Let I be a nonempty set and let {A;}ier be a
family of nonempty sets, then [[;c; A; is not empty.

This assertion is quite intuitive, but it is not a consequence of the basic
axioms of Set Theory. By the way, recall that [ [, ; A; is defined as the set of
choice functions f: 1 — UjerA;, where f(i) € A; for any i € I. The Axiom
of Choice asserts that there is always a choice function, even if the family is
infinite, which means that one may take an infinite choice of elements.
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Definition. A partial order on a nonempty set is a binary relation < that
is reflexive, antisymmetric and transitive.

If A is a nonempty set endowed with a partial order <, B is a subset of
A and u € A, then:

e u is an upper bound (respectively lower bound) of B if for any b € B,
b < u (respectively u < b). Besides, if u € B, then u is the mazimum
(respectively minimum) of B.

e u is a mazimal element (respectively minimal element) of B if u € B
and for any x € B, u < x <= u = x (respectively z < u <= u = x).

e B is a chain if B # () and the restriction of < to B is a total order
(that is, for any a,b € B, either a < bor b < a)

e < is a well order if any nonempty subset of A has a minimum.

Zorn’s Lemma. Let A be a partially ordered nonempty set such that there
is an upper bound for any of its chains. Then there are mazximal elements
of A.

Well Ordering Principle. Any nonempty set admits a well order.

Even though Zorn’s Lemma and the Well Ordering Principle do not seem
as intuitive as the Axiom of Choice, it can be proved that the three assertions
are equivalent:

Axiom of Choice <= Zorn’s Lemma <= Well Ordering Principle

This is proved in the appendix to this chapter.

* ok ok k%

2.14 Proposition. Let R be a unital ring and let I be an ideal of R, I # R.
Then I is contained in some maximal ideal of R.

Proof. Consider the set S={J < R:J# Rand I C J}. Then S # () since
I € §. The relation C is a partial order in §. Let C be a chain in S and let
J = UaecA. Then:

e J is an ideal of R. To see this, note that for any z,y € J and r € R,
there are A, B € C such that x € A and y € B. Since C is a chain,
either A C Bor BC A, so C = AUB is equal either to A or to B and
hence C € C with z,y € C. Since C is an ideal, z 4+ y, —x, xy, rz, xr €
C(CJ),sox+y,—xz,xy,rx,zr € J. Therefore J is an ideal.

e 1 & J since 1 ¢ A for any A € C. In particular, J # R.
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e J is an upper bound of C (obvious).

It has been proved that there is an upper bound for any chain in S. Then
Zorn’s Lemma implies that & has maximal elements. But the maximal
elements of S are precisely the maximal ideals of R containing I. O

2.15 Proposition. Let R be a unital commutative ring and let I be an ideal
of R, I # R. Then I is a mazimal ideal of R if and only if R/I is a field.

Proof. Recall that
{ideals of R/I} ={J/I:J <R, I C J},
so that both assertions in the Proposition are equivalent to

{ideals of R/I} ={0,R/I}. O

2.16 Examples.
e (2,X) is a maximal ideal of Z[X] (we write (2, X) Jmax Z[X]).

Proof. Since (X) C (2, X), ZIX]/(2, X) 2 (ZIX]/(X)) / (2, X)/(X)).
Consider the homomorphism ¢ : Z[X]| — Z/2Z obtained as the com-
position of Z[X| — Z, p(X) — p(0), and Z — Z/2Z, n — n + 2Z. ¢
is an epimorphism with ker p = {p(X) € Z[X] : p(0) = 2Z} = (2, X),
so by the First Isomorphism Theorem, ¢ induces an isomorphism
Z[X]/(2,X) = Z/2Z. Since Z/2Z is a field, we get (2,X) Dmax
Z[X]. O

e Let R={f:[0,1] — R : f is continuous} and let a € [0, 1] be fixed.
Consider M, ={f € R: f(a) = 0}. Then M, = ker ¢,, where ¢, is
the epimorphism R — R, f — f(«). Therefore R/M, = R, which is a
field, and thus M, <n.x R.

2.17 Definition. Let R be a unital commutative ring and let P < R with
P # R. Then P is said to be prime if for any a,b € R with ab € P, either
ac€ PorbeP.

The prime ideals of Z are precisely 0 and the ideals pZ, with p a prime
number.

2.18 Properties. Let R be a unital commutative ring.

e Let P # R be an ideal, then P is prime if and only if R/P is an
integral domain.

o Any maximal ideal of R is prime. However the converse is not valid
(0 is a prime ideal of Z but it is not mazimal since 0 G 222 G 7).
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2.19 Definition. Let R be a ring and let I, J < R. Then I and J are said
to be comaximal in case I + J = R.

2.20 Example. nZ and mZ are comaximal in Z if and only if 1 € nZ+mZ, if
and only if there are z,y € Z with 1 = nz+my, if and only if ged(n,m) = 1,
if and only if n and m are relatively prime.

Given any ring R and ideals Iy, ..., I,, < R, the product I - - - I,;, denotes
the ideal

Il~--Im:{Zal---am:aieliVizl,...,m}.

If R is unital and commutative and if I; = (a;) for any i = 1,...,m, then
I I, = (a1 -ap) is principal too.

Recall that given any rings Ry, ..., Ry, its direct product Ry x --- X Ry,
is a ring too.

2.21 Chinese Remainder Theorem. Let R be a unital commutative ring
and let Iy, ..., I, G R be ideals of R (m > 2). Then the map

0:R— R/I; x--- X R/I,
x> (x4 1,...,x+ Iy),
s a ring homomorphism with kernel kerp = I1 N ... N ILy,.
Moreover, if for any © # j, I; and I; are comaximal, then ¢ is an epi-
morphism and LN ...NI,=11--- I, so
o: R/ Iy, — R/I} X -+ x R/ I,
a:—f—IlIm»—>(a:—|—I1,,x+Im)

is an isomorphism.

Proof. The first part of the Theorem is easy. Suppose then that I; and I;
are comaximal for any ¢ # j, then R=L +lb =L + I3 =--- =11 + I,
so there are elements a; € I; and b; € I; for any ¢« = 2,...,m such that
1 = a; + b;. Therefore

1= (ag +bz2)(as+b3) - (am + by) = bz - by, + terms contained in Iy.

Hence 1 € Iy + I5---1,,. Interchanging the index 1 by ¢ for any %, this
argument shows that for any ¢ = 1,..., m there are elements x; € I; and
yi € I L I, such that 1 = x; +vy;. But y; € It L I, C I; for any j # 1,
so that y; + I; = 0 for any j # i. Besides, y; +I; = (1 —a;) + I; = 1+ I
since x; € I;. Thus,

o) =0+1I1,....,1+1;...,0+ 1)
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for any i = 1,...,m. Also, for any a; € R,

tp(aiyi):(ai—i—Il,...,ai+Im)(0+11,...,1+Ii,...,0+Im)
:(0+Il,---,(li+[i,---,0+[m),

so that for any a1,...,am € R

olaryr + -+ + amym) = p(ary1) + -+ + @(amym)
=(a1+1,...,am + In),

and this shows that ¢ is onto.
Finally, I ---1,, CIiN---N1,, but forany a € Iy N --- N Ly,

=Qary- Ty + Zterms (ay;)u.

Since axy - xm € I1---Ipanda € I;, y; € I -?-Im, also (ay;)u € Iy - - - L,
Thusa€ely---I,and Iy -+ I, = I N---N I, as required. L]

As a particular case, take R = Z and I; = n;Z, with nq, ..., n,, relatively
prime. Then the above Theorem shows that the map

Z/nl...an—>Z/n1Zx xZ/an
x+n1...anb—>(1’1—|—7’L1Z,...,$m+an)7

is an isomorphism. This assertion is equivalent to the ‘classical version’ of

the Chinese Remainder Theorem (see Chapter 0, Theorem .

§ 3. Field of fractions

The usual construction of the rational field Q from the integers will be
generalized in this section.
Recall that

Q:{%:aez,beZ\{O}}a

with the convention that § = < if and only if ad = be. Also, Z is embedded

in Q by means of the map Z < Q, a — ¢, and this allows us to identify Z
with a subring of the field Q.

3.1 Theorem. Let R be an integral domain. Then there exists a field Q)
and a ring monomorphism v : R — @Q (which allows us to identify R with a

subring of Q) satisfying:
1. Any element of Q is of the form 1(a)u(b)~! with a € R and b € R\ {0}.
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2. (Uniqueness of Q) If ¢ : R — F is a ring monomorphism into a
field F', then there is a unique monomorphism v : Q — F such that

You=p:

R—+—~Q
.
(G

i
F

That is, in a sense, @Q is the smallest field containing R.

Proof. This is done by mimicking the arguments for Z and Q. Let
F=Rx(R\{0})={(a,b) e Rx R:b#0},
and consider in F the relation
(a,b) ~ (c,d) <= ad = bc.

Then ~ is an equivalence relation. Let () be the quotient set and denote by
¢ the equivalence class of the pair (a,b) € F. That is,

= ={lc,d) e F:(ab) ~ (c.d)},

so that ¢ = ¢ if and only if ad = bc.
Now define the binary operation on @ by means of:

.. a ¢ ad+be
addition: 3 + i
Itiplication: ac_ac

B ’ bd bd

It is an easy exercise to show that these are well defined and that @ is a
field. The neutral element of the addition is ¢ (= 2 for any 0 # b € R) and
of the multiplication is 1 (= 2 for any 0 # b € R).

Moreover,

t:R— Q@
r

T -
1

is a ring monomorphism and any element of @ is of the form
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so the first condition is satisfied.
Now, assume that ¢ : R — F' is a ring monomorphism into a field F.
Define

P:Q — F

7 la)p) .

1 is well defined, it is a ring monomorphism (check all this!) and Ppor=¢.
Besides, if ¥ : Q — F is another ring monomorphism satisfying ¥ o ¢ = ¢,
then

a ~

5 (2) = 0@ = H@) B 1) = cl@et) = v (2).

SO Y = 1[1, proving the uniqueness. O

3.2 Definition. Let R be an integral domain. The field @) constructed in
the previous Theorem is said to be the field of fractions of R.

3.3 Examples.
e The field of fractions of Z is Q.

e If F'is a field, the field of fractions of F' is F itself (up to isomorphism),
since ¢ is an isomorphism in this case.

e Let R = F[X] be the ring of polynomials over a field F. Its field of
fractions is the field of rational functions

F(X) = {ZEQ  p(X),4(X) € FIX], q(X) # o} .

§4. Divisibility

In this section we will consider classes of integral domains verifying some of
the properties satisfied by the integers. Namely, the existence of a division
algorithm, the fact that any nonzero ideal can be generated by just one
element, and the unique factorization into prime numbers. Each one of these
properties will lead to a different and interesting class of rings: euclidean
domains, principal ideal domains and unique factorization domains.

4.1 Definition. Let R be an integral domain.

(i) Amap N: R— NU{0} with N(0) =0 is called a norm of R.
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(ii) R issaid to be a euclidean domain if it has a norm N such that for any
a € Rand b € R\ {0}, there are elements ¢, € R such that a = ¢gb+r
and either r = 0 or N(r) < N(b). (q is said to be the quotient and
r the remainder of the division of a by b —although they may be not
unique-—.)

In this way, if R is a euclidean domain and a,b € R with b # 0, one may
apply a euclidean algorithm, exactly as in Z, which consists in iterating the
division until a remainder 0 is found, so that:

a = qob+ g
b=qro+m1
To = G271 + 172
(4.2)

Th—2 = qnTn—1+Tn

Tn—1 = qn+1Tn (remainder= 0)

with 0 < N(rp,) < N(rp—1) <--- < N(b).

4.3 Examples.

Every field is a euclidean domain with N(a) = 0 for any a.

Z is a euclidean domain with N(a) = |a| for any a € Z.

Let F be a field, then F[X] is a euclidean domain with N(0) = 0 and
N (p(X)) = degp(X) for any 0 # p(X) € F[X].

The ring of Gaussian integers is the subring
Z[i|={a+bi:a,beZ}
of the complex field C. It is a euclidean domain with
N(a + bi) = (a + bi)(a + bi) = a* + b*.

Proof. Let a = a+ bi, = c+ di € Z[i] with 8 # 0. By dividing in C
we get: B
a af

B BB
where qo,q1 € Q. Let u,v € Z with |u — qo| < % and |[v —q1| < % and
let v =wu+wvi € Z[i] and p = a — By € Z]i]. Then, in C,

= qo + q1t,

%Z%—WZ(%—U)JF(%—U)%
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so that
N(p) ? ) , 11
IV Y o _ _ < 1z
Hence N(p) < N(f), as required. O

4.4 Definition. Let R be a commutative ring and a,b € R with b # 0.
Then:

(1) a is said to be a multiple of b (or b a divisor of a) if there exists z € R
such that a = bz. (Notation: b | a.)

(ii) A greatest common divisor of a and b is an element 0 # d € R such
that

(a) d|a,d]|b, and
(b) for any 0 # d’ € R such that d' | a and d' | b, then d’ | d.

(Notation: d = ged(a,b), although d may be not unique.)

Divisibility is related to ideals.

4.5 Properties. Let R be a unital commutative ring, and 0 # a,b € R.
Then

1. Foranyd € R, d|a and d | b if and only if (a,b) C (d).

Proof. Tt is enough to realize that d | a if and only if a € (d) if and
only if (a) C (d). O

2. If (a,b) = (d), then d = gcd(a,b). (Check this!)

3. Assume that R is an integral domain and d,d" € R. Then (d) = (d')
if and only if there exists u € R* such that d' = du. In particular, if
d and d' are greatest common divisors of two elements a,b € R, then
there is a unit u € R* such that d' = du.

Proof. Assume first that (d) = (d’). Then d € (d') so thereis az € R
with d = d'z. Also d’ € (d) so there is a y € R with d’ = dy. Then
d = dy = d'zy, so d'(1 — zy) = 0. Since R is an integral domain,
either d = 0, and hence d = d’ = 0 and we may take u =1, or zy = 1
sou=1y€ R

Now, if d’ = du for some unit u, then d’ = du € (d), so (d') C (d), but
also d = d'u=! € (d'), so (d) C (d'). Hence (d) = (d'). O

4.6 Theorem. Let R be a euclidean domain with norm N.
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(i) Let 0 #1 < R and let 0 # a € I such that N(a) = min{N(z) : 0 #
x € 1}. Then I = (a). In particular, any ideal of R is principal.

(ii) For any 0 # a,b € R, let r, be the last nonzero remainder in the
‘euclidean algorithm’ (4.2). Then r,, = gcd(a,b), there are elements
z,y € R with r, = za + yb, and (a,b) = ().

Proof. Exactly as for Z! O

4.7 Definition. An integral domain is said to be a principal ideal domain
(PID for short) if any of its ideals is principal.

4.8 Properties.
o Any euclidean domain is a principal ideal domain.

e [fRisa PID and 0 # a,b € R, then there exists a 0 # d € R such that
(a,b) = (d). Therefore d = ged(a,b) and any other greatest common
divisor of a and b is of the form du for some unit u € R*.

e If Ris a PID and 0 # I < R, then I is prime if and only if it is
mazximal.

Proof. We already know that any maximal ideal is prime (see .
Conversely, let I be a prime ideal of R and let g J < R. Since R is a
PID, there are elements p,q € R such that I = (p) and J = (q). Now,
p€l CJ=(q),sothereisanz € R with p = xq. Since I is prime and
xzq € I, either € I or ¢ € I. In the latter case (q) =J C I, s0 I = J,
a contradiction, while in the former case x € I, so there is a y € R
with = yp. But then p = ¢ = ypq and (1 —yq)p = 0. Since R is an
integral domain and p # 0, yg = 1, so ¢ is a unit, 1 = yq € (¢) = J
and J = R. Thus, I is maximal. O

4.9 Example. In Z[X], the ideal (2, X) is not principal (see [2.11)), so that
Z[X] is not a PID

In fact, the following result holds:

4.10 Proposition. Let R be a unital commutative ring. Then R[X] is a
PID if and only if R is a field.

Proof. If R is a field, R[X] is a euclidean domain (by[4.3), so it is a PID (see
[4.8). Conversely, if R[X] is a PID, in particular R[X] is an integral domain,
and so is R. Then since R[X]/(X) = R, it follows that (X) <prime R[X] by
But then (X) Jpax R[X] by so R = R[X]/(X) is a field because
of 215 O
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Let us deal now with the concepts that generalize prime numbers in N.
4.11 Definition. Let R be an integral domain.

(i) Let 0 # r € R be a nonunit, then r is said to be irreducible in R if for
any a,b € R such that r = ab, either a or b is a unit. Otherwise, r is
said to be reducible

(ii) Let 0 # p € R be a nonunit, then p is said to be prime in R if
P) <orime K. That is, p is prime in R if for any a,b € R with p | ab,
P
either p | a or p | b.

(iii) Two elements a,b € R are said to be associate elements (or associates)
if there is a unit v € R* such that a = bu or, what is the same, if

(a) = (b).
4.12 Proposition. Let R be an integral domain.
1. Any prime element is irreducible.
2. If R is a PID, the converse is true (so prime < irreducible).

Proof. Let p be a prime element and assume that p = ab for a,b € R. Since
p is prime either p | a or p | b. In the first case p | a and a | p = ab, so p and
a are associates and, hence, b is a unit. In the second case a is a unit with
the same argument. Hence p is irreducible.
Now assume that R is a PID and let p be an irreducible element. Let
I < R such that (p) C I. Since R is a PID, I = (m) for some m € R. Hence,
p € (m), so there is an € R with p = zm and, since p is irreducible, either
x is a unit, in which case p and m are associates and (p) = (m) = I, or m
is a unit and / = R. Thus, (p) Imax R, 50 (p) Jprime R (by and p is
]

prime.
4.13 Corollary (of the proof). Let R be a PID but not a field, then

{mazimal ideals of R} = {(p) : p is prime} .

4.14 Remark. In general, an irreducible element need not be prime. For
instance, let R = Z[v/=5] = {a + by/=5:a,b € Z} (< C) and let N : R —
N U {0} be the norm given by N(«) = aa (the square of the usual norm in
C), so that N is multiplicative (N (uv) = N(u)N(v) for any p,v € R). Let
a=2++/=5 € R, let us check that « is irreducible but not prime.

To begin with, N(a) =9, so if 8,7 € R are such that a = 3, then 9 =
N(a) = N(B)N(v), so that either N(5) = 1or N(y) = 1,or N(8) = N(y) =
3. But N(a+ byv/—5) = a® +5b% # 3 for any a,b € Z, and N(a+by/—5) =1
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if and only if @ = £1 and b = 0. Hence either 8 = £1 or v = +1, so either
B or 7y is a unit, and « is irreducible.

However, 32 = 9 = aa € (o) and 3 € () (otherwise 3 = ad for some 6,
and hence N(§) =1, so § = %1, a contradiction). Therefore (@) Zprime R
and « is not prime.

As a consequence, Z[y/=5] is not a PID.

4.15 Definition. An integral domain R is said to be a unique factorization
domain (UFD for short) if for any nonunit 0 # r € R the following conditions
are satisfied:

(i) There are n € N and irreducible elements pi,...,p, € R (not neces-
sarily different) such that r = py - - py.

(ii) The factorization in (i) is unique up to associates. That is, if r =
q1 - qgm with m € N and irreducible elements q1,...,¢n € R, then
m = n and there is a bijection o : {1,...,n} — {1,...,n} such that
pi and ¢, (;) are associates for all i =1,...,n.

4.16 Proposition. Let R be a UFD.

1. The irreducible elements in R coincide with the prime elements. (This
implies, in particular, that Z[v/—5] is not a UFD.)

2. Let 0 # a,b € R and let p1,...,p, be primes in R so that p; and p;
are not associates for any i # j, and such that a = up{* ---pSr and

b=uwpy - -pr” (factorization into irreducibles), where u,v € R*, and
€1, fiy--sen, fn € NU{0}. Then d = prlnin{el’fl} . -pffin{e"’f"} is a
greatest common divisor of a and b, and any other greatest common
divisor of a and b is an associate of d.

Proof. For the first part assume that p is irreducible and a,b € R with p | ab.
Then there is a ¢ € R such that pc = ab. Taking factorizations of a, b, ¢ into
irreducibles and using the uniqueness of factorization, it follows that p is
associate of an irreducible factor of either a and b. In particular, either p | a
orp|b.

For the second part, it is clear that d is a common divisor of a and b.
By the uniqueness of factorization, any other common divisor of a and b is
of the form ¢ = wp{" - - - p", where w is a unit and g; < min{e;, f;} for any
1 =1,...,n, and the result follows easily. ]

4.17 Theorem. Any principal ideal domain is a unique factorization do-
main.
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Proof. Let R be a PID. Given any 0 # r € R\ R*, we want to factor r
into a product of irreducible elements. Assume that this cannot be done.
In particular, r is not irreducible, so that r = ryr] for some 1,7} € R\ R*,
and this implies that () G (r1) and (r) S (r]).

Now, if both r; and 7] could be factored into a product of irreducibles,
so could be r. Hence we may assume that r; cannot be factored into a
product of irreducible elements. In particular r; is not irreducible, so that
r1 = rory for some ro, vy € R\ R, and this implies that (r1) & (r2) and
(r1) & (r5). Again, we may assume that 75 cannot be factored into a product
of irreducible elements.

Continuing in this way, we find nonzero elements r; € R\ R* such that

(S ()G () S-- SR

Let I = U2 (ry) (where 79 = 7). Then I is clearly an ideal of R and,
since R is a PID, there is an element a € R such that I = (a). Hence
a € =UX,(ry), so there is an n € N such that a € (r,). But this shows
that (a) C (rn) G (rmy1) € I = (a), a contradiction.

Therefore any 0 # r € R\ R* can be factored into a product of irre-
ducibles. It remains to be shown that these factorizations are unique, up to
associates. Solet 0 #r € R\ R* and let r = py - - - p, be a factorization of
r with irreducible p;’s. Let r = ¢q1 - - - ¢, be any other factorization of r as a
product of irreducible elements. We shall show the uniqueness by induction

on n:

e If n =1, since R is a PID, r is prime, and there exists ani=1,...,m
such that r | ¢; | r, that is,  and ¢; are associates. We may assume
that i = 1, so that ¢; = ru for some v € R*. Thus r = (ru)qz - - - qgm =
r(uge - - ¢mn) and, as R is an integral domain, ugs - - - ¢, = 1. Since the
¢;’s are not units, the only possibility is m =1 and r = p; = q1.

e Assume now that n > 1 and that the result is true for n — 1. Since
p1|r=q - qn and p; is prime, there is an i = 1,...,m such that
p1 | ¢i. We may assume that ¢ = 1 and that ¢; = pju for some u € R.
But ¢ is irreducible, so u is a unit. Hence r =p1--pp =q1-- @ =
p1(ug2)q3 - - qm and py---p, = (uq2)q3 - - - ¢m- Since u € R* and gy is
irreducible, ugs is irreducible too. Therefore we have two factorizations
of v = py-- - p,. The induction hypothesis shows that n —1 =m — 1,
so n = m, and that after renumbering, p; and ¢; are associates for each
i =2,...,m (being associate of ugy is the same as being associate of
g2, because u € R*).

O]

4.18 Remark. The following chain of implications has already been proven:

Field = Euclidean domain = PID = UFD = Integral domain.
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None of the reverse implications hold:

e Z[v/—b] is an integral domain, but not a UFD (see and [4.16)).

e In Chapter 3 ([1.6) it will be proven that Z[X] is a UFD, but it is not
a PID (see [2.11]).

e In the exercises you will be asked to prove that Z {Hi ‘{lg} is a PID,

but not a euclidean domain.

e Finally, Z is a euclidean domain, but not a field.

§ 5. Matrices over a principal ideal domain

Let R be a PID with field of fractions F'. The following matrices in Mat,, (R)
(which is a subring of Mat,,(F)) are called elementary matrices of order n
over It:

{ J
1
0o .- 1
Py = . . = In — (B + Ej5) + (Eij + Ej),
1 0
1
{ J
1
1 .o
Pij(T') = . : =1, + TEZ'J', re 1’27
1
1
7
1
,
PZ(T) = . :In+(7"* 1)Eii, re ny
1
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i J
1
a - b
Pij(a,b,c,d) = : : = In — (Eii + Ejj5)
: d +akb;; + bE;; + cEji + dEjj,
c
a,b,c,d € R with ad — bc = 1.

1

(Here I, denotes the identity matrix and E;; the matrix with 1 in the (7, j)
position and 0’s elsewhere. Note that P;;(r) = P;;(1,r,0,1).)
The elementary matrices are invertible in Mat,, (R) with

Pi? = Pij, Pij(r)_l = Pi(=r), Pi(r)_l = Pi(T_l)a
Pij(av b,c, d)il = Pz'j(d7 —b, —c, a).

The set of invertible matrices in Mat,,(R) is denoted by GL,(R).
Note that for a matrix A € Mat, xm(R),

e P;; A is the matrix obtained by switching the rows 7 and j of A,

e P;j(r)A is the matrix obtained by adding the jth row of A multiplied
by r to its ¢th row,

e P;(r)A is the matrix obtained by multiplying the ith row of A by r,
and for a matrix B € Mat,,xn(R),
e BP;; is the matrix obtained by switching the columns ¢ and j of B,

e BP;(r) is the matrix obtained by adding the ith column of B multi-
plied by r to its jth column,

e BP;(r) is the matrix obtained by multiplying the ith column of B by
T

5.1 Theorem. Let A be an n x m matrixz over a PID R, then there exist
r € NU{0} and matrices P € GLy(R) and Q € GL,,(R) such that

dq

PAQ = | d; = Zr:diEn‘,
=1

for some elements dy,...,d, € R\ {0} and dy|dz|---|d,.
Moreover, r and the ideals (dy), ..., (d,) are uniquely determined by A.
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Proof. For the uniqueness, denote by Is(A) the ideal generated by the minors
of order s < min(n, m) of A, that is, the determinants of the s x s square
submatrices Agll:"".':g: obtained as the intersection of the rows i1,...,is; and
columns ji,...,7s (1 <ip < -+ <ig<n,1<j; <---<js <m)of A. Note
that I3(A) D Is11(A) for any s < min(n,m). If B is any n xn matrix over R,
then I(BA) is contained in I5(A), as any s x s submatrix (BA);} " of BA
is the product of the matrix B;, . ;,, consisting of the rows i1,...,i, of B,
and the matrix A71Js consisting of the columns ji, ..., js of A. Therefore

the rows of (BA)7!""’* are then linear combinations, with coefficients in R,

of the rows in A71Js and hence the determinant of (BA){;JZ“S is a linear
combination of s x s of minors of A. Hence, if P € GL,,(R), then I3(PA) C
I4(A), but also I;(A) = I,(P~'PA) C I,(PA). The same argument works
for I,(AQ). We conclude that with D = >"7_, d;E;; € Mat,xm(R), Is(A) =
I;(PAQ)=Is(D)=(dy-...-ds) #0, for s <r, and I5(A) = I;(D) =0 for
s > r. The uniqueness follows.

For the existence, this is clear if A = 0. For any 0 # a € R\ R*,
a = q1 - qn for some irreducible elements, and we define the length of a as
[(a) = n. Define l(a) =0 if a € R* and I(0) = co. If A # 0, by multiplying
it by matrices Pi; and Pj; we may assume that aj; # 0. Note that if we
take two elements z,y € R with x not dividing y, and d = ged(z,y), then
(z,y) = (d) and there are elements u,v € R with d = ux 4+ vy. Moreover,
x=dr',y=dy, sour’ +vy =1 and

[ 2) 6= )

Besides, d is a proper divisor of z, so that I(d) < I(x). Thus, if the element
in the (1,1)-slot does not divide an element in the first column (respec-
tively row), multiplying A on the left (resp. right) by elementary matrices
of type Pi;(a, b, c,d) we may get in the (1, 1)-slot elements with lower length.
Eventually, we may get in the (1, 1)-slot an element which divides any other
element in the first row and column. Now, multiplying by elementary ma-
trices P;1(r) on the left and Py;(r) on the right, we may get 0’s in the entries
of the first row and column other than the (1,1) entry. Thus, multiplying
A by elementary matrices, we may transform it into a matrix of the form

a 0 --- 0
0

Y

0

If there is an element a;; not divisible by a, by multiplying on the left by
Py;(1), we add the ith row to the first one, and we may apply the previous
arguments to change the element a by a divisor of it. Eventually we get a
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matrix as above with a dividing any entry of A. Now a recursive argument
works. O

The elements dy, ..., d, are determined uniquely by A only up to asso-
ciates. By abuse of notation, they are called the invariant factors of the
matrix A.

5.2 Remark. The matrices P and () in the previous theorem are obtained
as products of elementary matrices.

If R is a euclidean domain, only the elementary matrices P;;, P;;(r) and
P;(r) are needed.

5.3 Example. We may ‘diagonalize’ any matrix over a PID and compute
at the same time the invertible matrices P and (@), because the matrix P
(respectively @) is obtained by multiplying the identity matrix on the left
(respectively right) by the same elementary matrices used to multiply A on
the left (respectively right).

2 4 2

6 4 5) € Matayxs(Z). We may

Consider, for instance, the matrix <

proceed as follows:

2 4 2|1 0 0 4 2|11 0 1 4 5|0 1
6 4 5 ‘ 0 1 1 4 50 1 0 4 2|1 0
1 0 O — 1 0 0 — 1 0 O
0 1 0 0 1 0 0 1 0
0 0 1 -1 0 1 -1 0 1 |
1 0 010 1 1 0 00 1 1 0 00 1
0 4 2 ‘1 0 0 2 4 ‘1 0 2 0|10
— 1 -4 =5 — 1 -5 -4 — 1 -5 6
0 1 0 0 0 1 0 0 1
-1 4 6 -1 6 4 -1 6 -8
so we get

(0 1)(242) (1) *05 (13 _(1 00)

1 0/J\6 4 5 1 6 -8 0 20

5.4 Corollary. Any invertible square matriz over a PID R is a product of
elementary matrices.

Proof. If A, B € Mat,(R) satisfy AB = I,, then det(A)det(B) = 1, so
det(A) € R*. Hence I,(A) = R = (1). It follows that I;(A) = R for
any s, and hence there are matrices P, Q € GL,(R), which are products of
elementary matrices, such that PAQ = I,,. Hence A = P~'Q ! is a product
too of elementary matrices. O
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Exercises

1. Show which of the following sets are subrings of the ring of functions
from the interval [0, 1] to R:

(a) The set of those functions f such that f(g) = 0 for any ¢ €
QnNJo,1].
(b) The set of polynomial functions.

(c) The set consisting of the trivial function (f(x) = 0Vz), together
with those functions with only a finite number of zeroes.

(d) The set of functions with an infinite number of zeroes.

(e) The linear combinations with rational coefficients of cos(nz) and
sin(ma) with n,m € {0,1,2,...}.

2. Take 0 # m € Z/mZ. Prove that T is a zero divisor if and only if
ged(n,m) # 1.

3. Given a ring R, its center is the set
Z(R)={z€ R | zx =2z Yz € R}.

Prove that Z(R) is a subring of R and that, if R is a division ring,
then Z(R) is a field.

4. Given an element a of a ring R, consider its centralizer C(a)

R | za = ax}. Prove that C(a) is a subring and that Z(R) C(a).
acER
5. Compute the center of the ring of Hamilton quaternions.

6. Given two rings R and S, its cartesian product R x S is a ring with
the binary operations of addition and multiplication defined by (r, s)+
(r', sy =(r+r',s+5) and (r,s)- (r',s) = (r1’, ss’). Show that R x S
is commutative (respectively unital) if and only if so are R and S.

7. A ring R is said to be boolean if a®> = a for any a € R. Prove that any
boolean ring is commutative.

8. Let X be a nonempty set and let P(X) be the set of all subsets of X.
Define an addition and a multiplication on P(X) by means of

A+B=(A\B)U(B\A) and A-B=ANB

where A\ B = AN B® and B¢ denotes the complement of B. Prove
that P(X), with these operations, is a unital boolean ring.
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9. Let d € Z an integer that is not a perfect square. Consider the subset
of C given by
ZIVd] = {a+bVd|a,beZ}

(a) Prove that Z[v/d] is a subring of C.

(b) Consider the map, that will be called the norm, N : Z[Vd] — Z
defined by N(a+bvd) = a®>—db®. Prove that N(zy) = N(z)N(y)
for any x,y € Z[Vd].

a—bvd

a? — db?

(d) Prove that u is a unit in Z[v/d] if and only if N(u) = +1. As a
consequence, if d < —1, then Z[Vd]* = {£1}.

(c) Prove that the inverse in C of a + bv/d # 0 is

10. Prove that the following tables define a field:

+10 1 a B 0 a B
00 1 a B 0/0 0 0 O
111 0 8 « 110 1 a B
ala g 0 1 ald a g 1
818 a 1 0 610 B 1 «

How many fields of 4 elements do exist, up to isomorphism?

11. Consider the set

_ a+bi cH+di\
Ql_{<—c+di a—bi>'a’b’c’dER}

with the usual addition and multiplication in Maty(C), as well as the

set
«o 8 v 1)
_ -3 a =0 v |.
QQ* — 5 o _/8 'a7ﬁ7’775€R
-0 -y B«

with the usual addition and multiplication in Maty(R).
Prove that both Q; and Qs are rings isomorphic to H.

12. Let A and B be two unital rings, with respective unities 14 and 1p,
and let f : A — B a homomorphism such that f(a) is a unit of B for
some a € A. Prove that f(14) = 1 and that f(u=!) = [f(u)]~! for
any u € AX.
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13. Check which of the following maps are ring homomorphisms. Which
of them are isomorphisms?

14. Let d € Z an integer that is not a perfect square and let
a b
S_{<db a).a,bGZ}.

(a) S is a subring of Mata(Z).

Prove that:

(b) The map ¢: Z[\d] — S defined by p(a + bv/d) = (;b 2) is a

ring isomorphism.

15. Let X be a nonempty set and let P(X) be the boolean ring of the
subsets of X. Let R be the ring of the maps from X to Zs. For any
A € P(X) consider the map

1 ifzeA,

X =7 iven b T) =
XA 2 given by xa(x) {0 o Al

(x4 is called the characteristic function of A with values in Zs.) Prove
that the map P(X) — R defined by A — x4 is a ring isomorphism.

16. Determine which of the following sets are ideals of Z[X]:

(a) The set of polynomials whose constant term is a multiple of 3.
(b) The set of polynomials whose coefficient of X? is multiple of 3.

(¢) The set of polynomials whose constant term and the coefficients
of X and X? are 0.

(d) The set of polynomials whose coefficients add up to 0.

(e) The set of polynomials p(X) such that p'(0) = 0. (Here p/(X)
denotes the usual derivative of p(X).)

lf Q(W?2) ={z+yv2|z,y € Q} (CR) is a field, Z,, := Z/nZ.
15 R is a ring with the operations (f + g)(x) = f(z) +g(x) and (f - g)(z) = f(z) - g(z).
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17.

18.

19.

20.

21.

22.

23.

Let a be an element of a ring R.

(a) Prove that the set {x € R | za = 0} is a left ideal of R, called
the left annihilator of a. In the same vein, prove that the set
{z € R | ax = 0} (right annihilator) is a right ideal.

(b) Prove that if L Jj R, then the set {x € R | za =0Va € L} is
an ideal of R (the annihilator of L in R).

Let A be a unital commutative ring. An element a € A is said to be
nilpotent if ™ = 0 for some n € N. Prove the following assertions:

(a) A does not contain nonzero nilpotent elements if and only if 0 is
the unique element in A whose square is 0.

(b) The set N(A) of all the nilpotent elements of A is an ideal of A,
called the nilradical of A, and N'(A/N(A4)) = 0.

(¢) N(A) coincides with the intersection of all the prime ideals of A.

Let A be a unital commutative ring. Prove that the sum of a unit and
a nilpotent element is a unit.

Let A be a unital commutative ring. Its Jacobson radical J(A) is
defined as the intersection of all the maximal ideals of A. Prove that
for any element a € A, a € J(A) if and only if 1 — ab is a unit for any
b € A. Prove also that J(A4/J(A)) =0 and that N'(A) C J(A).

Let A be a unital commutative ring and let P be a proper ideal of A.
Prove that P is prime if and only for any ideals I and J of A such
that IJ C P, either I C Por J C P.

Let A be a unital commutative ring and let Z = Z(A) be the set
formed by the zero divisors of A and 0. Prove that Z is a union of
prime ideals.

Prove that any finitely generated ideal of a boolean ring is principal.

8 Tt is easy to see that N (A) is contained in any prime ideal of A. For the converse, if
a is not nilpotent, consider the set of ideals I of A such that a™ ¢ I for any n € N. Use
Zorn’s Lemma to show that there is a maximal element in this set, and check that this is
a prime ideal of A.

91 g™ =0foran odd m,then 1=1+a™ = (1+a)(1—a+a®*—---+a™").

201 M <pax A and a ¢ M, then M + (a) = A.

22 Given x € Z, use Zorn’s Lemma with the set of those ideals of A that contain z and
are contained in Z. Prove that its maximal elements are prime ideals of A and that Z is
the union of all of them.

23 Check that (z,y) = (z +y + zy).
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24. Let R be a unital ring. An element e € R is said to be idempotent
if e2 = e. Assume that e is an idempotent in R, that is contained in
Z(R) (that is, er = re for any r € R). Prove that (e) and (1 — e) are
ideals of R such that R is isomorphic to (e) x (1 —e). Moreover, e
(respectively 1 — e) is the unity of the ring (e) (respectively (1 — e)).

25. Let R be a finite unital boolean ring. Prove that R is isomorphic to
Zo X -+ X L.

26. Solve the following systems of congruences:

=1 (mod 8)
(a) In Z, x =3 (mod 7)
x=9 (mod 11)
f(X)=1 (mod X —1)
(b) In Z3[X], fX)=X (mod X% 41)
f(X)= X3 (mod X +1)

27. (a) Are the rings Z[X] and Q[X] isomorphic?
(b) Are the fields of fractions of Z[X] and Q[X] isomorphic?

28. Let A be an integral domain, Q(A) its field of fractions, B a ring such
that A < B < Q(A). Prove that Q(A) is the field of fractions of B
too. In particular, check that Q is the field of fractions of {§ | m €
Z,n € N}.

29. Let F' be a field. Prove that:
(a) ThemapI': Z — F given by I'(0) = 0, I'(n) = 1+---+1 (n sum-
mands) and I'(—n) = —I'(n) (n € N) is a ring homomorphism.
(b) kerI' <prime Z.

(c) If kerI" = 0, then F' contains an isomorphic copy of Q. In partic-
ular, any subfield of R contains Q.

(d) IfkerI’ # 0, then ker I' <y, Z and thus F' contains an isomorphic
copy of Z/pZ for some prime p.

30. Let R be a euclidean domain with norm N that satisfies N(a) < N(ab)
for any 0 # a,b € R. Prove that:

(a) N(a) = N(au) for any a € R and u € R*.

25 Use the previous exercise.
2T For the first part, find the units in both rings.
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(b) For any 0 # a,b € R, (a) = (b) if and only if b € (a) and
N(a) = N(b).

31. Prove that Z[\/—2], with the norm given by N(a + by/—2) = a® + 202,

is a euclidean domain.

32. In the following euclidean domains, find d = ged(a,b) and compute
elements 7, s such that d = ra + sb, where:
(a) A=7Z3[X], a=2X%+2, b=X"+2.
(b) A=Zli], a=7-3i, b=5+3i.

33. Let A be a UFD, prove that:

(a) Any nonzero prime ideal of A contains a prime element.

(b) If 0 # a € A, then there are only a finite number of principal
ideals of A that contain a.

34. Recall that Z[i] is a euclidean domain, so it is a UFD too.

(a) Prove that the integral solutions to the equation z? + 3% = 22

are, up to permutation of x and y, x = d(u® — v?), y = 2duv and
z = d(u® 4+ v?), where d,u, v are integers with u and v relatively
prime.

(b) Prove that the equation z* + y* = 22 has no integral nontrivial
solutions.

(c) Prove that Fermat’s equation z™ + y™ = 2™ has no nontrivial
integral solutions if n is a multiple of 4.

Through the next exercises, you will be asked to prove that the ring
R = {a+ b1 ”2_19 :a,b € Z}(CC) is a PID, but not a euclidean domain.

35. Let F = {a+by/=19:a,b € Q} CC and R = {a+ b4
a,beZ} CF.

(a) Prove that F'is the field of fractions of R.

34 (a) It is enough to deal with solutions z,y,z > 1, where z, y, z are pairwise relatively
prime, with odd z, z and even y. Then factor the equation as (z 4 iy)(x — iy) = 22, check
that x 4+ 7y and x — iy are relatively prime and deduce that they are perfect squares in
Zl[3].

(b) Take a nontrivial solution z,y,z > 1 with minimal z and use part (a) suitably
to get a contradiction.
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(b) Given any = = a + by/—19 € F, let T be its complex conjugate
and define N(z) = zZ. Prove that N is multiplicative (that
is, N(zy) = N(z)N(y) for any z,y € F). Check also that if
0#x € R, then 0 < N(x) € Z.

(c) Prove that the only units in R are +1.

Dedekind-Hasse criterion: Let S be an integral domain and let
N: S — Z be a map such that N(0) =0, N(z) >0 for any 0 # z € S
and that satisfies that for any 0 # f,g € S, either g divides f in .S, or
there exist elements s,t € S such that 0 < N(sf —tg) < N(g). Prove
that S is then a PID.

Let us check that R, with the norm N defined above, satisfies the
Dedekind-Hasse criterion. In this way, it is shown that R is a PID.

To do so, let f,g be nonzero elements of R such that S ¢ R. Write
g

i _a+by—19
c

€ F, with a, b, ¢ € Z without proper common divisors

)
and ¢ > 1 (since g does not divide f in R).

(a) Observe that, since N is multiplicative, the condition 0 < N(sf —
tg) < N(g) is equivalent to

0<N<£s—t><l ()

(b) Since a, b, ¢ have no common divisors, there are elements z,y, z €
7 with ax + by + cz = 1. Take elements q,r € Z such that
ay —19bx = cq +r and |r| < §. Then check that the elements
s=y+xv—19 and t = g — z/—19 satisfy equation (x) if ¢ > 5.

(¢) If ¢ =2, since 5 ¢ R then a,b have different parity and then you

(a—1)+by/—19

may check that s =1 and ¢t = “———~—— are elements in R that
satisfy ().

(d) If ¢ = 3, show that a® 4+ 19b? is not a multiple of 3, so you can
find elements g, € Z such that a? + 196> = 3¢ +r with r = 1 or
r = 2. Then the elements s = a — by/—19 and ¢t = ¢ satisfy (x).

(e) Finally, if ¢ = 4, a and b cannot be both even. If only one of them
is odd you can find elements ¢, € Z such that a® +19b* = 4q +r
and 0 < r < 4. In this case s = a — by/—19 and t = ¢ satisfy (*).
Also, if both a and b are odd, then show that there is an integer
q € Z such that a® 4+ 196> = 8¢ + 4, so that s = %\/_Tg and
t = q are elements in R that satisfy (x).

36 If T is a nonzero ideal of S and 0 # b € I with minimal N(b), then you may check
that I = (b).
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38. In this exercise, it will be shown that R is not a euclidean domain. Let
D be an integral domain and let D = D*U{0}. An element u € D\ D
is said to be a universal divisor if for any x € D there exists z € D
such that u divides x — z in D.

(a) Prove that if D is not a field and D does not contain universal
divisors, then D is not a euclidean domain.

(b) Prove that our ring R does not contain universal divisors and,
therefore, it is not a euclidean domain.

39. Prove that § = {a + biy—" Y —" :a,b € Z} is a euclidean domain for
m=3,7,11.

40. Compute the invariant factors dy, ..., d, of the matrix A, and invertible
matrices P, Q such that PAQ = Y";_, d;Ey;, where,

1 -4 -2 1
@ A=[2 7 2 -4 ecMatsu(2)

X-16 2 -4
(b) A= 7 X-3 7 | eMats(F[X]), F a field.
X-2 0 X-2

38 (a) If D were a euclidean domain, then any element of D\ D of minimal norm would
be a universal divisor.
(b) Prove that the only divisors in R of 2 are {£1,£2} and, in the same vein, the only
divisors of 3 are {£1,+3}. Take x = 2 and prove that if 4 were a universal divisor, u
would be a nonunit divisor of 2 or 3. Thus, either u = +2 or u = £3. However, with
y= @7 it can be easily checked that neither +2 nor 43 are universal divisors.

39 To get the quotient of two elements, compute the quotient in C, which will be of
the form u + vy/—m with u,v € Q, and choose now integers ¢,d € Z with |c — 2u| < 1,

|d — 2v| < 1 and of the same parity. Now take the element % Y—" as the quotient in S.
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Appendix: The Axiom of Choice and Zorn’s Lemma

The power set of a set A is the set consisting of all the subsets of A (including
the empty set). It will be denoted by 24.

Let us prove that the Axiom of Choice, Zorn’s Lemma and the Well
Ordering Principle are equivalent.

Theorem. The following assertions are equivalent:

(i)

(i)

(v)

The Axiom of Choice: Let I be a nonempty set and let {A;}icr be
a family of nonempty sets, then [[;c; Ai is not empty.

Let A be a nonempty set, then there is a map f : 24 \ {0} — A, such
that f(B) € B for any() # B C A. (We say that f is a choice function
on A.)

Hausdorff maximal principle: Any partially ordered nonempty set
has a mazimal chain. (Chains are ordered by inclusion.)

Zorn’s Lemma: Let A be a partially ordered nonempty set such that
there is an upper bound for any of its chains. Then there are mazximal
elements of A.

Well Ordering Principle: Any nonempty set admits a well order.

Proof. (i)=>(ii): It is enough to consider an element of [[; 54 B.

(iii)=(iv): If A is a partially ordered nonempty set such that there is an

upper bound for any of its chains, and if C' is a maximal chain of A,
let w € A be an upper bound of C. If a € A satisfies u < a, then
a ¢ C and C U {a} is a chain strictly larger than C, a contradiction.
Therefore, u is a maximal element of A.

(iv)=(v): Let A be a nonempty set, and let X be the set of pairs (B, <),

where B is a subset of A and < is a well order for B. The subsets of
A consisting of a single element are well ordered, so X is nonempty.
Define a binary relation on X by declaring (B1,<1) < (Bs,<g) if
By C By, <; is the restriction of <5 to Bj, and b; <o by for any
b1 € By and by € Bg\Bl.

Any chain in X has an upper bound whose first component is the
union of the first components of the elements of the chain. Zorn’s
Lemma implies that there is a maximal element (B, <) in X. But if
B # Aand a € A\ B, then (B, <) <X (BU{a},<’), with by <’ by if
and only if by < b, and b <’ a for any b, by, by € B. This contradicts
the maximality of (B, <). Hence B = A, and < is a well order of A.
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(v)=-(i): Let I be a nonempty set and let {A;};c; be a family of nonempty
sets. Let < be a well order in U;crA;, and consider the map f: [ —
UjerA; such that f(i) is the minimum of A; for any ¢ € I. This shows
that [[,c; A is not empty.

(ii)=(iii): This final step requires a lot of patience.

Let A be a nonempty partially ordered set and let C the set of chains in
A, ordered by inclusion. Clearly C # () as {a} € C for any a € A. Take
a choice function f : 2¢\ {#} — C, so f(B) € B for any ) # B C C.
Assume that there are no maximal chains. In other words, assume
that C contains no maximal elements.

For any C' € C consider the following subset of C:
S(C)={DeC:CS D}

Since C has no maximal elements, S(C') is not empty. Define g : C — C
by g(C) = f(S(C)) (e S(C)). Thus, g(C) is a chain in A strictly
containing C.

For any chain B € C, consider the set €5 C 2¢ consisting of those
subsets D of C satisfying the following properties:

(1) B eD.
(2) If C belongs to D, then also g(C') belongs to D.
(3) Any C € D contains B.
(4)

4) For any chain £ € 2¢ (relative to inclusion) with & C D, the chain
UE in A, obtained as the union of the elements of £, belongs to
D.

Note that €p is not empty, because {C' € C : B C C'} belongs to it.

Consider now the intersection B of the elements in €g: B = N<p,
which is a subset of C that obviously satisfies conditions (1), (2), (3)
and (4). Intuitively, we have

B={B,g(B),....,g"(B),...,Uneng"(B), g(Uneng"(B)),. . .}-

Let us check that B is a chain in C relative to inclusion. To do this,
consider the subset

B*={CeB:¥YDeB, DSC = g(D)CC}.

Note that B € B* trivially, so this subset B* is not empty. Also, for
any C' € B*, consider the subset

Bo ={D € B:either D C C or ¢g(C) C D}.
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It is clear that B¢ satisfies (1) and (3). It also fulfills condition (2),
because for D € Bg, either D ; C, and hence g(D) C C as C € B*,
or D = C and then trivially ¢g(C) C g(D), or g(C) € D and then
9(C) & 9(D).

Finally, B¢ also fulfills (4), because if £ is a chain of elements in B¢,
either for any D € £ we have D C C, and hence UE C C, or there is
an element D € £ with ¢g(C') C D, but then g(C) C UE.

By definition of B, we conclude that Bo = B, for any C' € B*.

Now, B* satisfies (1) and (3) trivially. It satisfies condition (2), because
for C € B* and D € B, we have B = B, so either D C C or g(C) C D.
Hence, if D & g(C), then g(C) € D and thus D C C. Thus, either
D =C,s0g(D)=g(C),or DS C,s0g(D)CCGSyg(C),asC e B
We conclude that g(C) € B*.

If £ is a chain of elements in B* and D € B satisfies D ; UE, then,
since B = B¢ for any C € &, either D C C or ¢(C) C D. If g(C) C D
for any C € &£, then UE C D, a contradiction. Hence, there exists an
element C € £ with D C C. But D ; UE, so there is an element
E € & such that D G E (€ is a chain). Then, g(D) C E as E € B*.
Therefore, g(D) C UE, and this proves that UE belongs to B*.

By definition of B, we conclude now that B* = B.

For any C, D € B, we have Bo = B as C € B = B*, and hence, either
D C CorCGg(C)C D. Thus B is a chain, as required.

But condition (4) implies that the chain UB belongs to B, and condi-
tion (2) gives g(UB) € B so, in particular, g(UB) C UB, a contradiction
with the definition of g.

O



Chapter 2

Modules

Rings are more general than fields. The concept analogous to that of a vector
space over a field, is the concept of a module over a ring. This chapter will
deal mainly with modules over principal ideal domains.

§1. Definition and examples

1.1 Definition. Let R be a ring. A left module over R (or a left R-module)
is a set M endowed with two operations:

addition: M x M — M, (z,y) — x + y, and
multiplication by scalars: R x M — M, (r,z) — rz,
satisfying the following properties:

(i) The addition is associative, commutative, M contains a neutral ele-
ment for it (this is called the zero element and denoted by 0) and any
element has an opposite element (the opposite of a is denoted by —a).

(ii) For any x,y € M and r,s € R:
(a) (r+ s)x =rx + sz (distributivity relative to the addition in R),
(b) (

(¢) r(z+y) =rz+ry (distributivity relative to the addition in M).

rs)x = r(sx) (associativity),

If, in addition, the ring R is unital, we must have
(d) 1z =« for any = € R.

Any module is, in particular, an abelian group. We may define in a
similar way a right R-module. When we say a module, we will refer to a left
module, unless otherwise stated.

47
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1.2 Definition. Let M be a module over a ring R. An R-submodule of M
is any nonempty subset N of M which is closed under addition, opposite
elements, and multiplication by scalars: z +y € N, —x € N, and rz € N
for any r € R and z € N. (Notation: N < M.)

1.3 Examples.

(i) In case R is a field, a left R-module is just a vector space over R. Its
submodules are the vector subspaces.

(ii) Any Z-module is, in particular, an abelian group. Conversely, given
any abelian group (A, +) we can make A into a Z-module as follows:
for any n € Z and a € A define:

at+a+---+a ntimes if n >0,
na =40 if n=0,
(—a)+ (—a)+ -+ (—a) —ntimes ifn <O0.

This gives A the structure of a Z-module, and it is the only way to
do so. Hence abelian groups and Z-modules coincide. Moreover, the
subgroups are precisely the submodules.

(iii) Any ring R is a module over itself. Its submodules are the left ideals.

(iv) If My, ..., M, are modules over the ring R, so is its cartesian product
(also called direct product) My X --- x M,, with operations given by
(@1r- 1 n) + (W1, - Un) = @1+ Y1s- s T A P21, . ) =
(rai,...,rzy), for any x;,y; € M;,i=1,...,n and r € R.

(v) If M is a module over the ring R, and I is an ideal of R which an-
nihilates M (that is, rz = 0 for any r € I and x € M), then M is
naturally a module over the quotient ring R/I, with the multiplication
by scalars defined by (r + I)z = rx for any r € R and = € M.

As for rings (or any other algebraic structure) we must consider the
appropriate maps among modules:

1.4 Definition. Let M and N be two modules over a ring R and let ¢: M —
N be a map. Then

e v is said to be a homomorphim if
oz +y) = (@) +oy), @lrz)=re(z),
for any z,y € M and r € R.

e If ¢ is a homomorphism, then its kernel is the subset ker ¢ = ¢ ~1(0)
of M, while its image is the set imp = p(M). (It is clear that ker ¢
is a submodule of M and im ¢ is a submodule of N.)
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e A homomorphism is said to be a monomorphism if it is one-to-one, an
epimorphism if it is surjective, and an isomorphism if it is a bijection.
Moreover, the homomorphisms v : M — M are called endomorphisms.
If they are bijective, they are called automorphisms.

Let M be a module over a ring R and let N be a submodule of M.
Consider the binary relation on M defined by

(1.5) x~y if z—yeN,

for any z,y € M. Then ~ is an equivalence relation. The equivalence class
of any z € M is the set

r+N={zx+z:2¢€ N}

The quotient set (that is, the set of equivalence classes) is denoted by M/N.

Moreover, if x,y,z,t € M,r € R,and x ~ y, z ~ t, then also z+2z ~ y+t
and rx ~ ry, so an addition and a multiplication by scalars can be defined
on M/N by means of:

(x+N)+ (y+ N)=(z+vy)+ N,
r(x+ N)=rx+ N.

With these two operations, the quotient set M/N is an R-module, which
is called the quotient module of M by N.

With the same arguments used for rings we obtain the usual Isomorphism
Theorems:

1.6 Properties. Let M and N be two R-modules.

e First Isomorphism Theorem: Let ¢ : M — N be a homomor-
phism, then the quotient module M/ ker ¢ is isomorphic to im ¢ through
the isomorphism

@:M/kerp — imy

x + ker ¢ — ¢(x).
o Let A be a submodule of M, then the map m: M — M/A, v — x+ A,
is an epimorphism, called the natural projection of M over M/A.

Besides, kerm = A. In particular, this shows that any submodule is
the kernel of some homomorphism.

o Let o : M — N be a homomorphism, then

©w is a monomorphism <= ker ¢ = 0,

@ 1s an epimorphism <= imp = N.
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e Second Isomorphism Theorem: Let A and B be two submodules
of M, then A+ B ={a+b:ac Abe B} is a submodule of M (called
the sum of A and B), AN B is a submodule of A and the map

A/ANB — A+ B/B
a+ANB— a+ B,

s an isomorphism.

e Third isomorphism theorem: Let A and B be two submodules of
M with A C B, then B/A is a submodule of M/A and the quotient
modules (M /A)/(B/A) and M/B are isomorphic.

o Let A be a submodule of M, then the map

{submodules of M containing A} — {submodules of M A}
B — B/A,

is a bijection. The inverse map is given by B < M/Aw— B = {x €
M:z+ Aec B}.

§ 2. Direct sums. Free modules

2.1 Definition. Let M be a module over a ring R, and let Ny,..., N,, be
submodules of M. The sum N1+ -+ N, = {x1+- 4z 12, € N;, 1 <i <
m} is said to be direct if every x € N1+ - -+ Ny, can be written uniquely in
the form x1 + - - -+, with 2; € N;, 1 < i < m. (Notation: Ny @®---® Ny,.)

In other words, the natural map

Ny x+-+ XNy, >N+ -+ Ny,
(X1, oy Tm) = 1+ -+ Ty,

is an isomorphism.

2.2 Definition. Let M be a module over a unital ring R and let a1, ..., a,
be elements in M. Then:

(i) The set {a1,...,a,} is called a spanning set of M if any element x
of M can be written as x = riay + - -+ + rpa, for some r1,...,r, €
R. That is, any element of M is a linear combination of the a;’s:
M = Raj + - -+ + Ray. In other words, the natural homomorphism of
modules R" — M, (r1,...,7m,) = ria1+- - -+rpay, is an epimorphism.
In this case M is said to be finitely generated.

(ii) M is said to be cyclic if it has a spanning set consisting of just one
element: M = Ra for some a € M.
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(iii) Theset {a1,...,ay} is called a basis of M if any element x of M can be
written uniquely as © = r1a1+- - - +rna, for some rq,...,7r, € R. That
is, the natural homomorphism of modules R" — M, (ri,...,7m,)

r1a1 + -+ + Tpay, is an isomorphism. In this case M is said to be a
finitely generated free module.

2.3 Example. Given any unital ring R and natural number n, the R-module
R" is free. Its canonical basis is {(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)}.

Any free R-module with a basis consisting of n elements is isomorphic
to R".

2.4 Proposition. Let {ay,...,a,} and {b1,..., by} be two bases of a mod-
ule M over a unital commutative ring R. Then n = m. This common
number is called the rank of M.

Proof. There are matrices A € Mat,, xm,(R) and B € Mat, «x,(R) such that:

a1 by b1 ai

Gnp bm bm an

and by uniqueness of the linear combinations, they satisfy AB = I,, and
BA = I,,. Take a maximal ideal J of R, apply the natural projection
R — R/J to the entries of A and B to get matrices A € Maty,xm(R/J) and
Be Mat, xn(R/J) which satisty AB = I,, BA = I,,, as matrices over R/J,
which is a field. But over a field, this is only possible if n = m. ]

The situation here is worse than for vector spaces. For instance, not
every finitely generated module is free. For instance, take the cyclic Z-
module M = Z/27. 1t cannot be free as 2z = 0 for any « € M, and hence
0z = 2x for any z, so we never have uniqueness of coefficients in linear
combinations.

§ 3. Finitely generated modules over principal ideal
domains

3.1 Lemma. Let R be a PID, and let M be a finitely generated module,
generated by n elements. Then any submodule N of M 1is finitely generated
too, and may be generated by m elements, with m < n.

Proof. Let M = Ray + -+ -+ Ray. If n = 0, the result is clear. Otherwise let
I={reR:3r,...,7p_1 € Rsuch that ria; +---+rp_1ap_1 +ra, € N}.

I is an ideal of R, so there is an element d € R such that I = (d), since
R is a PID. As d € I, there are elements di,...,d,_1 € R such that a, =
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dia1+---+dn_1an_1+day, € N. Then for any element a = ria1+---+rpan
in N, r, € I, so r, = sd for some s € R, and hence a — sa, € N N (Ra; +
-+ Rap—1). Therefore,

N = (Nn(Ray +---+ Ran_1)) + R,

Applying an inductive argument, we may assume that NN(Rai+- - -+Ra,—1)
has a spanning set consisting of m — 1 < n — 1 elements: N N (Raj +---+
Ray—1) = Rby+- -+ Rby,—1, and hence, N = Rby +-- -+ Rb,—1 + Ra,,. O

3.2 Definition. Let M be a module over an integral domain R, and let
re M.

(i) The ideal ann(z) = {r € R: rz = 0} is called the annihilator of x.

(ii) The submodule tor(M) = {z € M : ann(z) # 0} is called the torsion
submodule of M.

(iii) The module M is said to be torsion-free if tor(M) = 0, and it is called
a torsion module if M = tor(M).

Note that if x is an element of a module M over an integral domain R,
then ann(z) is the kernel of the homomorphism R — M, r +— rz, whose
image is the submodule Rxz. Hence

’Raz is isomorphic to R/ ann(z). ‘

3.3 Theorem. Let M be a finitely generated module over a PID R. Then
there exist myn € NU {0}, m < n, nonzero elements dy,...,d, € R\ R*
with dy |da |-+ |dm, and elements ui, ..., u, € M such that

e M = Ruy ® Ruz @ --- © Ruy,
e ann(u;) = (d;) for 1 <i <m, ann(u;) =0 form+1<i<n.
In particular, M is isomorphic to R/(d1) x -+ X R/(dpy,) x R"™™.
Proof. Let {x1,...,x:} be a spanning set of M. The homomorphism
¢: R — M
(i, ..oy me) = 11X 4 - -+ 1Ty

is onto. By the previous lemma, its kernel K = ker ¢ is finitely generated.
Let {v; = (1,0,...,0,0),...,v = (0,0,...,0,1)} be the canonical basis of
R! and let {wy,...,w;} be a spanning set of K. Then there is a matrix
A € Mat;;(R) such that

wy (%7
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There are invertible matrices (see P € GLi(R), Q € GL(R), such that

N1

PAQ = Ir

for some elements fi,..., fr € R\ {0} with fi|fa| | fx.

Write
w1 w 1 U1
=P| |, =Q! :
Wy wy o Ut
to obtain
w1 h U1
| = Fr .
: 0 :
Wy of
Since P and Q are invertible, {91,..., 7} is a basis of R!, and {11, ..., w;}
is a spanning set of K. But w; = 0 for ¢ > k, so {w,...,W} is a spanning
set of K.
Then,

M =im¢ = Rp(01) + - - - + Ro(8).

Now, for ri,...,7 € R, we have r1¢(01) + -+ + r¢¢(0;) = 0 if and only if
r101 + -+ + 0 € K, and this happens if and only if (as the v;’s form a
basis) fi|r; for 1 <1i <k, and r; = 0 for k < ¢ < t. In particular we get:

o ann(¢(v;)) = (f;) for 1 <i <k, and ann(¢(v;)) =0 for k < i <,
o M = Rp(01) @ -+ @ Rp(vy).

Finally, if f; € R*, then ann(¢(0;)) = (fi) = (1), so ¢(v;) = 0. (Note that if
fi € R*, then fi,..., fi-1 € R* to00.)
If s denotes the largest index such that f; € R*, we have

M = Rp(ds41) ® - - & Rp(dr),

and we get the result with m =k —s, n=t—s, d; = fs; and u; = ¢(0s44),
fors+1<i<t. ]

In the situation of this theorem, we have tor(M) = Ru; @ - - ® Ru,,, and
hence n—m is the rank of the free module R/ tor(M) (= Rup41®- & Ruy,).
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This is called the free rank of M. With a slight abuse of notation, the

elements di,...,d,, are called the invariant factors of M. We will check
later on that they are essentially determined by M itself, and do not depend
on the particular generators ui, ..., uy.

3.4 Example. Let R = Z, and let M be the quotient of Z3 by the submodule
K generated by q1 = 2e;+4es+2e3 and g2 = 6e1+4es+5es, where {e1, e9, €3}
is the canonical basis of Z3. Let ¢ : Z3 — M be the canonical projection,
whose kernel K is generated by ¢; and g2. We have

a)_ (2 4 2\ (]
) \6 4 5/
e3

Using the computations in Example of Chapter [I] we obtain that M is
isomorphic to Zo X Z.

3.5 Lemma. Let M be a module over a PID R.

Fusion of cyclic modules: Let x1,xo be two elements of M with ann(x1) =
(a1) # 0, ann(zz) = (a2) # 0, and ged(ar,a2) = 1. Then the
sum Rxy + Rxy is direct, ann(z, + x2) = (ajag), and R(x1 + x2) =
Rx1 @ Rxo.

Fission of cyclic modules: Let = be an element of M with ann(z) =
(a) # 0. Let a = ajay with ged(araz) = 1. Then Rr = R(axz) &
R(a1z) and ann(azx) = (a1), ann(a1z) = (az).

Proof. Take s1,s2 € R with sja; 4+ sqas = 1.

For the first part, note that 1 = 1lxy = sqa0x1 and z9 = sijaizo,
and hence, if r1,79 € R satisfy rixy 4+ roxe = 0, then rix1 = rissasx; =
sgag(r1x1 + rexg) = 0. In the same vein we prove roxe = 0. Thus, the sum
Rz1+Rxg is direct. Also, Rz1 = R(s2a2)x1 = R(s2a2)(x1+22) C R(z1+22),
so Rx1 + Rxs = R(x1 + x2). Finally, if r(x1 + 22) = 0, then as above,
rey = 0 = rxe, so a;|r, i = 1,2, and hence ajas |7, because a; and ag are
relatively prime. This shows ann(z1 4+ z2) = (aja2).

For the second part, x = lx = sy(asz) + s1(a1x) € R(azx) + R(aiz),
so Rx = R(asz) + R(aixz). Moreover, for r € R, r(agxz) = 0 if and only
if ajas | agr, if and only if a; | . Hence ann(agx) = (a1) and, similarly,
ann(aiz) = (az). The fact that the sum is direct now follows from the
arguments above. O

3.6 Example. The Z-module Zgy is isomorphic to Zs x Z4 X Zs. Note
that this also follows from the Chinese Remainder Theorem, which gives
an isomorphism of rings Zgy = Z3 X Z4 X Zs, but the isomorphism in the
Chinese Remainder Theorem is an isomorphism of R-modules too.
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Any nonzero and nonunit element in R factorizes ‘uniquely’ into a prod-
uct of irreducible elements. Therefore, we may use the previous lemma to
split the cyclic submodules in the theorem above to get:

3.7 Corollary. Let M be a finitely generated module over a PID R. Then
there are m € NU {0} and elements vy, ... vy, € M, such that M = Rv; &
-+ @ Ruy,, and for each i = 1,...,m, either ann(v;) = 0, or ann(v;) = (pil)
for a prime p; and natural number ;.

Again with a slight abuse of notation, the powers p;" in the corollary are
called elementary divisors of M.

Our next aim is to check that both invariant factors and elementary
divisors depend only on M (up to associates), and not on the particular
decomposition into a direct sum of cyclic modules.

3.8 Theorem. Let M be a finitely generated torsion module over a PID R.

Uniqueness of invariant factors: If M = Ru1®---® Ru, = Ru1 ®--- P
Riiy,, with ann(u;) = (d;), ann(a,) = (d;), 0 # di,d; € R\ R*, for
i=1,...,n,j=1,...,m, and di|...|dp, di|...|dm; then n =m and
for eachi=1,...,n, d; and d; are associates. (That is, (d;) = (d;).)

Uniqueness of elementary divisors: If M = Rvy & --- & Rv, = Ro1 &
-+ @ Ry, with ann(v;) = (pil) , ann(9v;) = (ﬁé-j), for prime elements
pi,Pj and natural numbers l; and l}-, i=1,...,n,j=1,....,m; then
n = m and there is a bijection o : {1,...,n} — {1,...,n} such that p;
and pPy(;y are associates and l; = fg(i). (That is, the powers of primes
involved are the same up to associates.)

Proof. The previous lemma shows that given any decomposition ‘into in-
variant factors’, we can split the direct summands to get a decomposition
‘into elementary divisors’. Therefore, it is enough to prove the second part.

Given any prime element p € R, the submodule tor,(M) = {z € M :
3t € N such that p'z = 0} equals

tory(M) = € Rvi= €P Ry,

1<i<n 1<j<m

pP=pi pP=pj
where p =~ p; denotes that p and p; are associates. Note that if p; and p
are associates then Rv; = R/(piz) = R/(p"). If ann(v;) = (p"), then Ru; =
R/(p*) and p(Rv;) = (p)/(p"), so the R-module Rv;/p(Rv;) is isomorphic
to (R/(»"))/((p)/(P")) = R/(p). This is an R-module annihilated by the
ideal (p), so it is a module over the field R/(p) (See Example [L.3). We
obtain, using Exercise 1, the following isomorphisms:

tor,(M) /ptory(M) =[] Rvi/p(Rui)= [ R/(),
1<i<n 1<i<n
pP=pi pP=pi
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and hence the number of indices 7 such that p and p; are associates coincides
with the dimension of the R/(p) vector space tor,(M)/ptor,(M). The same
happens with the number of indices j such that p and p; are associates. This
proves that the number of direct summands in both decompositions agree.

Now for any [ € N and 1 < i < n with p and p; associates we have
plv; = 0 if and only if I > ;, so

peon,(M) = @ Rplv) = @ R

1<i<n 1<j<m
PRP; =7
I<l; I1<i;

and hence for any [ € N, the number of indices ¢ such that p and p; are
associates and [ < [; coincides with the number of indices j such that p and
pj are associates and [ < l}. So the number of indices ¢ such that [; = 1,2, ...
coincides with the corresponding number of indices j. O

3.9 Corollary. (The fundamental theorem for finitely generated
abelian groups) Let A be a finitely generated abelian group. Then:

(i) There are unique numbers r,m € NU {0} and ny,...,n, € N, where
ni|na|...|n., such that

A=l X X Ly, X L™,
The numbers ni,...,n, are called the invariant factors and m is called

the free rank of A.

(ii) There are numbers s,m € NU {0}, prime natural numbers p; < --- <
ps, natural numbers r1,...,rs, and for each i =1,...,s an increasing
sequence ny1 < --- < ng of natural numbers, all of them uniquely
determined by A, such that

A (Zp;m X ---valml) X e X (Zp;‘sl X "'Zpgsrs) x Z™.
The numbers p?ij, i=1,...,8, j = 1,...,71;, are called elementary
divisors of A, and m is the free rank of A.

3.10 Example. Any abelian group of order 24 is isomorphic to exactly one
of the following groups:

o Zoy = Zg x Z3z: {invariant factors} = {24}, {elementary divisors} =
{8,3},

o 7o X Lo = Lo X Ly X Z3: {invariant factors} = {2,12}, {elementary
divisors} = {2,4, 3}, or

o 7o X Lo X Lg = Lo X Lo X Lo X Z3: {invariant factors} = {2,2,6},
{elementary divisors} = {2,2,2, 3}.

Therefore, up to isomorphism, there are exactly three abelian groups of
order 24.



EXERCISES 57

Exercises

1.

10.

Let My,..., M, be modules over a ring R, and let N; < M; for ¢ =

1,...,n. Show that N; x --- x N, is a submodule of My x --- x M,

and that (My X --- x M,,)/(Ny X - -+ x Ny) is isomorphic to (M;/Ny) X
- X (M, /Ny,).

. Let M be a module over an integral domain R. Check that tor(M) is

indeed a submodule of M.

Let M be a module over an integral domain R. Prove that M/ tor(M)
is a torsion-free module.

A nonzero module over a ring is said to be indecomposable if it cannot
be expressed as the direct sum of two nonzero submodules.

(a) Prove that a finitely generated module over a PID R (R not a
field) is indecomposable if and only if it is isomorphic either to R
or to R/(p") for p a prime and n € N.

(b) Show that Q is an indecomposable Z-module, and that it is not
finitely generated.

. A module M over a ring is said to be irreducible (or simple) if it is

nonzero and the only submodules are 0 and M.
Prove that a module M over a PID R (R not a field) is irreducible if
and only if it is isomorphic to R/(p) for a prime p.

How many abelian groups are there, up to isomorphism, of order 607

What are the invariant factors and free rank of the abelian group
{(z,y,2) € Z* : 20 + 4y + 22 = 0, 6z + 4y + 5z = 0}7

The invariant factors of a finitely generated abelian group are 4, 12
and 60. What are its elementary divisors?

The elementary divisors of a finitely generated module over R[X] are
X -2 (X -2)% (X2+1)% (X24+1)? and (X2 +1)3. What are its
invariant factors?

Let V be a finite dimensional vector space over a field F, and let
@: V — V be an endomorphism of V. Prove that V is a module over
F[X] with the multiplication by scalars given by:

FIX]xV —V,

(f(X),v) = f(X)v = agv + a1p(v) + - + amp™ (v)
(f(X) = ag—i—alX—l-'--—i-ame).
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For any 0 # v € V, ann(v) = (p(X)) for a unique monic polynomial,
called the minimal polynomial of v relative to f.

Let B = {v1,...,vn} be a basis of V over F, and let A = (a;;) be
the coordinate matrix of f relative to B, so f(vj) = Y 1" ajvi, j =
1,...,n. Consider the homomorphism of F[X]-modules ® : F[X]|" —
V, (f1(X), .oy fu(X) = fi(X) o1 + -+ fru(X).0p.

(a) Prove that the kernel K of ® is generated by the elements

(X —ail, —a21,..., _an1)7
(—a12, X —ag,...,—an2),
(—(lln, —Qaon . .. ,X — ann)'

(b) Prove that the invariant factors of the F[X]-module V coincide,
up to associates, with the invariant factors of the matrix X1I,, —
A € Mat, (F[X]) which are not units.

(C) Let pl(X)a s 7pr(X)> with pl(X) ‘ pQ(X) ‘ s ‘ pr(X)v be the
invariant factors of the F[X]-module V', normalized so that p;(X)
is monic for any i. Prove that p,(X) is the minimal polynomial of
the endomorphism f. (The monic polynomials p;(X),...,pr(X)
are called the invariant factors of the endomorphism f.)

11. Consider the Z-module {f(X) € Q[X] : f(n) € Z Vn € Z}. Show that

M is a free module (of infinite dimension) over Z by proving that the
set of polynomials

{(;(>:X(X—1).--(X—n+1) :nENU{O}}

n!

is a basis for M. (As usual ()0( ) =1 by convention.)



Chapter 3

Polynomials

This chapter is devoted to the study of the rings of polynomials, mainly over
a field.

§1. Irreducibility
Let R be a unital commutative ring, the ring of polynomials

R X|={ay+a1 X+ - +a,X":neN,ag,...,a, € R}
is a unital commutative ring too. If R is an integral domain then

Vp(X),q(X) € R[X]\ {0}, degp(X)q(X) = degp(X) + deg ¢(X),
[X]X — RX’
X]

[X] is an integral domain too.

The ring of polynomials in n indeterminates R[X}, ..., X,] is defined
recursively as follows:

R
R

RIXy,....Xn] = (R[X1,..., Xn-1])[Xa).

(Polynomials in X,, with coefficients in R[X1,..., X,_1].)
Thus, a polynomial in Xy, ..., X, with coefficients in R is a finite sum
of terms (called monomials) of the form

aXBXP.. X4 geRdeNU{0}Vi=1,...,n,

and

d; is the degree in X; of the monomial,
d=dy +---+d, is the degree of the monomial,
(di,...,dn) € (NU{0})" is the multidegree of the monomial.

59
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1.1 Theorem. Let R and A be unital commutative rings, let o : R — A
be a ring homomorphism with ¢(1) = 1, and let ay,...,a, € A. Then there
is a unique ring homomorphism ¢ : R[X1,..., X,] = A such that ¥|r = ¢
and Y(X;) = a; foranyi=1,...,n.

Proof. It is enough to prove it for n = 1. Consider the map

¢:R[X] — A
ro+ 11X 4+ X = (o) + o(r)a+ -+ p(rp)a.

® is a ring homomorphism and it is the only ring homomorphism R[X] — A
with ¥|gr = ¢ and Y(X) = a. O

1.2 Example. By the Theorem above, there is a unique ring homomorphism
¥ : R[X] — C such that ¢(r) = r for any r € R (that is 9| is the inclusion
of R into C) and ¥ (X) = 4. Then 1 is onto, and kert¢ = (X2 + 1) (check
this!). By the First Isomorphism Theorem:

C = R[X]/(X?%+1).

Assume now that R is a unique factorization domain and that @ is
its field of fractions. On many occasions, it is better to deal with Q[X],
which is a euclidean domain since @ is a field, than with R[X]. Besides, if
p(X) € Q[X] and a € R is a common multiple of the denominators in the
coefficients of p(X), then ap(X) € R[X].

1.3 Definition. Let R be a UFD and let 0 # p(X) = ap+a1 X+ - -+a, X" €
R[X]. The content of p(X) is any greatest common divisor of ag, a1, ..., an.
(Notation: ¢(p) = ged(ag, a1, ..., ay,).) If ¢(p) = 1, then p(X) is said to be
primitive.

Notice that there is an abuse in the definition above, and we should talk
about the contents of a polynomials, because the greatest common divisor is
determined only up to units in R. Any two contents of the same polynomial
are associates. This abuse creates no difficulty, as in the next fundamental
result.

1.4 Gauss Lemma. Let R be a UFD, and 0 # p(X),q(X) € R[X]. Then
c(p-q) and c(p)c(q) are associates. In particular, the product of two primitive
polynomials is itself primitive.

Proof. We will start with the last part of the result, so assume that p(X) =
ag+ a1 X + -+ a, X" and ¢(X) = bg+ b1 X + -+ + b, X™ are primitive
polynomials in R[X]. If p(X)q(X) were not primitive, then there would
exist a 0 # d € R\ R* which divides all the coefficients of p(X)q(X), and
since R is a UFD, by taking an irreducible factor of d, we find an irreducible
element x € R which divides all the coefficients of p(X)q(X).
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Since p(X) and ¢(X) are primitive there are integers s and ¢ such that
x|a; for i < s but ztas and x|b; for j < t but 1b;. Note that since x is
irreducible, and hence prime (Chapter 1, , xtasb,. Now, the coefficient
of X7 in p(X)q(X) is

Csrt =asby (which is not a multiple of x)
+ (as+1bi—1 + ag2bi—2 +---) (a multiple of z because of the b;’s)
+ (as—1bi41 + as—2biy2 +---) (a multiple of = because of the a;’s)

so that xfcs4¢, a contradiction.

Now, let 0 # p(X),q(X) € R[X] be arbitrary nonzero polynomials.
Then, by factoring out greatest common divisors of the coefficients, we find
two primitive polynomials p(X) and g(X) such that p(X) = ¢(p)p(X) and
4(X) = e(g)g(X). Then p(X)q(X) = c(p)c(@)p(X)d(X). Since H(X)G(X) is
primitive, it follows that ¢(p)c(q) is a content of p(X)g(X) and this completes
the proof. O

1.5 Corollary. Let R be a UFD, Q its field of fractions and let 0 # p(X) €
R[X] be a polynomial of degree > 1. Then:

(1) If p(X) is irreducible in R[X], so it is as a polynomial in Q[X].
(ii) If p(X) is primitive, then the converse in (i) holds.

Proof. For (i) assume that p(X) = a(X)b(X), with 0 # a(X),b(X) € Q[X]\
Q[X]* (so that dega(X),degb(X) > 1). Then by considering common
multiples of the denominators of the coefficients in a(X) and in b(X), we may
find an element 0 # d € R such that dp(X) = a(X)b(X), with a(X),b(X) €
R[X] and dega(X) = dega(X), degb(X) = degb(X). But then de(p) and
c(@)c(b) are associates, so there is a unit v € R* such that ude(p) = c(a)c(b).
Write a(X) = ¢(a)a(X) and b(X) = ¢(b)b(X) and p(X) = ¢(p)p(X), for
primitive polynomials a(X),b(X), p(X) € R[X]. Multiplying the equation
dp(X) = a(X)b(X) by u and simplifying we get p(X) = (uc(p)a(X))b(X),
a contradiction with the irreducibility of p(X).

For (ii), assume that the primitive polynomial p(X) is irreducible as a
polynomial in Q[X], but that there are nonunit polynomials a(X),b(X) €
R[X] such that p(X) = a(X)b(X). Then, by irreducibility in Q[X], we may
assume that dega(X) = 0, so that a(X) = d for some 0 #d € R\ R*. But
then d is a common divisor of the coefficients of p(X), a contradiction with
p(X) being primitive. O

Notice that 2X € Z[X] is irreducible as a polynomial in Q[X], but it is
not so in Z[X].

1.6 Theorem. Let R be a unital commutative ring. Then

|Ris a UFD <= R[X] is a UFD.|
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Proof. Assume first that R[X] is a UFD. Then, in particular, R[X] is an
integral domain, and so is R. Also, for any 0 # r € R\ R* = R\ R[X]*,
r can be factored, uniquely up to associates, into a product of irreducible
elements in R[X], so that r = ¢ - - - g, where the ¢;’s are irreducible elements
of degree 0 in R[X]. But by the same definition of irreducible elements (see
Chapter 1, , the irreducible elements in R are precisely the irreducible
elements of degree 0 in R[X]. Thus, r factors as a product of irreducible
elements in R. The uniqueness follows from the uniqueness in R[X]. Hence,
R is a UFD too.

Assume now that R is a UFD. For any 0 # p(X) € R[X], p(X) =
c(p)p(X), for some primitive p(X) € R[X]. Thus, if p(X) is irreducible,
either ¢(p) is a unit (and hence p(X) is primitive), or p(X) is a unit (and
hence p(X) is irreducible in R, because its degree is 0). Therefore

{irreducible elements in R[X]}

= {irreducible elements in R}U{irreducible primitive elements in R[X]}.

Now, let @ be the field of fractions of R. Then Q[X] is a euclidean do-
main, and hence it is a UFD too. For any 0 # p(X) € R[X], p(X) =
q1(X) - qn(X), where the ¢;(X)’s are irreducible elements in Q[X]. By
multiplying by a common factor of the denominators involved, we find a
0 # d € R such that dp(X) = ¢i1(X) - - Gn(X), where the ¢;(X)’s are poly-
nomials in R[X], which are irreducible in Q[X]. But p(X) = ¢(p)p(X) and
Gi(X) = ¢(Gi)qi(X) for any i, where p(X) and the ¢;(X)’s are primitive, and
these latter polynomials are still irreducible in Q[X]. As in the previous
proof, we conclude that

in R[X] for some 0 # a € R. The §;(X)’s are primitive and irreducible in
Q[X], hence they are irreducible in R[X] by the previous Corollary. More-
over, since R is a UFD, a is either a unit or a product of irreducible elements
in R (and hence in R[X]). We conclude that p(X) factors into a product of
irreducible polynomials in R[X].

It remains to prove the uniqueness, up to associates, of the factorizations
into irreducibles. Thus, let 0 # p(X) € R[X]\ R* and assume that

p(X) =a1--anp1(X) -+ ps(X) = b1+ b1 (X) - - - (X)),

where ai,...,an,b1,...,b, are irreducible elements in R and p;(X),...,
ps(X),q1(X),...,q(X) are primitive irreducible elements in R[X]. By Gauss
Lemma, aj - - - ay, and by - - - by, are contents of p(X), so they are associates.
Since R is a UFD, it follows that n = m and, after reordering, we may assume
that a; and b; are associates for any 4. Simplifying, we get a unit u € R*
such that pi1(X) - ps(X) = uqi(X) - @(X). But Q[X] is a UFD too, so
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that s = t and, after reordering, we may assume that p;(X) and ¢;(X) are
associates in Q[X] for any 7. This implies that there are nonzero elements
¢i,d; € R such that p;(X) = F¢;(X) for any i, so that dip;(X) = ¢;¢;(X) in
R[X]. Since p;(X) and ¢;(X) are primitive, both ¢; and d; are contents of
dipi(X) = ¢;q;(X), so that ¢; and d; are associates in R and hence there is a
unit u; € R* such that ¢; = u;d;. Thus 2—2 =u; € R, and p;(X) = u;q;(X),
so p;(X) and ¢;(X) are associates in R[X]. O

In particular, Z[X] is a UFD, but we already know that it is not a PID

(see Chapter 1,[2.11)).
1.7 Corollary. If R is a UFD, so is R[X1,...,X,] for any n € N.

We finish this section with a useful criterion for irreducibility.

1.8 Theorem. (FEisenstein’s criterion) Let R be an integral domain,
p(X) =ap+ a1 X + -+ a1 X"+ X" € R[X], withn > 1, and let
P <yrime R such that:

(i) ag,a1,...,an_1 € P, (ii) ag ¢ P>
Then p(X) is irreducible in R[X].

Proof. Assume that p(X) = f(X)g(X), with f(X), g(X) € R[X]\R*. Since
p(X) is monic, deg f(X) =m > 1, degg(X) =m' > 1, m+m' = n. Let
f(X)=>" X" and g(X) = ZZO d; X*. Consider the ring epimorphism
(‘reduction modulo P’):

¢ RIX] — (R/P)[X]

¢(X) =) biX'—q(X)=> (bi+P)X".
=0 =0

(¢ is induced by the composition R — R/P — (R/P)[X] by means of
1.1l) Notice that R/P is an integral domain. Now p(X) = f(X)g(X). But
(i) implies that p(X) = X", so that f(X) = (cm + P)X™ and g(X) =
(dpy + P)Xm/. Hence ¢y + P = dg + P = 0 because n > 1. Thus ¢y, dy € P
and ag = cody € P2, a contradiction. O

1.9 Corollary. (Eisenstein’s criterion for 7Z[X]) Let f(X) = ap +
a1 X + - +a,_1 X"+ X" € Z[X] and let p be a prime number such that
plao,...,an_1 and p*tag. Then f(X) is irreducible.

1.10 Examples.

e X* 4+ 10X + 5 is irreducible in Z[X] by Eisenstein’s Criterion with
p=5.
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e For any prime p and any n > 1, X" — p € Z[X] is irreducible.

e Let p be a prime number and let f(X) =1+ X +---+ XP~1 € Z[X].
p_
As an element in Q(X), f(X) = , so that

X -1

(X+1)P -1 -1 2, (P -3 p
X1y = ST T xp XP XP31...
F(X+1) < +pXP () (D)

Since p, (’2’), ol (pfl) are all multiples of p, while (pfl) = p is not a
multiple of p?, we conclude that f(X + 1) is irreducible in Z[X] by
Eisenstein’s Criterion. But the ring homomorphism v : Z[X| — Z[X]
which is the identity on Z and maps X to X — 1 is an isomorphism
(the inverse is the identity on Z and maps X to X +1). Hence f(X) =
Y(f(X +1)),so f(X) is irreducible too. (The image of an irreducible
element under an isomorphism is irreducible too.)

The last example shows how Fisenstein’s Criterion can be used some-
times in situations where it does not apply directly.

8§2. Roots

This section will deal with basic facts on roots of polynomials, which are
extensions to a more general setting of well-known facts about roots of real
or complex polynomials.

2.1 Definition. Let R < D be two integral domains, p(X) € R[X] and
c € D. Then c is said to be a root of p(X) if p(c) = 0.

Notice that p(c) is the image of p(X) under the unique (evaluation)
homomorphism v, : R[X] — D, such that ¢.|g is the inclusion of R into D
and 9.(X) = c.

2.2 Theorem. Let R be an integral domain, p(X) € R[X] anda € R. Then
a is a root of p(X) if and only if X — a|p(X) in R[X].

Proof. Let @ be the field of fractions of R. Since Q[X] is a euclidean domain
with the degree as norm, we may divide in Q[X] to get p(X) = ¢(X)(X —a)+
r, where ¢(X) € Q[X] and r € @ (since its degree is 0). But p(X),X —a €
R[X] and X — a is monic, so the quotient and remainder obtained by means
of the division algorithm are in R[X] too. Thus ¢(X) € R[X] and r € R.
Now, since p(a) = ¢q(a)(a —a) +r =7, p(a) = 0 if and only if » = 0 if and
only if X —a|p(X). O

2.3 Corollary. Let F be a field and let 0 # p(X) € F[X]. Then:

(i) p(X) has a factor of degree 1 in F[X] if and only if it has a root in F.
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(i1) If degp(X) = 2 or 3, then p(X) is reducible in F[X] if and only if it
has a root in F.

2.4 Proposition. Let R be a UFD, p(X) =ap+ a1 X +---+a, X" € R[X],
Q the field of fractions of R and % € Q with r,s € R such that ged(r,s) = 1.
Then, if % is a root of p(X), r|ag and s|ay.
r r r" 1 _1
Proof. If0=1p (7) =aptar—+ - +ap— = —n(aos"+a1rs” +- - -+anr”),
s s s s
then ags™ +a;rs" '+ - +a,r™ = 0, but all the summands except perhaps
the last one are multiples of s, so that s | a,r™. Since R is a UFD and
ged(r, s) = 1, we conclude that s|a,. Similarly, r|ap. O

2.5 Definition. Let R < D be two integral domains, p(X) € R[X] and
¢ € D. Then c is said to be a root of p(X) with multiplicity m (€ N) if
p(X) is a multiple of (X — ¢)™ but not of (X — ¢)™*! in D[X]. If m =1
(respectively m = 2, m = 3), ¢ is said to be a simple (respectively double,
triple) root.

2.6 Theorem. Let R be an integral domain, 0 # p(X) € R[X], n € N,
¢i € R a root of p(X) of multiplicity m;, i = 1,...,n, with ¢; # ¢ fori # j.
Then there exists a q(X) € R[X] such that q(c;) # 0 for anyi =1,...,n
and p(X) = (X — e)™ -+ (X — )™ g(X).

In particular, the number of roots of p(X), counted according to their
multiplicities, does not exceed the degree of p(X).

Proof. Let @ be the field of fractions of R. Then X — ¢; is irreducible in
Q[X] for any 7 and the (X —¢;)’s are not associates pairwise. Our hypotheses
imply that (X — ¢;)™ | p(X) in R[X], so in Q[X] too. But Q[X] is a
euclidean domain, and hence a UFD too. Therefore, there exists a q(X) €
Q[X] such that p(X) = (X —c1)™ -+ (X — ¢,)™¢(X) in Q[X]. Since
(X —cp)™ -+ (X —¢,)™n is monic, the quotient ¢(X ), obtained through the
division algorithm, belongs to R[X]. Moreover, for any i, ¢(c¢;) # 0 because,
otherwise, X — ¢; would divide ¢(X) and hence (X — ¢;)™*! would divide
p(X), a contradiction. O

2.7 Corollary. Let R be an integral domain and let p(X),q(X) € R[X]
polynomials of degree < n € N. If there are different elements c1,...,cpy1 €
R such that p(c;) = q(¢;) for anyi=1,...,n+1, then p(X) = ¢(X).

We will consider now polynomials over a field. Our purpose is to show
that given any polynomial, there is a larger field which contains all its roots.

2.8 Definition. Let F' and K be fields such that F' is a subring of K. Then
K is said to be a field extension of F' and F' is said to be a subfield of K.
(Notation: K/F.)
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More generally, we say that K/F is a field extension if there is a ring
monomorphism ¢ : F' — K. In this case, we can identify F' with its image
under ¢, which is indeed a subfield of K.

If K/F is a field extension and a € K, the smallest subfield of K con-
taining F' and « will be denoted by F(«). It is clear that

F(a) = {p(a)q(c)™" : p(X),q(X) € F[X] and q(a) # 0}

because this is a subfield of K containing F' and «, and any other subfield
containing F' and o must contain all the elements p(a)q(a)~! above. In the
same vein, for any a1, ...,a, € K, the smallest subfield of K containing F
and the a;’s (i=1,...,n) is

(2.9) F(oa,...,an) ={plai,...,an)q(a1,... N
p( X1y, Xn),q¢( X1, ..., Xy) € FIX1,...,X,] and g(aq,...,ay) # 0}

2.10 Theorem. Let F' be a field and 0 # p(X) € F[X] an irreducible
polynomial. Then:

(i) F[X]/(p(X)) is a field extension of F and it contains at least a root
of p(X).

(ii) If K/F is a field extension and o € K is a root of p(X), then there is
an isomorphism of fields: ¢ : F[X]/(p(X)) — F(a) (< K) such that

w(a+ (p(X))) =a for any a € F and ¢<X—i— (p(X))) =q.

Proof. For (i), since F[X] is a euclidean domain (so a PID) and p(X) is
irreducible, it is prime and hence (p(X)) Dprime F[X], but since p(X) # 0
and F[X] is a PID, (p(X)) <max F[X] and, thus, F[X]/(p(X)) is a field.
Moreover F embeds into F[X]/(p(X)) by means of a — a + (p(X)), which
is a monomorphism. Finally, let « = X + (p(X)), then trivially (I!)

and « is a root of p(X) in K = F[X]/(p(X)).

As for (ii), we already know that there is a unique ring homomorphism
Yo : F[X] — K such that its restriction to F' is the inclusion of F' into K and
Ya(X) = a. Then p(X) € kerypq & F[X], so that (p(X)) C ker ), and they
are equal because (p(X )) is a maximal ideal. On the other hand, im ),
is a subfield of K (isomorphic to F[X]/(p(X)) by the First Isomorphism
Theorem), contained in F'(«) and containing «. Since F'(«) is the smallest
such subfield, it follows that im ¢, = F(«). O

2.11 Remark. It has been proven that any irreducible polynomial in F[X]
has some root in some extension of F. As any nonconstant polynomial is a
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product of irreducible ones, it turns out that any polynomial of degree > 1
has some root in some extension of F'.

There is a particular noteworthy example of such an extension to keep
in mind: R < C ~ R[X]/(X2% +1).

2.12 Definition. Let F be a field and 0 # p(X) € F[X]. A field extension
K of F is said to be a splitting field of p(X) over F if, as a polynomial in
K[X]7

p(X) =a(X —a1) - (X —ap)

where a € F, since it is the leading coefficient of p(X), aq,...,a, € K and
K=F(ai,...,a,).

2.13 Example. C is a splitting field of X2 + 1 € R[X].

Our next goal is to show that there always exist splitting fields of poly-
nomials and that, up to isomorphism, they are unique.

2.14 Lemma. Let ¢ : F — F bea field isomorphism, p(X) = ag + a1 X +
<o+ a, X" € F[X] an irreducible polynomial, p(X) = v(ap) + ¢(a1)X +
o 4 @(an)X™ € F[X] (which is irreducible too), o a root of p(X) in some
field extension of F' and B a root of p(X) in some field extension ofF. Then
there exists a field isomorphism o : F(a) — F(B) such that o|p = ¢ and

Proof. 1t is enough to concatenate the following isomorphisms:

FIX]/(p(X)) F(B)
pla) + (p(X)) — ¢la)
X+ (pX) — B O

12

Fla) = FIX]/(p(X))
acF —~ a+ (p(X))
— X+ (p(X))

I IR

2.15 Theorem. Let F be a field and let 0 # p(X) € F[X]. Then:
(i) There exist splitting fields of p(X) over F.

(ii) All of them are isomorphic. More precisely, if ¢ : F — Fisa field
isomorphism, p(X) is the polynomial which results of applying ¢ to
the coefficients of p(X), E is a splitting field of p(X) over F, and

E a splitting field of p(X) over F, then there is a field isomorphism
o:E — E such that o|p = ¢.

Proof. For (i), we use induction of degp(X). If degp(X) < 1, then F itself
is a splitting field.

Now, if degp(X) = n > 1, we know by Theorem above that there
exists a field extension of F' which contains a root «; of some irreducible
factor of p(X). Let K1 = F(aj). Then, in K;[X], p(X) = (X — a1)q(X),
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and degq(X) = n — 1. By induction hypothesis, there exists a splitting
field E of ¢(X) over Kj. Hence, in E[X], ¢(X) = a(X — ag) - (X — an)
for some ag,...,an, € E and E = Kj(ag,...,a,). But then, in F[X],
p(X)=X—-—a1)gX)=a(X —a1) - (X —ay) and E = Ki(ag,...,a,) =
F(aq,...,ap); so that E is a splitting field of p(X) over F.

Induction on n = deg p(X) will be used too for (ii). Again, if n < 1, then
E = F and E = F because the roots (if any) of p(X) (respectively p(X))
are in F (respectively in F). Hence o = ¢. Now, if n > 1, let p;(X) be an
irreducible factor of p(X) and p;(X) the corresponding irreducible factor of
p(X). Let o € E be a root of p1(X) and 8 € E a root of p;(X). Thus
F < F(a) < E and F < F(8) < E and, by the previous Lemma, there
exists 01 : F(a) — F(B), a field isomorphism, extending ¢ and such that
o1 (a) = ﬂ )

In F(a)[X], p(X) = (X —a)q(X), and in F(B)[X], p(X) = (X —B)a(X),
where §(X) is the quotient of p(X), which is the polynomial obtained from
p(X) by applying o7 to all its coefficients, by (X — ), which is the polynomial
obtained from (X — «) by applying o7 to all its coefficients. Therefore §(X)
is the polynomial obtained from ¢(X) by applying o1 to all its coefficients.
Moreover, E is a splitting field of ¢(X) over F(«a) and E is a splitting
field of ¢(X) over F(B) so, by the induction hypothesis, there exists a field
isomorphism o : E — F, such that o|F(a) = 01, which implies that o|r = ¢,
as required. ]

2.16 Definition. Let F' be a field and let p(X) =ag+ a1 X +...+a, X" €
F[X]. The derivative of p(X) is the polynomial p'(X) = a; + 2a2X + ...+
na, X" 1.

The usual rules of differentiation are easily checked:

2.17 Properties. Let F be a field and let p(X),q(X) € F[X]|. Then
o (p(X)+¢(X)) =p(X)+¢(X),

o (p(X)q(X))" =p'(X)q(X) +p(X)q'(X).

2.18 Theorem. Let F' be a field, 0 # p(X) € F[X], and E a splitting
field of p(X) over F. Then p(x) has no multiple roots in E if and only if

ged (p(X),p'(X)) = 1.

Proof. First notice that ged (p(X ), p' (X )) is computed by means of the Eu-
clidean Algorithm, and therefore the same value is obtained over F' or over
E. We will work over E. Let @ € E be a root of p(X) of multiplic-
ity m. Hence, in E[X], p(X) = (X — a)"q(X), with g(a) # 0. Thus,
P(X) = m(X — )" 1q(X) + (X — a)™¢(X), so p'(a) = 0 if and only if
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m > 2. Therefore, ged (p(X ), p' (X )) = 1 if and only if there is an irreducible
factor of p(X) dividing p/(X), if and only if (since F is a splitting field) there
is a common root o € F of p(X) and p'(X), if and only if there is a root
a € E of p(X) of multiplicity > 2. O

We cannot finish this section devoted to the roots of polynomials without
mentioning Vieta’s formulae.

2.19 Vieta’s formulae. Let F be a field, p(X) = X" +a, 1 X" +--- +
ap € F[X] a monic polynomial and let E be a splitting field of p(X) over
F. Then in F[X], p(X) = (X —a1)--- (X — ay) for some aq,...,ap € E.
Hence,
(an—1=—(a1+ -+ an),
o= Y onon
1<i1<2<n
Gpg = — Z Oy iy Qg s (Vieta’s formulae)
1<i1<i2<i3<n

ag = (—1)"ae - -y

2.20 Example. Consider the field F' = Z/pZ of p elements (for a prime p),
and let f(X) = XP~! — 1. By Fermat’s Little Theorem 1,2,...,p — 1 are
roots of f(X) in F, so that f(X) = (X —1)(X —2)--- (X —(p—1)). Then,
by Vieta’s formulae —1 = ag = (=1)P"11-2---.- (p—1) in F, that is

(p—D!=-1 (mod p) (Wilson’s Theorem)
Moreover, if n > 1 is not prime and ¢ is a prime dividing n, then ¢ |

(n—=1)l,s0 gt(n—1)!+1and (n—1)! # —1 (mod n). Therefore for n € N,
n>1,

’n is prime <= (n —1)! = -1 (mod n)‘

and this gives a criterion to know if a number is prime, without looking at
its divisors! The only problem is that for large n, (n — 1)! is huge, so this is
not an efficient method.

§3. Resultant and discriminant

3.1 Definition. Let F be a field, f(X) =ap+ a1 X + -+ a, X", g(X) =
bp + 01 X + -+ + b, X™ € F[X] with n,m > 1 (although we admit that a,,
or by, may be 0). Then the resultant of f(X) and g(X) is the determinant:
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Ap Ap_1 QAp_2 oo ... Qg o ... ... 0
0 an Al ovv  eee oo QQ 0O ... 0
™m rows
0 0 Ay aq ao 0
0 0 a, ... ... as a1 Qag
Res, m\J» =
S I S S S
0 bm b1 ... ... ... by o ... 0
: : . . . . N TOWS
0 0 b by by O
0 0 by by b1 by

n + m columns

The matrix whose determinant is computed above is called the Sylvester
matriz of the polynomials f(X) and g(X). Moreover, if deg f(X) = n and
deg g(X) = m (that is, if a,, # 0 # b,,), then we write simply Res(f, g).

3.2 Properties. Let F, f(X) and g(X) be as above. Then:
1. Resym(f,9) = 0 if and only if either ap, = by, =0, or f(X) and g(X)

have a common root in a field extension of F. (This latter condition
is equivalent to the condition ged(f,g) #1.)

Proof. 1If any of f(X) and ¢g(X) is 0 the result is trivial, so we will
assume that f(X) # 0 # g(X). Now, Res, n(f,g) = 0 if and only if
the homogeneous system of linear equations (transpose matrix)

an 0 ... 0 0 by 0 ... 0 0 L1

S | Trn—2
n-2 Gn-1 - 0 1 byg by 0

anp 0 b, O x1

ag : e : bo : e : Yn—1

0 ao 0 bo Yn—2

0 " ar ay 0 . by by
: . oag ap .o by by h1
0 0 ... 0 ag 0 0 S Yo

has a nontrivial solution. But this last condition is equivalent to the
existence of polynomials g1(X) = zo + 21X + --+ + 2,1 X™ ! and
f(X)=yo+y1 X +---+y,_1 X" 1 in F[X], with at least one of them
nonzero, such that

f(X)g1(X) 4+ 9(X) f1(X) = 0.
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Thus, we have to prove that there are polynomials fi(X) and g1 (X)
satisfying the conditions above if and only if either a, = b,, = 0, or
f(X) and g(X) have a common root in a field extension of F:
<) If a, = by, = 0 then we may take f1(X) = — f(X) (of degree < n—
1) and ¢1(X) = g(X) (of degree < m—1). Whileif f(X )and g( ) have
a common root in some field extension, then gcd( ) # 1.
In this case, if d(X) = ged(f(X),9(X)), then f(X) = ( ) f(X) and
9(X) = d(X)g(X), with deg F(X) <n—1anddeg§(X) < m—1. Then
with f1(X) = —f(X) and g1(X) = §(X), f(X)g1(X) + g(X) /1(X) =
d(X)f(X)g9(X) — d(X)g(X) f(X) = 0.

=) If f(X)g1(X)+ g(X)f1(X) = 0 with f1(X) and g;(X) not simul-
taneously 0 and of degrees < n — 1 and < m — 1 respectively, then if

gcd(f(X),g(X)) = 1, it follows that f(X)| f1(X) and g(X) | g1(X),
and this is only possible if a, = b,, = 0. On the other hand, if

ged(f(X),g(X)) = d(X), with degd(X) > 1, then any root of d(X)
in a field extension of F' is a common root of f(X) and g(X). O

If f(X)=a(X —a1) - (X — ap) in some field extension of F', then

n

Resn,m(fa g) =a™" H g(av).

=1

Besides, if g(X) = b(X —f1) - - (X —Bm) in some field extension, then

also
Resp m(f,9) —amb”HH
i=1j=1
Proof. 1If degg(X) = 0 (so by = --- = by, = 0) the result is clear

because the Sylvester matrix is triangular: Res, ,(f,g9) = a
a™ %, g(ag). Also, if a = 0 the result is trivial (0 = 0).
Therefore, we assume a # 0 and deg g(X) > 1. Let K = F(X;,..., X,,
be the field of fractions of the polynomial ring F[X;,...,X,,Y] and
consider the polynomials (the trick consists of substituting the roots
of f(X) by new variables):

JO) = a(X — X1 <X—Xn>}€K[X]

That is, we substitute the roots of f(X) by variables, in order to avoid
problems that may arise if some of the roots are equal, and we slightly
change g(X). By computing the determinant of the Sylvester matrix
of f(X) and j§(X), we check that Res,.(f,§) € F[X1,...,X,, Y],
so we may write Res, m(f,4) = r(X1,...,X,,Y) € F[X1,...,X,,Y].

Y)
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Note that Resy m(f, g) = r(a1,...,an,0), since f(X) is obtained from
f(X) by substituting the X;’s by the a;’s. Also, by the well-known
properties of the determinants, it is clear that r(Xi,...,X,,Y) is a
polynomial of degree n in Y, leading coefficient (—1)"a™ and constant

term (obtained by substituting Y by 0) Resmm(f, g).

By property 1, Res,, (f, g—9(X;)) = 0, because X; is a common root
of f(X) and of g(X) — g(X;). Therefore, Y — g(X;)|r(X1,..., X, Y).
But, since g(X;) # g(X;) for any i # j because deg g(X) > 1, we get

n

r(X1,..., X, Y) = (=1)"a™ H(Y — (X))

since both are polynomials in Y of the same degree, same leading
coefficient and same roots. Hence,

Resn,m(fa g) = T(Oél, e 7an70) = am Hg(al)a
i=1

as desired. The last part is a direct consequence of this. ]

I (X)) = a(X —ag)- (X — o) in some field extension of F and

n > 2, then

Resnni1(F, ) = (=) P a2 W (ar,..., an)?,

where
1 1 1
aq Qg Qp
Vie,...,an) = . = H (aj az))
: : 1<i<j<n
n—1 n—1 n—1 - -
o] fo% oo

is the Vandermonde determinant (see Exercise .

Proof. f(X) =a(X —a1) (X —an), so f'(X) =ad", [];4(X -
;) and, hence, f'(e;) = a[];;(ci — a;). Hence property 2 implies
that

Resnn1(f, f)) = a" [ /()
=1

= g%t HH(O@ — ;)

i=1j#i

— (_1)(g)a2n—1 H (Oéi _ aj)2

1<i<j<n

= )P Wi, an) 0
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3.3 Definition. Let F be a field and f(X) = ap+a1 X+ -+a, X" € F[X]
a polynomial of degree n > 2 (a, # 0). The discriminant of f(X) is the

scalar (in F') D(f) = (—1)(2)a;1 Respn—1(f, ).

By property 3 of the resultants, if f(X) = a(X —aq)--- (X —ay) (a #0)
in some field extension of F, then D(f) = a®*" 2V (ay,...,ay)?. Note that

V(ai,...,a,) may not belong to F, but V(aq,...,a,)% = alg,(fl does belong

to F.

3.4 Corollary. Let F be a field and f(X) =ap+a1 X +---+a, X" € F[X]
a polynomial of degree n > 2. Then D(f) = 0 if and only if f has a multiple
root in some field extension of F.

3.5 Example. Let f(X) =aX%2+bX +¢, a #0. Then

a b c
D(f)=—at Resoq1(f, ') = —a M2 b 0
0 2a b
a b c
=—a 10 —b —2¢|=0b*— 4dac.
0 2a b

§4. The Fundamental Theorem of Algebra

This section is devoted to prove the famous:

4.1 The Fundamental Theorem of Algebra. C contains the roots of
any complex polynomial.

Actually, this result has little to do with Algebra, and nowadays it is not
so fundamental, but it has been very important in the historical development
of Mathematics. Many proofs have been given and from time to time new
proofs appear. The first widely accepted proof is attributed to Gauss in his
Ph.D. thesis in 1799. Later on he gave many different proofs. For a recent
proof mainly based on Linear Algebra, you may consult in the library an
article by Harm Derksen: ‘The Fundamental Theorem of Algebra and Linear
Algebra’, American Mathematical Monthly 110 (2003), 620-623. The proof
below is essentially due to Argand (in 1814), based on a previous (and
flawed) proof by d’Alembert (in 1746).

Proof. 1t is enough to prove that any f(X) € C[X] with deg f(X) > 1 has a
root in C, because then we may proceed by induction on deg f(X): if « € C
is a root, then f(X) = (X — a)g(X) and we may proceed with g(X).
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Let f(X)=ay+a1 X+ +a,X" € C[X], an, # 0, n > 1, and consider
the corresponding function f : C — C, z — f(z). For 0 # z € C we may
write

f(z):anz”<1+a”_1_|_...+ @0 >

anZ anz™

Now, the quantity inside the parenthesis tends to 1 as |z| — oo, while
limy,|_,o0|anz"| = oo. Thus, if C' = |ag| = |f(0)|, then there is a real number
R > 0 such that |f(z)| > C for any z € C with |z| > R.

But B(0,R) = {z € C : |z| < R} is closed and bounded, and the
function given by |f(z)| is continuous, so it has an absolute minimum in
B(0,R). Let 29 € B(0,R) be a point at which this minimum is attained.
Hence |f(z0)| < |f(0)| = C and, therefore, |f(20)| < |f(2)| for any z € C.
That is, z¢ is an absolute minimum of |f(z)|. Therefore, we have to check
that f(z0) = 0. Assume, on the contrary, that f(zp) # 0. We will arrive to
a contradiction by finding an element z; € C with |f(z1)| < |f(20)]-

We may express f(X) as

f(X) :CO+Cl(X_ZO)+"'+Cn(X—Zo)n,

with ¢g = f(z0) # 0, let T' = X — 2p and let m > 1 be such that ¢; =
<+ = ¢p—1 = 0 but ¢, # 0 (such m exists since deg f(X) > 1). Thus
f(X) = co+cnyT™ + T g(T), with g(T) € C[T]. Take a € C such that
ozm:—cc—i and let 8 = a with A € R and 0 < A < 1. Then

f(zo+B) = co +cn 8™ + "9 (8
=g + A"cpa™ + A" o g ()
=c(1-A"+ )\m+1calam+1g()\a)) ,

and hence
| f(z0 4+ Aa)| < |eo| (1 =A™+ )\m|)\calam+lg(/\oz)|) .

But limy_,0[Acy 'a™g(Aa)| = 0, so there exists 0 < & < 1 such that
IAcg tamtlg(Aa)| < § for any 0 < A < §. Therefore, for 0 < A < &, we get

1 1
|f(z0 + Aa)| < o] (1 — A"+ 2/\m) = |co| (1 — 2)\m> < |eol,

a contradiction. O

4.2 Corollary. The monic irreducible polynomials in R[X]| are exactly the
polynomials X —a, a € R and X% +bX + ¢, b,c € R with b*> — 4c < 0.

Proof. Assume that p(X) € R[X] is monic and irreducible. Let o € C be a
root of p(X).
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o If a =a € R, then X — a|p(X) and by irreducibility, p(X) = X — a.

e Otherwise, « € C\ R, but then & is another root of p(X), since
p(@) = p(a) = 0. Let b = —(a+ @) and ¢ = a@. Then b,c € R
and X2 +bX +c= (X —a)(X —a)|p(X) in C[X]. But the division
algorithm of p(X) by X2 + bX + c gives always real coefficients, so
X2 +bX + ¢|p(X) in R[X]. By irreducibility, p(X) = X2 + bX + c.
Besides, since p(X) has no real roots, b> — 4c < 0. O

Exercises
1. Let A be a unital commutative ring and let i,n € N with i < n.

(a) Prove that A[X;i1,...X,] is isomorphic to the quotient ring
AlXy, .., X0/ (X, . X))

(b) Conclude that if A is an integral domain, then (Xi,...,X;) is
a prime ideal of A[Xy,...,X,], and that if A is a field then
(X1,...,X,) is a maximal ideal.

2. Let I be an ideal of a unital commutative ring A.

(a) Prove that the set I[X] of the polynomials in A[X] with coeffi-
cients in I is an ideal of A[X], and that it is the smallest ideal
containing I.

(b) Show that I[X] is contained in (I, X), that A[X]/I[X] is isomor-
phic to (A/I)[X] and that A[X]/(I,X) is isomorphic to A/I.

(c) Conclude that if P is a prime ideal of A, then P[X] and (P, X)

are prime ideals of A[X], and that if M is a maximal ideal of A,
then so is (M, X)) of A[X].

3. Prove that Z[X]/(X? + 2) = Z[/—2]. Show that (X? + 2) is a prime
ideal in Z[X] which is not maximal, and find a maximal ideal contain-
ing it.

4. Prove that (X,Y) is not a principal ideal of Q[X, Y]

5. (a) Prove that there exists a ring monomorphism from Zs[X] into

B =7Z[X,Y]/(XY +1) such that the image of X is a unit in B.
(b) Show that Z[X] and B are not isomorphic.

(c) Show that there is a monomorphism from B into the field of
fractions of Zo[X].
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10.

11.

12.

13.
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(d) Conclude that the field of fractions of Z[X] and Zo[ X, Y]/(XY +
1) are isomorphic.

. Prove the following version of Eisenstein’s criterion: Let P be a prime

ideal of a UFD R and let p(X) =ag+ -+ + a,X™ be a polynomial in
R[X] with n > 1. Assume that a, € P, ap_1,...,a0 € P and ag ¢ P2.
Then prove that p(X) is irreducible in Q[ X], where @) denotes the field
of fractions of R.

. Let p be an odd prime in N and n € N. Prove that X™—p is irreducible

over Z[i].

. Show that X3 — X has 6 roots in Zg.

Check that the polynomial f(X) = X € Zg[X] factors as f(X) =
(3X +4)(4X + 3), so it is not irreducible. Moreover:

(a) The reductions of f(X) modulo the ideals (2) and (3) of Zg are
irreducible.

(b) If f(X) = g(X)h(X) is any factorization in Zg[X], then the re-
duction of g(X) (respectively h(X)) modulo (2) is either 1 or X

(respectively X or 1) and something similar happens modulo (3).
Determine all the possible factorizations of f(X) in Zg[X].

Describe the units, the nilpotent elements and the zero divisors of the
rings Z4[X| and Zg[X].

Let F' be a field, aq, ..., a, different elements of F' and bq,...,b, not
necessarily different elements in F. Let p;j(X) = [[,4(X —aj) (i =
1,...,n) and let f(X)=>"", biz’fgfg. Prove that f(X) is the unique
polynomial in F'[X] of degree < n—1 such that f(a;) = b;(i = 1,...,n).
(This is Lagrange’s interpolation method.)

Find polynomials f(X) € Q[X] of degree at most 3 such that

. F(2)=0, f(-1) =2, f(1) =3, f(2) =4

Find factorizations in Z[X, Y] of the following polynomials:

e X34+ YX?24 (Y -2Y)X —-Y?
o V2X34Y3X4+Y3X2-Y42V4X - X3V X2V X+2Y2X+Y2

9 Use the Chinese Remainder Theorem.
12 Use the previous exercise.
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14.

15.

16.

17.

18.

19.

20.

Use that Z[X1, ..., X,] is a unique factorization domain to prove that
the Vandermonde determinant
1 1 . 1
X1 Xy ... X,
Xz x2 ... X2
Xi;—l X;;—l ‘ Xﬁ—l

equals [[;«;;<,(X; — X;). To do so, note that the Vandermonde
determinant is a polynomial p(Xi,...,X,) € Z[X1,...,X,]. Check
that for any 1 < i < j < n, the irreducible polynomial X; — X
divides p(X1, ..., Xn). Hence [[;;;<,(X; — Xi) [p(X1, ..., Xn). Fi-
nally, check that both polynomials have the same degree and the same
coefficient of the monomial X2X§ .- X"~ hence they are equal.

Prove that the following polynomials are irreducible in Q[X]:
) 2XP 43X+ X3+ L

b) 2X° —6X3 +9X? — 15,
) X3 +6X%4+17X + 3,
)

Find factorizations of the following polynomials:

(a) X2+ X + 1 over Zo[X],
(b) X*+ 1 over Zs[X],
(c) X*+10X?2 + 1 over Z[X].

Prove that the polynomial (X —1)(X—2)--- (X —n)—1 is irreducible in
Z[X] for any n € N, while the polynomial (X —1)(X—2)--- (X —n)+1
is irreducible if n # 4.

Prove that p(X) = X3 + 9X + 6 is irreducible over Q[X]. Let a be
a root of p(X) in some field extension of Q. Compute the inverse of
1+ ain Q(a).

Check that p(X) = X2 + X + 1 is irreducible over Zs and let « be a
root in some extension. Compute the powers of « in Za(«).

Let p(X) = X3 — 2 € Q[X]. The roots of p(X) in C are a = v/2, =
—144 1—1
\3/52“/3 and v = 2 7,\/§

—*%  Prove, by defining explicitly
some isomorphisms, that Q(8) = Q(«a) = Q(v).
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21. Compute the discriminant of X3 + pX + ¢ and of X" + a.

22. Prove the following properties of the resultant and discriminant:

(a) ReSnM(fv )= (= 1)nmReSm,n(9af)-

(b) If £(X) =", a; X% then Res(f,X — 1) = (-1)" >, a.
(c) Res(fg,h) = Res(f,h)Res(g,h).

(d) D(fg) = D(f)D(g) Res(f, g)*.

23. Let p € N be a prime, f(X) =+p+a1X +aaX?+---+a, X" a poly-

nomial in Z[X] such that Y |a;| < p. Prove that f(X) is irreducible
in Q[X].

22 For the last two items, factor f(X) and g(X) in some extension.
23 Prove that such polynomial cannot have roots in C of norm < 1 and use the Funda-
mental Theorem of Algebra.



Chapter 4

Fields

In this chapter the basic facts of finite field extensions will be studied. This
will allow us to prove the impossibility of solving the classical problems of
‘trisecting an angle’, ‘doubling a cube’ or ‘squaring a circle’ by means of
ruler and compass.

8§1. Algebraic extensions
1.1. Let F be a field with unity 1 = 1. Consider the map (see Exercise
in Chapter 1):
p: 7 —F
nnl=1+-"-4+1 (neN)
0—0

—n —nl=(=1)+-"-+(=1) (neN)
Then ¢ is a ring homomorphism and there are two possibilities:

1. kerp = 0 (that is, ¢ is a monomorphism). Then ¢ extends to a

monomorphism
v:Q — F
m  p(m)
no p(n)

since Q is the field of fractions of Z. In this case, it is said that the
characteristic of F' is 0 and Q is identified with its image under ),
which is the smallest subfield of F' and it is called the prime subfield
of F.

2. ker ¢ = pZ for some p € N, so that ¢ induces a monomorphism
¢:7/pZ — F
n+ pZ — p(n) = nl.

79
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Since F' has no zero divisors, neither does Z/pZ, so that p is a prime
number, which is called the characteristic of F. In this case the field
F, = Z/pZ is identified with its image under ¢, which again is the
smallest subfield of F' and called the prime subfield of F.

Notice that p is the smallest natural number such that p1 = 0 and
that for any oo € F

2. +1)a=0a=0

1.2 Examples.
e Q, R and C are fields of characteristic 0.

o F, =7Z/pZ, for a prime number p, is a field of characteristic p, and so
is F,(X) (the fraction field of F,[X]).

1.3. Let K/F be a field extension, then 1x = 1p and the characteristics of
F and K coincide. Moreover, K is a vector space over F' in a natural way.
Its dimension dimg K is called the degree of the extension and it is denoted
by [K : F]. If it is finite, then K/F is said to be a finite extension.

The most important example. Let F be a field and p(X) € F[X] be
an irreducible polynomial. Then (p(X )) is a maximal ideal, so that K =
F[X]/(p(X)) is a field. We may view F as a subfield of K by means of the
map F — K, a+— a+ (p(X)). Take the element § = X + (p(X)) € K and
assume that p(X) =ag+ a1 X + - -+ a, X™ with a,, # 0. Then 6 is trivially
a root of p(X) in K, because

p(0) =ap+ a1+ -+ a,0"
= ag+ a1(X + (p(X))) + - + an(X + (p(X)))"
=ap+ a1 X+ +a, X"+ (p(X))
=p(X) + (p(X)) =0.

Moreover, {1,0,...,6""'} is a basis of K as a vector space over F. In
particular, [K : F] = deg p(X).

Proof. Let us show first that {1,6,...,0" '} is free. Assume that there are
scalars by, ..., b,_1 € F such that by + b10 +--- + b, 10""! = 0. As before,

bo+b10+ -+ by 10" = (b + 1 X + o+ by XN 4 (p(X)),

so that we conclude that by +b X +- - -+ b,—1 X" € (p(X)). That is, p(X)
divides by + b1 X + -+ + b,_1 X" ! and this is only possible if bg = --- =
bp—1 =0.
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To show that {1,6,...,0" 1} is a spanning set, take an arbitrary element
q(X)+(p(X)) € K. Since F[X] is a euclidean domain, there are polynomials
c¢(X),r(X) € F[X] with degr(X) < n — 1 such that ¢(X) = ¢(X)p(X) +
r(X). Ifr(X)=rg+7r X+ +r,_1 X"} then

¢(X) + (p(X)) = r(X) + (p(X)) = rol + 710 + - + 716"

is a linear span with coefficients in F of the elements in {1,6,...,0" 1}, as
required. O
Therefore,

K =F[X]/(p(X)) = F1+---+ Fo"!
={r(0) : r(X) € F[X] and degr(X) < n},

and the operations in K are given by:
r1(0) +12(0) = (r1 4+ r2)(6),
r1(0)ra(0) = r(0),

for r1(X),r2(X) € F[X] of degree at most n — 1, and where r(X) is the
remainder of the division of 71 (X)ra(X) by p(X).

Let us consider a couple of examples:
e CER[X]/(X2+1).

e The polynomial X3 — 2 € Q[X] is irreducible (Eisenstein’s criterion).
Let K = Q[X]/(X3-2) and § = X +(X3—2). Then K = {a+b0+ch? :
a,b,c € Q}, 62 = 2, 6* = 20. Therefore, the multiplication in K is
given by:

(a+ b0 4 cb*)(d + V0 + 6%
= (ad' 4 2bc' + 2¢b') + (ab + ba’ 4 2¢¢)8 + (ac + ca’ + bb')6>.

If we want to compute (1 + 6)~!, we proceed as follows: since X3 — 2
is irreducible, ged(X?® —2, X + 1) = 1 and we compute the coefficients
of Bezout’s identity to get:

1 1
1= —g(X3 —2)+ g(X2 — X +1)(X+1),
0? —0+1 o, P—0+1
so that 1 = (6 + 1)f Therefore, (1 +60)"" = —
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1.4. Let K/F be a field extension and let o € K. The evaluation map:

¢ FIX] — K
fF(X) = f(a)

is a ring homomorphism and there are two possibilities:

1. kertp = 0. In this case there is no nonzero polynomial in F[X] for
which « is a root, and 1 extends to a ring monomorphism F(X) — K,
whose image is F(«). In particular, [F(a) : F| = [F(X) : F] >
dimp F[X] = co. Then « is said to be transcendental over F'.

2. kertp # 0. Since F[X] is a principal ideal domain and im ) is an in-
tegral domain (it is a subring of the field K), kery) = (p(X)) for a
unique monic irreducible polynomial p(X) € F[X]. Hence any poly-
nomial f(X) € F[X] with f(«) = 0 is a multiple of p(X). Hence
p(X) is the monic polynomial of lowest degree that annihilates «.
The polynomial p(X) is called the minimal polynomial of o over F
and it is denoted by mq p(X). In this case, a is said to be algebraic
over F. Note that F(«) is isomorphic to F[X]/(mq,r(X)) and hence
[F(a) : F] = degma,pn(X).

The field extension K/F is said to be algebraic if for any o € K, « is
algebraic over F.

Examples.

e C/R is algebraic, because for any a = a+bi € C (a,b € R), a is a root
of (X —a)(X —a) = X?—2aX + (a? + b?) € R[X].

e Q(X)/Q is not algebraic.

1.5 Example. (Quadratic extensions)

Let K/F be a field extension with [K : F] = 2 and assume that the char-
acteristic of F' is # 2. Then any o € K \ F is a root of a polynomial
X2 +bX +ce€ F[X]. But

b2 — 4c
4 b

b 2
X2 +bX +c= <X+2> —

so that B = 2a+b (€ K\ F) satisfies 82 = b*>—4c € F. With D = b?—4c this
shows that the minimal polynomial of 3 is X? — D. Since [F(3) : F] = 2,
necessarily K = F(8) = F(v/D).
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1.6 Corollary. Let K/F be a field extension and o € K. Then « is algebraic
over F if and only if [F(a) : F] < 0.

1.7 Corollary. Any field extension K/F with [K : F] < oo is algebraic.

1.8 Proposition. Let K/F and L/K be two field extensions. Then
[L:F]=I[L:K]K:F|.

Proof. Let {B; : i € I} a basis of L over K and {a; : j € J} a basis of K
over F'. Then, any v € L can be written uniquely as

Y =b1Bi, + -+ b,
with by,...,b, € K, and each by, can be written uniquely as
bn, = apyay, + -+ apsayg,

with ap1,...,ans € F. Therefore, v can be written uniquely as v =
> ajnoy, Bi,. Hence {o;fB; : I € 1,5 € J} is a basis of L over F. Thus,

[L:F|=|I||J|=[L: K]|K : F]. O
1.9 Example. Consider the field extension Q(v/2,+/3)/Q. Then

Q S Q2 CQ(V2)(v3)=Q(V2,V3)(CR).
(V2¢Q)

Now, [Q(v/2) : Q] = 2, since m vio =X 2 2 (irreducible by Eisenstein’s cri-
terion). Also, v/3 is a root of X2 —3 € Q[X] C Q(v/2)[X], so mﬁ,Q(ﬁ)(X) |
X2 — 3, so either [Q(v2,v/3) : Q(v2)] = 2, or Q(v/2,v/3) = Q(+/2), that is,
V3 € Q(+v/2). But in the latter case, there would exist a,b € Q such that
V3=a+bV2, 503 = (a? +2b%) + 2abv/2. Since v/2 ¢ Q, this last equation
forces either a = 0 or b = 0. But b = 0 would imply /3 € Q, which is not
true, while @ = 0 implies v/6 = 2b € Q, again a contradiction. Therefore,

[@(\/i \/§) : Q(ﬂ)] =2 and
Q(V2,v3): Q = [Q(v2,v3) : Q(VD[Q(V2) : Q] =2 x 2 = 4.

Moreover, {1,v/2} is a basis of Q(v/2) over Q and {1,v/3} is a basis of
Q(v2,v3) over Q(v/2) (because deg M /30(v2) (X) = 2). By the argument
in the previous proof, it follows that {1,v/2,v/3,/6} is a basis of Q(v/2,v/3)
over Q.

1.10 Theorem. Let K/F be a field extension. Then [K : F] < oo if and
only if there are r € N and a1,...,a, € K, all of them algebraic over F,
such that K = F(aq, ..., qp).

In this case, if degma, p(X) = n; for anyi=1,...,r, then [K : F| <
Ny
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Proof. If [K : F] < 0o and {a1, ..., } is a basis of K over F, then for any
i=1,...,7, [F(a;) : F] < [K : F] < 00, so that «; is algebraic over F' and,
evidently, K = F(aq,...,q,).

Now, assume that K = F(ai,...,q,) with a; algebraic over F for
any ¢, and let degmg, p(X) = n;. Thus, m,, p(X) is a polynomial in
F(aq,...,0p-1)[X] that ‘kills’ o, and therefore m,, p(a, ... a,_,)(X) divides
Ma, 7(X) in F(o,...,a.-1)[X]. Hence [K : F(a1,...,00-1)] < n,. By an
easy induction argument on r we conclude that

[K:F]=[K:F(al,...,,-1)|[F(a1,...,ar-1): F]
<ne- (g Mp_1) =np - Ny < 00. 0

1.11 Corollary. Let K/F be a field extension and let o, € K be two
algebraic elements over F. Then a+ 3, a— 3, a8 and af~! (if 3 #0) are
algebraic over F' too.

In particular, the set {v € K : ~y is algebraic over F'} is a subfield of K
that contains F'.

Proof. From the Theorem above we conclude that [F(«, ) : F| < oo, and
therefore the field extension F'(«, 3)/F is algebraic. Now everything follows
since the elements a+ 3, a—3, aB and a8~ (if 8 # 0) are all in F(a, 8). O

1.12 Corollary. If K/F and L/K are algebraic field extensions, so is L/ F.

Proof. Let o € L and assume mq, g (X) =bg+ b1 X +---+ b1 X"+ X7,
with b, ...,b,—1 € K. Thus « is algebraic over the subfield F'(bg, ..., bn—1)
of K, and hence [F(bg,...,bp—1,a) : F(bo,...,bn—1)] < oco. But by, ...,b,—1
are all algebraic over F', since they all belong to K and K/F is algebraic.
Thus, by the Theorem above [F'(bo,...,bn—1) : F] < co. Hence,

[F(bo,...,bn_l,a)ZF]
= [F(bg,...,bnfl,a):F(bo,...,bnfl)][F(bo,...,bnfl)ZF] < 00,

so that F'(bg,...,b,—1,a)/F is an algebraic field extension and, in particular,
« is algebraic over F. O

8§ 2. Quadratic, cubic and quartic equations

The goal of this section is to give formulae for the solution by radicals
of the algebraic equations of degree at most 4 over fields of characteristic
# 2,3. These formulae were obtained by mathematicians in the Italian
Cinquecento, and constituted the most important advance in Mathematics
since the classical Greek period.

In what follows F' will denote an arbitrary ground field of characteristic
# 2,3 (although for the quadratic equation we may just assume the char-
acteristic to be # 2). The coefficients of the quadratic, cubic and quartic
equations considered will always belong to F.
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2.1. Let us start with the well-known solution of the quadratic equation,
that can always be assumed to be monic:

2 b\? 1 2
4+ bxr+c= 3:—1—5 _Z(b —40),

b
with y =z + > the equation

224 br+c=0 ()
becomes )
y? = 1(1)2 — 40),

and it follows then that the solutions to the quadratic equation (x) are given
by the classical formula

—b+ Vb2 —4c
—

These solutions belong to the field K = F(v/b? — 4¢), which either equals F'
or is a quadratic field extension of F'.

xTr =

2.2. Now, consider the cubic equation
23+ ax® 4+ bx + ¢ = 0.

a
As before, with y = x + 3 the previous equation becomes an equation of
the form

v’ +py+q=0,

for suitable coefficients p,q. Therefore it is enough to deal with the cubic
equations of the form:
z® +pr +q=0. (%)

Consider the discriminant D = D(X? + pX +q) = —(4p3 + 27q2) and let
1 # w be a cubic root of 1 (in some field extension of F' if necessary). Thus
w is a root of X2+ X + 1 and hence we may take w = 71%\/773 € F(v-3).

Let K be a splitting field of (X2 + 3)(X? + pX + ¢q), so that K contains w
and the solutions to (xx). Hence, over K:
X4 pX +q= (X —a)(X - B)(X —7),
with «, 8,7 € K. Therefore,
a+B+v=0
af+ay+py=p
afy=—q
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Take 61,02 € K such that

o =01+ 0y,
B = wh + w?0s.

Then, since y = —a — B and 1 + w + w? = 0, we get ¥ = w?f; + why and

30 = a4+ w?B+wy, 360=a+ws+uwy.

Thus,
9010y = a® + 2 + 42 + (w+ w?)(aB + ay + B7)

=’ + 2 +7° — (af + oy + B)

= (a+B+7)* = 3(af+ay+57)

- _3p7
so that »

0102 = —g
Now,
3 o= —pa—q
(01+02)° =9 o . 3, 23
91 + 92 + 39192(91 + 02) = 61 + 62 — px

so that 05 + 03 = —q and hence, since 6305 = (—%)3, 93 and 63 are the

solutions of the quadratic equation

3

2 p
— 2 =0.
yotay - o
Thus we may take
3
. q2+%%___g+ —3D
re 2 T2 18
4 3
g 9 “+9% ¢ V3D
2 2 2 18

3l q —-3D 3 q —-3D
01 =1 —= Oy =4/ —= —
! SRS 2 2 18
where the cubic roots are taken so that 8109 = —Z. and once these values

3
are fixed, the solutions to (xx*) are given by:

a="01+0y, B=uwb +wby ~v=wb +wh.
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The practical way to solve the equation (xx) works as follows. Put
r =u+ v (think of u =01, v = 62) to get

u? + 3 + (Buv + p)(u+v) +q =0,
that is satisfied if
ud 0% = —q

_P
3

Thus, such u? and v? are the solutions of the quadratic equation y? + qy —
9y

uv =

3
P> _
5= = 0 and proceed as above.

2.3. Finally, consider the quartic equations. As before, it is enough to deal
with the quartic equations of the form

a2t +px? +qr+r=0. (% * %)

Let K be a splitting field of X4 + pX? + ¢X + r over F, so that there are
ay, a9, a3, a4 € K such that

X 4 pX?2 X 471 = (X —a1)(X — ) (X — a3)(X — aq).
Consider the following elements in K:
61 = (a1 + a2) (a3 + as)

92 = (Oél + 043)(042 + a4)
035 = (a1 + ag) (g + a3)

Thus,
(041 + 042)(043 + 044) =6
= a1 +az=+/—01, ag+as=—/-01.
(a1 +a2) + (a3 +ag) =0
Working in the same way with 62 and 03 we get:
a)+ag =/ —01, az+og = —/—04,
ay +ag =+/—03, az+ag=—y/—0s,
a1+ oy = /=03, as +ag = —y/—03,

where the roots \/—01, /—60> and \/—03 have to be taken so that its product
is

(o1 + a2)(1 + a3) (a1 + ou)

= ai1’> + 04%(042 + as + au) + aq (203 + asag + agay) + asagay

= az{’ — oa‘{f + E oo | = —q.

1<i<j<k<4
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(That is, once two of the roots are chosen, the third one is determined.)
Now /=01 + /=03 + /=03 = 3a1 + ag + a3 + a4 = 2aq, and in a similar
vein:

o = % <\/—61 + /=02 + \/—93>
ap = é (\/—91 /b — \/—93)
as = % (—\/—01 + /=0, — ¢—93)
ay = % <f\/f01 — V=0, + \/f93)

that gives the solutions to the quartic equation, provided we know how to
obtain the 6;’s. But (check the missing details!),

01 +02+03=2 Z o = 2p,

1<i<j<4
0105 + 6103 + 0503 = ... = p2 — 4r,
010205 = — (a1 + a2)? (a1 4+ a3)* (a1 + ag)? = —¢2,

so that 01, 02, 03 are the solutions to the cubic equation:
2 =22+ (p? —4r)z4+ ¢ =0,
that we already know how to solve by radicals.

The practical way to work is the following method, due to Ferrari (a
pupil of Cardano): If ¢ = 0 in (* * %), the equation is quadratic in 22, so
it can be solved using the formula for the quadratic equations. Otherwise,

take a new element u (think of u as —6;), then

x4—|—pw2 +qr—+r

2 2
= <x2+p+2u> —umz—(pzu)quz—l—r

2 2 2 2
:(x2+p+2U> _( W_Q> +zu_<p+4w+r

2
and choose u so that % — %—i—r = 0 or, equivalently, u(p+u)?—4ur—q¢* =

0, or

w4 2pu’ 4 (p? — 4r)u — ¢* =0,
and this is a cubic equation that we already know how to solve in u. Fi-
nally, for each value of u, the original equation becomes a pair of quadratic

equations
9 DH+u q
+ —_— = :I: —_ =
v 2 ( ur 2\/ﬁ> ’

and again we know how to solve these.
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§3. Ruler and compass constructions

There are a number of classical geometrical problems that dates back at least
to the fifth century BC that involve the construction of lengths or angles
using only a ruler (without marks) and a compass. Among them, we will
deal with the following three, that were left unresolved by the great Greek
mathematicians:

1. Doubling the cube: Given a cube, construct the side of a cube that
has twice the volume of the first.

2. Trisecting an angle: Construct an angle that is one-third of a given
arbitrary angle.

3. Squaring the circle: Construct a square with the same area as a
given circle.

You may browse through internet and find many sites devoted to these
and related problems. For instance, you may perform some constructions at
the URL

http://wims.unice.fr/

Let us fix a couple of points in the euclidean plane, so that our unit of
length will be the distance between these points, and the segment joining
these two points will be our ‘unit segment’. The steps that we are allowed
to do are the following (starting with our two points):

(i) To draw a line that passes through two points already constructed.

(ii) To find the intersection point of two lines already constructed (we may
have to extend them until the intersection point is achieved).

(iii) To draw a circle with center already constructed and with radius the
length between two points already constructed.

(iv) To find the intersection of a line and a circle or of two circles already
constructed.

With these steps we may easily, given a line [ and a point P not in the
line, to draw a line perpendicular to [ and passing through P. Also, it is
easy to draw a line parallel to [ through P (see Figure [4.1).

Now, given two segments of length a and b it is quite easy to construct
segments of length a 4+ b, and Figure shows how to construct segments
of length ab and ¢ (assuming b # 0). Here Thales’ Theorem is used.
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To draw a perpendicular line to
[ through P take the intersec-
tion { P, P»} of the circle C with
center P and large enough ra-
dius with [, then consider the
intersection {P3, Py} of the cir-
cles C; and Cy with centers P;
and P, and passing through P»
and P; respectively. The line
r joining P3 and Py is the line
sought for. (Note that ! may
contain P.)

Now, to draw a parallel line to
[ through P, it is enough to
draw a perpendicular line to r
through P.

Figure 4.1: Ruler and compass constructions of perpendicular lines

ab

b

~
a

Figure 4.2: ‘Ruler and compass multiplication and division’
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3.1 Definition. An element x € R>q is said to be constructible if, starting
with the unit segment, it is possible to construct, with ruler and compass
only, a segment of length x. An element x € R.q is constructible if so is —z.

Thus, it is clear that 0,1,2,...,n,... are all constructible. Hence so are
all the rational numbers.
Consider C' = {x € R : z is constructible}.

3.2 Proposition. C is a subfield of R and an extension of Q. Moreover,
for any a € C with a > 0, y/a € C.

Proof. We have already seen that Q@ C C and that C' is a subfield of R
since it contains the addition, subtraction, product and division (if possible)
of any two elements in C. Besides, Figure [£.3] shows how to construct a
segment of length \/a, starting with a segment of length a > 0. O

Figure 4.3: ‘Ruler and compass construction of square roots’

Let us fix a point that will be our origin for a coordinate system of the
euclidean plane. With ruler and compass we construct two perpendicular
lines meeting at the origin, these will be our coordinate axes, and draw the
points with coordinates (1,0) and (0,1) (at a unit distance from the origin)

P = (a,b) € R?
L , P = (a,b) is constructible if and
(0,1) only if so are a,b € R, that is, if
‘ and only if a,b € C.
[(1,0) a

Let F/Q be a field extension with F' C R. Then we will say that:
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(i) a line I (in R?) belongs to F if it passes through two points with
coordinates in F',

(ii) a circle C belongs to F if the coordinates of its center and the length
of its radius are in F.

3.3 Lemma. Let F be a field with Q C F C R, and let | be a line in R?
and C a circle in R?. Then:

(i) 1 belongs to F if and only if there are a,b,c € F such thatl = {(z,y) €
R? : ax + by + ¢ = 0}.

(ii) If C belongs to F, then there are a,b,c € F such that C = {(z,y) €
R?: 22+ 9% +ax +by+c=0}. The converse is true if F is closed for
square roots (that is, 0 <a € F = \Ja€ F).

PTOOf‘ (1) IfP= (p17p2)7 Q = (Q17q2) are points of [ with P1,DP2,41,G2 S F7
then an equation for [ is

(@2 —p2)(x —p1) — (@1 — p1)(y — p2) =0,

which is az + by +c =0 with a = g2 — p2, b =p1 —q1 and ¢ = (p2 — q2)p1 +
(@1 —p1)p2 in F.

Conversely, if [ has an equation ax + by + ¢ = 0 with a, b, c € F, then if
a # 0 # b, | passes through the points (=<, 0) and (0, %) with coordinates in
F, while if a = 0, [ passes through (0, 3°) and (1, 3¢), and if b = 0 through
(%¢,0) and (=5, 1).

@

(ii) If P = (p,q) is the center of C, r its radius, and p,q,r € F, then an
equation of C is (z — p)? + (y — q)? = 2, which is 22 + y> +ax + by +c =0
with @ = —2p, b = —2¢ and ¢ = p? + ¢> — r? in F. Conversely, if F is
closed for square roots and C has an equation 22 +y2 + ax + by + ¢ = 0 with
a,b,c € F, then the equation of C can be written as

a\2 b\2 a2 2
(++3) *(“z) a1 t1e

so that its center is (%a,%b), with coordinates in F, and its radius is

$Va? + b2 — 4e, also in F. O
3.4 Proposition. Let F' be a field with Q C FF C R. Then:

1. If 11 and lo are nonparallel lines that belong to F, then the coordinates
of ly Nls are in F.

2. Ifl is a line and C a circle that belong to F and INC # (), then there
is a u € R such that u?> € F and I N C consists of one or two points
with coordinates in F(u).
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3. If C1 and Cy are two circles that belong to F and C;1 N Co # 0, then
there is a u € R such that u?> € F and C; N Cy consists of one or two
points with coordinates in F(u).

Proof. Ttem 1 follows from the fact that the solution of a system of linear
equations over a field, that has a unique solution, belongs to this field.
Now, to prove item 3, we have to deal with a system of equations of the
form
Cr:a?+y? +ar+by+c=0
Co:a?+y?+dz+by+d =0

with a,b,c,a’,b',cd € F. But subtracting both equations it follows that
C1NCy = Cy NI with [ the line with equation (a—a')z+ (b—b")y+(c—¢') = 0.
Therefore, it is enough to prove item 2.

Thus, consider the system of equations:

l:ax+by+c=0
a,b,c,d,e, f € F

C:2+y’+de+ey+f=0

where we may assume, without loss of generality, that a # 0. Let P =
c+ byo

(zo,90) €1NC, then xg = — , so that

¢+ byo)? ctb
R Y . L

which is equivalent to
(a® +b*)y2 + (2bc — abd + ea®)yo + (¢* — adc + a*f) = 0,

and this shows that yo € F(u) with u? = (2bc — abd + ea?)? — 4(a® +b%)(c? —

b
adc + a?f) € F, and hence also 2o = _c+ %
a

€ F(u), as required. O

3.5 Corollary. Let a € R, then a € C if and only if there are n € Zxq
and subfields Fy, F1,...,F, of R such that Fy = Q < F; < --- < F,,
[Fi: Fiq] =2 foranyi=1,...,n, and a € F,.

In particular, if a € C, then [Q(a) : Q] is a power of 2.

Proof. If a € C, then it can be constructed using the allowed steps from
the two starting points. Because of the previous Proposition at each step
the coordinates are either in the same field where the coordinates of the
points constructed so far are, or in a field that is a quadratic extension of
the previous one. Hence the result.

Conversely, let F; = F;_1(u;) with uf € F;—1 and u; € F;—1 (quadratic
extensions) for ¢ = 1,...,n, and with Fj = Q. Then Fy = Q C C and if
F,_ 1 C C for somei=1,...,n, then uZQ € C,sou; € C as C is closed for
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square roots. Thus, F; C C too. Therefore F,, C C' and, since a € F,,, then
acC.

For the last part notice that 2" = [F,, : Q] = [F}, : Q(a)][Q(a) : Q], so
that [Q(a) : Q)] is a power of 2. O

Remark. With ‘Galois Theory’ (you will study it shortly) it can be proved
that for any a € R, a € C' if and only if [K : Q] is a power of 2, where K is
the splitting field of mq (X)) (K C C).

We have reached to the point where we can show that the ancient Greek
mathematicians could not solve the classical problems mentioned at the
beginning of the section because it is impossible to do so!

3.6 Theorem. The classical problems of doubling the cube, trisecting an
angle and squaring the circle are not solvable with ruler and compass.

Proof.

e The cube of side 1 can be doubled if and only if ¥/2 € C, but [Q((‘/ﬁ) :
Q] = 3 because X? — 2 is irreducible (Eisenstein’s criterion), and 3 is
not a power of 2.

e If we had a method to trisect any angle we would be able to trisect
™ . . . o

6 = — (which can be constructed with ruler and compass since it is

any of the angles of an equilateral triangle). But to construct the angle

3 is equivalent to construct cos § = a. However, since

Y

T m\3 LU S V]
<cos§ —i—zsm§) = cosg —i—zsmg = B —i—z?
taking the real parts we get o —3a(1—a?) = 1, or (2a)3—3(22)—1 =
0. But X3 — 3X — 1 is irreducible in Q[X] (it has no rational roots).
Hence mqq(X) = X3 — 2X — 1 and [Q(«),Q] = 3, which is not a
power of 2.

e The unit circle can be squared if and only if \/7 € C' and this, in par-
ticular, would imply that /7 is algebraic over @, and hence so would
be m. However, Lindemann proved in 1882 that = is transcendental
over Q. (You may find a proof of this fact in the appendix to this
Chapter. Although elementary (that is, it does not use any compli-
cated result), it is not an easy proof and you will need some patience
to grasp it.) O
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Exercises

1.

10.

11.

12.

Let a be a root of X3 — X + 1 € Q[X]. Compute the inverse and
the minimal polynomial of the elements f = 2 — 3a + 2a? and v =
1 — 2a + 3a? of Q(a).

. Let a be an algebraic element over a field F' with minimal polynomial

of odd degree. Prove that F(a) = F(a?). Provide an example showing
that this is no longer valid for even degree.

Find elements «, 8 such that Q(v/3,7) = Q(a) and Q(v/3,4,w) = Q(3),

where w3 =1 # w.

Prove that there exist finite field extensions of Q of arbitrary degree.
Is this true also for R?

. What is the degree of the field extension C/Q?

Find the minimal polynomials over Q of the real numbers /2 + 5,

V245,V —14+v2and V2 - ¥/3.

Find subfields of C that are splitting fields over Q of the polynomials
X3 -1, X*+5X%2+6, X0 -8 and (X2 — 2)(X? — 2). For each case,

compute the degree of the corresponding extensions over QQ.

Prove that p(X) = X3 + X + 1 is irreducible over F3[X] and that if ¢
is a root of p(X) (in some extension), then Fo(() is a splitting field of
p(X). Compute all the roots of p(X) (in terms of ¢) and the degree

[F2(C) : Fa.

Find all the monic irreducible polynomials of degree 2 and 3 over Fo,
Fg and F5.

Construct fields with 8, 9 and 16 elements.

Let p,n € N with p prime and let K be a splitting field of f,(X) =
XP" — X over F,,. Prove that K is precisely the set of roots of f,,(X).
Deduce that [K : F,] = n.

Let K be a finite field.

(a) Show that there are p,n € N, with p prime, such that K contains
p™ elements.

(b) Prove that any element in K is a root of the polynomial f,(X)
considered in the previous exercise.

12 (b) For any 0 # o € K the map ¢ : K* — K%, p(y) =
Ha,e}(x Y= H’YEKX e(y) = al®It H'yeKX 7. Thus, alfImt =1,

ary, is a bijection, and hence
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(¢) Conclude that, up to isomorphism, the only finite fields are those
constructed in the previous exercise.

13. Find the (complex) roots of the polynomial X3+ X2 —2X —1 € Q[X].
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Appendix: 7 is transcendental

It is possible to prove the existence of transcendental real numbers (over Q)
by using Set Theory, because the set of algebraic real numbers is countable,
while the set of all real numbers is not. This was shown by Cantor in 1874.
However, no particular transcendental number is singled out in this way.
Previously, Liouville (1844) showed some strange transcendental numbers
like S°°° , 107 It was Hermite (1873) who proved that e is transcendental,
and soon thereafter Lindemann (1882) did the same with 7.

Here we will use the ideas of Hermite and Lindemann, following the
exposition by LN. Stewart: Galois Theory, (2"¢ edition), Chapman and
Hall, London 1989, in order to prove that m is transcendental.

A polynomial p(Xi,...,X,) € F[Xy,...,X,] (where F is an arbitrary
field) is said to be symmetric if p(X1,..., X;) = p(Xy(1), - - -, Xo(r)) for any
permutation . The most important examples of symmetric polynomials
are the so called elementary symmetric polynomials:

s1=X1+-+ X,

S9 — Z Xin,
1<i<j<r

ss= Y XiX;Xp,
1<i<j<k<r

S = X1+ X,

A.1 Lemma. Let p(Xi,...,X,) € Z[X1,...,X,] be a symmetric polyno-
mial. Then there is a polynomial q(X1,...,X,) € Z[X1,...,X,], of degree
at most the degree of p(X1,...,X,), such that p(X1,..., X;) = q(s1,..., ).

(For instance, X% + -+ + X2 = s2 — 2s9, so0 here ¢(X1,...,X,) = X? —
2X5.)

Proof. Order the monomials in Z[X1,...,X,] first by degree and then lex-
icographically: X" .- X7 > X" ... X" if either ny + -+ +n, > m; +
ceo+mp,orny+---+n,=m;+---+m, and thereisa j, 0 < j <r—1,
such that n; =m; for i =1,...7 and nj41 > mji1.

If p(X1,...,X,) is symmetric and Xj" --- X' is its greatest monomial
with nonzero coefficient a # 0, by symmetry it follows that ny > --- > n,.
But the greatest monomial of s]* ™ "2s527 "% ... s7' s

X{"Ll—nz (X1X2)n2—n3 .. (Xl .. .Xr)nr = X{Ll cee X;%
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too. Hence, p(X1,...,X,) = p(X1,..., X)) —as{' " "sp? 7" ... 7" is a sym-
metric polynomial with a greatest monomial lower than the greatest mono-
mial of p(Xy,...,X,). If p(Xi,...,X,) = 0 we are done. Otherwise, we
repeat the process with p(Xi,..., X, ) until we reach the result. O

A.2 Corollary. Let f(X) € Q[X] be a monic polynomial such that f(X) =
(X —a1) - (X —am) (a1,...,0m, € C). Then the polynomials fi1(X) =
f(X), fo(X) = H1§i<j§m(X — (o + aj)); f3(X) = H1§i<j<k§m(X — (o +
ajtag), .., fm(X) =X —(a1+-+ o) also belong to Q[X].

Proof. 1t is enough to realize that the coefficients of these polynomials are
symmetric in aq, ..., q,, so, by the Lemma above, they are polynomial ex-
pressions in o + -+ + Qun, .., Q1 - O € Q. O

A.3 Corollary. Let f(X)=ap+ a1 X + -+ a, X" and g(X) be two poly-
nomials in Z|X] of degree r,m > 1 respectively. Let Bi,...,53, € C be the
roots (possibly repeated) of f(X). Then g(B1) + -+ g(B;) € =Z.

Proof. Because of the previous Lemma, g(X1)+---+ g(X;) = q(s1,..., ),
with ¢(X1,...,X;) € Z[X4,...,X,] of degree < m. Since 1 + -+ B, =
_Grel BB = %, we get

ar

(B + -+ g(Bs) = ¢ (—“H,..., HV“O) clz .

Ay Gy

A.4 Theorem. (Lindemann, 1882) w is transcendental (over Q).

Proof. Assume, on the contrary, that « is algebraic over Q, then so is i € C.
Let f(X) € Q[X] be a monic polynomial such that f(X) = (X—ay)--- (X —

Q) wWith o = im, e, ...,y € C. Since e'™ +1 =0, one gets
(A.5) (e +1)...(e“™ +1)=0.

Consider now the polynomials f1(X) = f(X),..., fm(X) in Corollary
as well as its product g(X) = f1(X)--- f(X), whose roots are the sums
i, + -+ ai, (1 <i <...<i, <m). Thus, by expanding the expression
in equation one gets
(A.6) 1+ Y &=,

~ root of g(X)

in which each root appears as many times as indicated by its multiplicity.
Some of these roots a;, + - - - + a;, may be 0, so g(X) = XV §(X) for some
N > 0 with g(X) € Q[X] and g(0) # 0, and equation (A.6) becomes

(A7) E+ Y =0,

~ root of G(X)
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where k = 1+ N € N. By clearing denominators in g(X), we get a poly-
nomial ¢(X) = ag + a1 X + -+ a, X" € Z[X] (ar # 0 # ap) such that
g X)=a,(X —p1)--- (X = B,) with

(A.8) k+) e =o.
j=1

Consider now a prime number p € N larger than k, ap and a,, take
s = pr — 1 and the polynomial

_eope1 (XD
h(X) =a’z 1@

of degree rp+p — 1 = s + p, as well as the polynomial obtained by adding
h(X) and its derivatives:

H(X) =h(X)+K(X)++hP(X).
Since H'(X) = H(X) — h(X), it follows that

d —x _ —x
e (e™*H(z)) = —e *h(x),

SO
e “H(x)— H(0) = —/ e Yh(y) dy.
0
Make the change of variables y = Az and multiply both sides by e* to get:

1
H(z) — " H(0) = —z /0 =N h () d,

Now substitute x = 3; and add for j =1,...,7 to get:
(A.9) ZH B8;) + kH(0 ZB / (=85 p(\B;) dA

Notice that by the very definition of h, h(t)(ﬁj) =0for 0 <t < p.
Moreover, for ¢ > p, h(t) (B;) is a polynomial with integer coefficients in j;
of degree < s, and with all the coefficients being multiples of ap, because
we have to derive g(x)P at least p times to get a nonzero summand. By

Corollary we know that
th) Epa—Z pZ, t=p,...,p+s,

so the left hand side in equation (A.9)) is pm + kH(0) for some m € Z.
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On the other hand,

AD0)=0 fort=0,...,p—2,
P=D(0) = ajaf (ar # 0 # ao),
h(0) € pZ for t > p,

so the left hand side in equation (A.9) is an integer of the form pm + kaSaj,
with m € Z, which is not a multiple of p because p > k, ag, a,.. In particular,
this is always a nonzero integer.

However, if M > 0 is an upper bound of [Ag;| and [g(A3;)| (0 < X <1,

1 < j < r), then the right hand side of equation (A.9) is bounded by a
M2p71 M2n71
———. And since lim,_yoo ———
(p—1)! (n—1)!

we get that the modulus of the right hand side of equation (A.9) is smaller
than 1, a contradiction that completes the proof. ]

multiple of = 0, with p large enough



Epilogue: Groups and Galois
Theory

Galois Theory (a name that comes after Evariste Galois, 1811-1832) deals
with the symmetries of the roots of polynomials, and is motivated by prob-
lems like

e Are there solutions by radicals to the equations of degree > 57 The
answer is no (Theorem of Abel-Ruffini).

e Which regular polygons can be constructed with ruler and compass?
Here the answer is that the regular polygon of n sides is constructible
if and only if n = 2"p;---ps, where r,n € Z>¢ and p1,...,ps are
different Fermat primes (of the form 22" + 1).

The algebraic structure used to study symmetries is that of group.

E.1 Definition. A group is a set G endowed with a binary operation G x
G — G, (z,y) — zy, which is associative ((zy)z = z(yz) for any z,y, z € G),
there is a neutral element (e € G such that ex = ze = x for any = € G),
and for any element of G there is an inverse (Vz € G, Jy € G such that
Ty = yr = e, notation: y = z~1).
If the operation is also commutative, then the group is said to be abelian.
The cardinal of a group G is called the order of G (denoted by |G]).

E.2 Examples.
e Any ring R is an abelian group with the addition.

e The symmetries of an equilateral triangle form a group. More precisely,
fix an equilateral triangle and consider

G = {isometries of R? fixing the triangle}

G consists of three symmetries relative to the lines that pass through
a vertex and the middle point of the opposite side (see Figure [E.1))
together with the rotations of 0, 120 and 240 degrees. Thus |G| = 6.

101
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Figure E.1: Symmetries of an equilateral triangle.

Each isometry fixing the triangle permutes the vertices. The three
symmetries correspond to the transposition of two vertices.

e Let X be a set, then
Sx ={f:X — X : f is a bijection}

is a group with the composition of maps as the binary operation. This
is called the symmetric group on X. In particular, for X = {1,...,n},
Sx is denoted by S, and called the symmetric group of degree n. Its
elements are called permutations, any permutation ¢ can be identified
with the two rows matrix (0(11) 0(22) " U("n)). The order of S, is n!.
Notice that the group of symmetries of an equilateral triangle can
be identified with S3, by looking at the permutation of the vertices
performed by any isometry in G.

E.3 Definition. Let G and K be two groups.

(i) A subset H of G that is closed for the operation in G and for inverses
is called a subgroup of G (notation: H < G). Moreover, if H is a
subgroup of G and for any x € H and y € G, yry~' € H, then H is
called a normal subgroup of G (notation: H < G).

(i) A map f: G — K is said to be a homomorphism of groups if f(zy) =
f(x)f(y) for any x,y € G. As for rings, one talks about isomorphisms,
monomorphisms, epimorphisms and automorphisms.

The proof of the next result is completely analogous to the proof of the
corresponding result for rings.

E.4 Proposition. Let f : G — K be a homomorphism of groups. Then:
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(i) ker f = {& € G : f(xz) = e} is a normal subgroup of G, called the
kernel of f.

(il) im f = {f(x) : € G} is a subgroup of K, called the image of f.
E.5 Examples. Let F be a field of characteristic # 2 and let 1 #n € N.

e Let {e1,...,e,} be the canonical basis of F™ and let GL(F™) = {f :
F" — F™ : f is linear and bijective}. Then GL(F™) is a group (the
general linear group) with the composition of maps. Then

— The map
¢S, — GL(F")
o s F™" — F",
where ¢, is the linear map such that ¢,(e;) = eq(i) for any
i=1,...,n,is a monomorphism. (Notice that ¢, (z1,...,2,) =

(1'071(1), oo ,.%'071(”)).)

— det : GL(F™) — F* is an epimorphism of groups, where F* =
F\ {0} is a group with the multiplication. Moreover, det(y,) =
+1 for any o € S,,. ({£1} < F*.)

— The composition of the two homomorphisms above, gives an epi-
morphism sgn : S, — {£1}, 0 — sgn(o) = det(¢,), which is
called signature.

e A, = kersgn is a normal subgroup of S, called the alternating group.

A transposition is an element of S, that leaves fixed any element
in {1,...,n}\ {i,7} for some 1 <i < j < n and permutes i and
j. It is denoted by (i, 7).

Any permutation in S, is a product of transpositions:

Proof. 1t is done by induction on n. If n = 2 this is clear since
So = {id, (1,2)} (and id = (1,2)?). So assume the result is valid
for n — 1. Let o € S,, arbitrary. If o(n) = n, then the restriction
0|{17._.7n_1} belongs to S, _1, so by the induction hypotheses, it is
a product of transpositions (fixing n). Otherwise, o(n) =m < n,
then 7 = (m,n)o fixes n, so it is a product of transpositions, and
sois 0 = (m,n)T. O

The signature of any transposition is —1. Therefore, for any
o € Sy, 0 € A, if and only if ¢ is a product of an even number
of transpositions.
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Given any group G and a subgroup H < G, the following relation be-
tween elements of G is defined: x ~ y if there exists h € H such that x = yh
(that is, if y~'x € H). This is clearly an equivalence relation, and the
equivalence class of any x € G is vH = {zh : h € H}, which has cardinal
|H|. The quotient set (that is, the set of the equivalence classes) is denoted
by G/H and its cardinal is called the index of H and denoted by [G : H].
Thus |G| = [G : H]|H| (there are [G : H] equivalence classes, all of them of
cardinal |H]).

Normal groups play the role of ideals for rings. As for them:

E.6 Proposition. Let G be a group and N a normal subgroup, then the
map

G/N x G/N — G/N
(xN,yN) — xzyN

is well defined and makes G/N a group, which is called the quotient group
of G by N.

E.7 Properties. (With essentially the same proof as for rings.)

o First Isomorphism Theorem: Let f : G — K be a homomor-
phism of groups, then the quotient group G/ker f is isomorphic to
im f through the isomorphism

f:G/ker f —im f
xker f — f(x).

e Let N be a normal subgroup of the group G, then the map © : G —
G/N, x — xN, is an epimorphism, called the natural projection of
G over G/N. Besides, kerm = N. In particular, this shows that any
normal subgroup is the kernel of some homomorphism.

e Second Isomorphism Theorem: Let H be a subgroup and N a
normal subgroup of the group G, then HN = {hn : h € H,n € N} is
a subgroup of G, H N N is a normal subgroup of H and the map

H/HAN — HN/N
x(HNN)~ xN,

s an isomorphism.

e Third isomorphism theorem: Let N and M be two normal sub-
groups of the group G with N C M, then M /N is a normal subgroup
of G/N and the quotient groups (G/N)/(M/N) and G/M are isomor-
phic.



GROUPS AND GALOIS THEORY 105

o Let N be a normal subgroup of the group G, then the maps

{subgroups of G containing N} — {subgroups of G/N}
H —  H/N,

s a bijection, and the same happens if we consider only normal sub-
groups.

E.8 Example. For n > 2, sgn : S,, — {£1} is an epimorphism with kernel

!
Ay, so that S, /A, = {£1}. Hence [S,, : A,] =2 and [A,| = |S2n| = %

E.9 Definition. Let F be a field.

e If K/F is a field extension, the group

Gal(K/F)={f: K —- K :
f automorphism such that f(a) =a Va € F}

(the set of automorphisms that fix the elements of F') is called the
Galois group of the extension.

e For 0 # p(X) € F[X], let K be a splitting field of p(X) over F. Then
Gal(K/F) is called the Galois group of p(X).

Let p(X) = a0 + a1 X + -+ + a1 X" + X" € F[X], let K be a
splitting field of p(X) over F and let @ € K be a root of p(X), so ag +
ara+ -+ ap,_1a" 1+ a" = 0. For any f € Gal(K/F), f(a;) = a; for any
1 =0,...,n— 1 and, therefore,

0= f(0) =ao+arf(a) + - +an-1f(a)" " + f(a)",

that is, f(«) is another root of p(X) in K. Hence, f induces a permutation
of the roots of p(X). Moreover, if ai,...,a, € K are the different roots of
p(X), the map

Gal(K/F) — S,
[ + oy such that os(i) = j if f(o) = o,

is a monomorphism of groups, because any f € Gal(K/F') is determined by
its action on {a,...,a,} as K = F(aq,...,q,). In particular, we conclude
that Gal(K/F) is finite and its order is < r!.

Many properties of the polynomial p(X) (its solubility by radicals, for
instance) depend on its Galois group. Therefore, in order to continue the
study of polynomials and field extensions, it is necessary first to study Group
Theory. But this is the subject of another course.






Previous exams

Here are some previous exams of the same subject (and by the same lec-
turer).

June 2003

1. An integral domain R is said to be almost euclidean if there is a map
f+ R — Z>( such that

(a) F(0) =0, f(a) > 0ifa#0,

(b) If b # 0 then f(ab) > f(a) Va € R,

(c) Ya,b € R, if b # 0 then either a is a multiple of b, or there are
x,y € R such that 0 < f(az + by) < f(b).

Show that any almost euclidean integral domain is a principal ideal
domain.

2. Prove that if m € N and 2™ + 1 is prime, then m is a power of 2 (in
this case 2™ + 1 is called a Fermat prime).
Show that 2'' = 53 (mod 641), 5* = —2%(mod 641) and, without ac-
tually computing 22 4 1, check that 22 t1isa multiple of 641.

3. Consider the following polynomials in F7[X]| (F; = Z/7Z): p(X) =
X4+ 5X346X2+5X +1and ¢(X) = X* + 1. Find their greatest
common divisor d(X), as well as polynomials a(X), b(X) € F7[X] such
that a(X)p(X) + b(X)g(X) = d(X).

4. Prove that the polynomial f(X) = X° —2 € Q[X] is irreducible. Let
K be a splitting field of f(X) over Q, compute the degree [K : Q).

2 _1is aroot of X2*T! 4+ 1, s0 X + 1 is a factor of X2+ 41,
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July 2003

The value of the first question is twice the value of each of the second
and third questions.

1. Prove the following assertions:

) Z[v/—2] is an euclidean domain.
) Z]v/—2]* ={1,—1} (set of units).
(¢) v/—2 is an irreducible element of Z[v/—2].

) If 2,y € Z satisty 22 + 2 = y> then the elements = + /—2 and
r —+/—2 in Z[y/—2]| are relatively prime.
(e) With x and y as above, prove that there exists an element a €
Z[v/=2] such that z + /-2 = a3.

(f) Prove that the only solutions in Z of the equation x? + 2 = ¢3
are given by x = +5 and y = 3.

2. Prove that p(X) = X%+ X3 + X2 + X + 1 is irreducible over the field
Fy of two elements. Let « = X + (p(X)) be the class of X in the
quotient field K = Fo[X]/(p(X)). Compute the inverse of a® + a + 1
in K.

3. Find a map f : Z% — Z such that f(x,y,2) = x(mod 3), f(x,y,2) =y
(mod 5) and f(z,y,2) = z(mod 7) Vx,y, z € Z.

! Part (f) constitutes one of the many results proved by Fermat.
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September 2003

1. Let F, = Z/pZ be the field of p elements (p is a prime number).

(a) How many monic reducible polynomials of degree 2 exist over F},?

(b) Conclude that there are irreducible monic polynomials of degree
2 over [F),.

(c) Construct explicitly a field with 25 elements.

2. For any n € N consider the polynomial X" — 1 € Q[X].

(a) Prove that X™ — 1 has no repeated irreducible factors.
(b) Prove that if d is a divisor of n, then X — 1 divides X" — 1.

(¢) Show that if n > m, then the greatest common divisor of X" —
1 and X™ — 1 coincides with the greatest common divisor of
X" —1and X™ — 1.

(d) Conclude that for n,m € N, the greatest common divisor of X" —
1 and X™ —1is X? — 1, where d = ged(n,m).

(e) Let p,(X) be the (monic) least common multiple of the poly-
nomials X% — 1, where d runs over the divisors of n, d # n.
Check that p,(X) divides X™ — 1 and consider the quotient
on(X) = (X" —1)/pn(X). Compute pg(X) and pi0(X).

3. Recall that an element e of a ring R is an idempotent if €2 = e. Use the
Chinese Remainder Theorem to find 8 idempotent elements in Z/385Z.

4. Let w = cos 27” + % sin 27” € C (a primitive seventh root of unity)
(a) Show that m,(X) = X0+ X° + X4+ X34+ X2+ X +1. In
particular, prove that w3 +w? +w+1+w P +w 2+ w3 =0.
(b) Conclude that for & = w+w™! (=2cos &), mq o(X) is a cubic
polynomial (degree 3).
(c) Is it possible to construct with ruler and compass the regular
heptagon?
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June 2004

1. (a) For any nonzero integers a, b, c € Z, prove that the equation
axr + by =c

has an integer solution if and only if ged(a, b) divides c.

(b) Obtain all the integer solutions to the equation

6z + 9y = —33.

2. Let A be the discriminant of a real polynomial p(X) € R[X] of degree
4 and assume that A # 0. Prove that if all the roots of p(X) are real,
then A > 0, while if only two of them are real then A < 0. (Note that
if p(a) = 0, then p(a) = 0 too.)

3. Let F,, be the field of p elements (p a prime number) and let K/F),
be a field extension of degree 2. Prove that for any b,c¢ € F,, the
polynomial f(X) = X2+ bX + c has a root in K.

4. Consider the quotient rings Rs = Z[i]/(2) and R3 = Z[i]/(3).

(a) How many elements do the rings Ry and R3 contain?
(b) Is any of them a field?
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July 2004

1. Are there integers x,y such that 3145z 4+ 23001y = 857

2. Let a,n be natural numbers with ged(a, n) = 1. Prove that the integers
0,a,2a,3a,...,(n— 1)a form a complete set of representatives of the
congruence classes modulo n.

3. Does the class of the polynomial X3 +3X + 1 in R[X]/(X* + 1) have
an inverse? If so, compute it.

4. Let p € N be a prime number.
(a) Show that quotient rings Z[i]/(p) and F,[X]/(X?+1) are isomor-
phic.

(b) Deduce that p is irreducible in Z[i] if and only if there is no
natural number m such that m? = —1(mod p).
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September 2004

1. Cakes are sold in boxes that may contain 3 or 7 of them. If only full
boxes are sold, prove that you can buy any amount of cakes greater
than 11.

2. (a) Prove that if n = 3(mod 4), then there are no integer solutions
to the equation 22 + 3% = n.

(b) Deduce that any prime number p that is congruent to 3 modulo
4 remains prime in Z[i].

3. Find, if possible, two polynomials f(X), g(X) € F2[X] such that

(XPH+ D)X+ (XP+X2+ X +1)g(X) =X+ 1.

4. Let p € N be an odd prime number.

(a) Prove that (p — 1)! = —1 (mod p). (Wilson’s Theorem)
b) Prove that for any 0 # a € ), there is a unique b € F, such that
P P
ab=—1.
(c) Prove that if there is no n € N such that n? = —1 (mod p), then
(p—1l= (—l)p%1 (mod p), while if there exists n € N such that
-3
n? = —1(mod p), then (p —1)! = (=1)"z (mod p).
(d) Conclude that p is congruent to 3 modulo 4 if and only if the
polynomial X2 + 1 € F,[X] is irreducible.
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June 2005

1. Consider the following subset of Maty(R):

ST

(a) Check that R is a subring of Mata(RR).

(b) Prove that R is isomorphic to the ring Z[v/=2] (= {a + bv/=2 :
a,b € Z}, which is a subring of C).

2. Let p be an irreducible element of the ring of Gaussian integers Z[i].
Prove that there is a prime natural number p that belongs to (p).

3. Let F be a field of characteristic p > 0.

(a) Prove that f(X) = XP — X —a (a € F) has no multiple roots (in
a splitting field).

(b) Prove that if « is a root, so is a + 1.

4. Let F be a field, 0 # p(X

) € F[X], and E a splitting field of p(X)
over F. Show that [E: F] < (

degp(x))!
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July 2005

1. Prove that for any natural number n, there is a prime p that divides
4n + 3 and is congruent to 3 modulo 4.

2. If z,y € Z satisfy 2 = 23 — 1, then prove that:
(a) ged(y +d,y —i) =1 (in Z[1)),
(b) there exists a Gaussian integer o € Z[i] such that y +i = a3,
(¢c)z=1,y=0.

3. Consider the polynomial f(X) = X3 — X2 + X + 2 € Q[X].

(a) Check that f(X) is irreducible.

(b) Let 0 = X + (f(X)) € Q[X]/(f(X)). Express the elements
(62 +6+1)(6% —1) and (f — 1)~ ! in the form a + b + c#?, with
a,b,c, e Q.

4. Let F be a field and 0 # f(X) € F[X] a monic irreducible polynomial.
Prove that the following statements are equivalent:

a) f(X) has a multiple root (in an algebraic closure),

(a)

(b) ged(f, f) # 1,

(c) f1(X)=

(d)

(e) all the roots of f(X) are multiple.

F has characteristic p > 0 and f(X) is a polynomial in XP?,
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September 2005

1. Given any n € Z, prove that ged(12n + 5,5n + 2) = 1.

2. Let f(X) = ap+a1X + -+ a1 X" ! + X" € Z[X] be a monic
irreducible polynomial, let & € C be a root of f(X), and let Z[a] =
{g(a) : g(X) € Z[X]}.

(a) Prove that Z[a] is a subring of C.

(b) Let p be a prime natural number and let a denote the class of a
modulo p (a = a + pZ € Z/pZ = F,). Consider the polynomial
f(X)=ay+a X+ + a1 X" 1+ X" € F,[X]. Prove that

Zlal/(p) = Fp[X]/(f(X)) -

3. Let f(X) € Q[X] be a monic irreducible polynomial of degree 3, and
let aq, g, a3 € C be its roots. Consider the splitting field of f(X)
over Q: E = Q(ay, ag, as).

(a) Check that F = Q(aq, a2).
(b) Prove that [E : Q] is either 3 or 6.

(c) Prove that if the discriminant of f(X) is not a square in Q, then
[E: Q] =6.

4. Obtain the factorization into irreducible polynomials of X% + 22 €
Fa3[X].
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June 2006

1. (a) Find the roots of the polynomial X2 — 5 over the field of 11
elements Fq;.

(b) Find a maximal ideal of Z[X] containing 11 and X2 — 5.

2. Let F be a field.

(a) Prove that the ideal (X,Y) of the ring of polynomials F'[X,Y] is
not principal.

(b) Show that the ideal (Y') is prime.

3. Show that the polynomial X* — 2 € F5[X] is irreducible.

4. Consider the polynomial f(X) = X3+ X + 1 € F3[X], and let K be
the splitting field of f(X) over Fs.
(a) Compute the degree [K : F3].

(b) Find an element v € K such that 4% = 1, but 7" # 1 for i =
1,...,7.
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June 2007

1. (a) Show that there exists a unique ring homomorphism ¢ : Z[X] —
Mat3(Z), such that

p(X) =

S O =
=N
_ O =

(b) Compute its kernel.

2. Consider the quotient ring R = Z[X]/(15, X2 — 3).

(a) How many elements does R have?

(b) How many maximal ideals does R have?

3. Consider the rational polynomial p(X) = X% — 4X? 4 2 € Q[X].

(a) Prove that p(X) is irreducible.
(b) Show that there is a splitting field K of p(X) contained in R.
(c) Prove that the degree [K : Q) is 4.

4. Prove the following generalization of Gauss Lemma: Let R be a unital
commutative ring and denote by C(p(X )) the ideal generated by the
coefficients of any polynomial p(X) € R[X]. If f(X),g(X) € R[X] are
polynomials with C'(f(X)) = R = C(g(X)), then C(f(X)g(X)) =R
too.

* Otherwise, there would exist a maximal ideal M of R containing C(f(X)g(X)).
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June 2008

1. (a) Devise a procedure to compute two natural numbers, assuming
that you know their sum and their least common multiple.

(b) Apply your procedure to the case in which the sum is 2761 and
the least common multiple is 6024.

2. Consider the ring Z[v/5] (a subring of R), with the norm given by
N(a+ bV/5) = |a? — 5b%|, for any a,b € Z.
(a) Are there elements of norm 27
(b) Check that 1++/5 and 2 are not associates and that N (1++/5) =
N(2).

(c) Prove that Z[v/5] is not a unique factorization domain.

3. Let I be an ideal of a unital commutative ring, and let VI = {a € R:
dn € N such that o™ € I}.
(a) Show that v/T is an ideal of R.
(b) Show that R/+/I has no nilpotent elements.

(c) Show that /T is the intersection of the prime ideals of R contain-
ing I.

4. (a) Show that the polynomial p(X) = X3 + X2 + 1 € Fy[X] is irre-
ducible.
(b) Prove that K = F[X]/(X?+ X2+ 1) is, up to isomorphism, the
unique field with eight elements.

(c¢) In this unique field, find an element whose minimal polynomial
over Fy is X3+ X + 1.
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September 2008

1. Can you find examples of ideals I in a unital commutative ring R with
the following properties?
(a) I is principal and not maximal.
(b) I is maximal and not principal.
(c) I is principal and not prime.
(e) I is maximal and not prime.
(f

(g) I is principal and prime but not maximal.

)
)
)

(d) I is prime and not principal.
)
) I is prime and not maximal.
)

2. (a) Factor the polynomial X® — 1 into a product of irreducible poly-
nomials in Q[X]. Check that your factors are indeed irreducible.

(b) How many maximal ideals does the ring Q[X]/(X® — 1) have?
And R[X]/(X5 —1)?

3. (a) For what values of a € Fj is the ring R = F5[X]/(X% + aX + 1)
a field?

(b) How many zero divisors does the ring R contain for a = 07

4. (a) Prove that the element XY — Z2 € Q[X,Y, Z] is irreducible.

(b) Show that the quotient ring R = Q[X,Y, Z]/(XY — Z?) is an inte-
gral domain, and that any element is uniquely the class, modulo
(XY — Z?), of an element of the form f(X,Y) + g(X,Y)Z, for
some f(X,Y),9(X,Y) € QX,Y].

(c) Prove that the element X + (XY — Z?2) € R is irreducible but not
prime.

(d) Conclude that R is not a unique factorization domain.
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June 2012

1. Which of the following subsets of n x n matrices form a subring of
Mat,,(R)?
(a) The set of symmetric matrices.
(b) The set of upper triangular matrices (a;; = 0 for ¢ > j).
(¢) The matrices whose entries are 0 except possibly in the first col-

umn.

Does any of these subsets form a left or right ideal of Mat,,(R)?

2. How many abelian groups are there, up to isomorphism, of order 567
For all of them write their invariant factors and their elementary divi-
SOTS.

3. Consider the ring homomorphism ¢ : F3[X] — Z[v/—5]/(3) that takes
X to v/=5+ (3).
(a) Prove that ¢ is onto.
(b) Compute its kernel.

(c) Use the above to prove that (3) is contained in precisely two
maximal ideals M; and My of Z[v/—5].

(d) Check that MMy = (3).

4. Let R be a unital ring, and let a,b be two elements in R.

(a) Prove that if ab is nilpotent, then so is ba.

(b) Show that if ab is nilpotent, then both 1 — ab and 1 — ba are
invertible.

(c¢) Prove that if 1 — ab is invertible, then so is 1 — ba.
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September 2012

1. Let R be an integral domain.

(a) Prove that (X) is a prime ideal of R[X].
(b) Prove that R is a field if and only if R[X] is a principal ideal

domain.

2. The invariant factors of a finitely generated module M over Fy[X] are
X4+ X2+1and X0+ X4+ X3+ X2+ X + 1.
(a) What are its elementary divisors?

(b) If the free rank of M is 0, how many elements are there in M7

3. Given field extensions L/K and K/F and an element o € L:
(a) What is the relationship between the minimal polynomials of «
over K and over F?

(b) Give an example where these two polynomials coincide and an
example where they don’t.

4. (a) Construct explicitly the field K of 9 elements as a quotient of
F3[X].

(b) Prove that X2 + 1 divides X? — X in F3[X].

(c) Prove, in general, that any irreducible polynomial of degree n
over F, = Z/pZ (p prime) divides X?" — X.
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June 2013

1. Give an example, and justify your choice, of each of the following;:

(a) a unique factorization domain which is not a principal ideal do-
main,

(b) an infinite field of characteristic 5.

2. Prove that Z[v/—2] = {a + bv/—2 | a,b € Z} (a subring of C) is an
euclidean domain with the norm given by

N(a+bv/=2) = a® + 20°,

for any a,b € Z.

3. How many abelian groups of order 36 are there, up to isomorphism?
For each of these groups, give its invariant factors and its elementary
divisors.

4. Consider the ring of polynomials over the field of 3 elements: F3[X].

(a) Prove that (X® — X + 1) is a maximal ideal of F3[X].
(b) How many elements does the field F3[X]/(X3 — X + 1) contain?
(c) Find the inverse of the class of X + 1 modulo (X3 — X + 1).

2 Given «, 8 € Z[v/—2] with 3 # 0, show that, in C, % = p + gv/—2 for some p,q € Q.
Take the ‘quotient’ of o and 8 to be a 4+ by/—2 with a,b € Z such that |p — a| < % and
lg—b| < 3
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September 2013

1. Give an example, and justify your choice, of each of the following:

(a) an integral domain which is not a unique factorization domain,
(b) a unital ring with nilpotent elements,

(c) a field of 8 elements.

2. Give an example of a field extension K/Q with [K : Q] = 327.
Is there a field extension K /R with [K : R] = 3277 Why?

3. Let G be an abelian group and let 7 : G — Z be a nonzero homomor-
phism of groups such that its kernel contains exactly 5 elements.

(a) Prove that G is finitely generated.

(b) Compute its invariant factors and its free rank.

4. Consider the ring of polynomials over the field of 5 elements: F5[X].

(a) Prove that (X2 + 2) is a maximal ideal of F5[X].

(b) Let # = X + (X2 42) (the class of X modulo our maximal ideal).
Compute the minimal polynomial over F5 of 26 + 1.
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June 2014

1. Prove that a unital ring R is an integral domain if and only if there is
a monomorphism ¢ : R — F from R into a field F.

Give an example of a field containing as subrings both an integral
domain which is not a principal ideal domain and a principal ideal
domain which is not euclidean.

2. Let G be a finite abelian group and H a subgroup of G such that
|G/H| = 10 and the elementary divisors of H are {2,2,2,3}.

Determine the possibilities for G, up to isomorphism.

3. (a) Show that if p is an odd prime, then (p — 3)! x 2 = —1 (mod p).
(b) Prove that if a € Z is not divisible by 3, then a” = a (mod 63).

4. Consider the set
Q := {a € C: « is algebraic over Q}.

(a) Show that Q is a field. (Prove the necessary auxiliary results.)

(b) Compute the degree [Q : QJ.
(c) Prove that any 0 # f(X) € Q[X] splits in Q.
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September 2014

1. Prove that a finite integral domain is a field. How many elements does
it contain?

Give an example of an infinite field containing both a subfield of 9
elements and a subring which is a euclidean domain but not a field.

2. Consider the set
a
Zioy = {geQzan, beZ\QZ}.

Prove that Z ) is a subring of Q and that it is a principal ideal domain.

3. Let V be a torsion Q[X]-module and W a submodule such that the
elementary divisors of W are {X —1, X —1,X — 1, X2 4 1}, while the
elementary divisors of V/W are {X — 1}.

Determine the possibilities for V', up to isomorphism.

4. (a) List the irreducible polynomials in Fo[X] of degree < 4.

(b) Take an irreducible polynomial of degree 4 in your list and use it
to construct a field of 16 elements.

(c) Find a basis over Fy of this field and write the multiplication
table of the elements of this basis.
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June 2015

1. (a) How many units are there in Zo5?

(a)

(b) Is this set of units a subring?

(c) Is this set of units an abelian group (with the multiplication)?
)

(d) If so, compute its invariant factors.

2. (a) Prove that R[X]/(X3 — X? + X — 1) is isomorphic to R x C.

(b) Deduce that for any a € R and for any z € C there is a unique
real polynomial f(X) of degree at most two such that f(1) = a
and f(i) = z.

3. Let R be a principal ideal domain, M a finitely generated R-module,
p a prime element in R and N a submodule of M. Define M, by
M, :={zx e M : px = 0}.

a) Prove that M, is a vector space over the field R/(p) and that its
P
dimension equals the number of elementary divisors of M that
are powers of p.

(b) Prove that the number of elementary divisors of N is less than
or equal to the number of elementary divisors of M.

4. Consider the field Fy of four elements. Find an irreducible polynomial
of degree two over [F4 and use it to construct a field with 16 elements.
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September 2015

1. Prove that 2 + 3i and 5 + 3i are relatively prime in Z[i], and find
u,v € Z[i] such that 1 = u(2 + 3i) + v(5 + 3i).

2. (a) Prove that X* 4+ X3 4+ X2 + X + 1 is irreducible in Q[X], but it
has two different irreducible factors in R[X].

(b) Deduce that Q[X]/(X*+ X3 + X2+ X +1) is a field and that
R[X]/(X* + X34+ X2 + X + 1) is isomorphic to C x C.

3. Let M be a finitely generated abelian group (i.e.; Z-module) and let
N be a subgroup of M.
(a) Give an example where tor(M) = 0 but tor(M/N) # 0.

(b) Prove that the free rank of M is the maximum of the ranks of
the free submodules of M.

(c) Prove that the free rank of M /N is less than or equal to the free
rank of M.

4. Construct explicitly a field with 121 elements.
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June 2017

1. (a) What are the invariant factors and elementary divisors of the
abelian group Zg X Zog?

(b) How many abelian groups of order 224 are there, up to isomor-
phism?

2. (a) Define Euclidean domain, principal ideal domain, and unique fac-
torization domain.

(b) Give examples of a principal ideal domain which is not a Eu-
clidean domain, and of a unique factorization domain which is
not a principal ideal domain.

(¢) Is Z]v/—2] a principal ideal domain? Why?

3. (a) Before doing any computation, explain why are there polynomials
f(X) € R[X] that satisfy the following three conditions:

f(X)-1€ (X?-2X+1), f(X)-2€ (X+1), f(X)-3 € (X*-9).

(b) Find one such polynomial.

4. Consider the real number 7 = % Prove the following assertions:
(a) Zlr] :={a+ b1 :a,b € Z} is a subring of R.
(b) Z[r] is isomorphic to Z[X]/(X?* — X —1).
(¢) The ideal of Z[r]| generated by 2 is maximal.
(d) The quotient Z[r]/(2) is isomorphic to the field of four elements.
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1. Let R be a principal ideal domain, and let M be an R-module such that
M = Rz @ Ry, where z,y € M satisfy ann(x) = (a), ann(y) = (b),
with 0 # a,b € R\ R*.

(a) Prove that the number of invariant factors of M is at most 2.

(b) Give an explicit example with a unique invariant factor.

2. (a) Are the ideals (3), (2 + /=5), and (3,2 4+ v/=5), of the ring
Z[v/—5], prime?

(b) Is any of these ideals maximal?

3. (a) Prove that Z[i] (the ring of Gaussian integers) is a Euclidean
domain.

(b) Show that Q(z) is its field of fractions (up to isomorphism).

(c) Prove that any irreducible element in Z[i] has an associate of the
form a + bi, with a,b € Z>¢.

4. Give examples (and explain why!) of:
(a) an infinite algebraic field extension,
(b) a field extension of degree 229,
(c) a field extension K of Fy with [K : Fa] = 3,
)

(d) a non algebraic field extension of Fy.
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