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Lipschitz functions and free spaces

Let M be a metric space and 0 € M be a distinguished point, and let X be
a Banach space

Lip(M,X) :={f: M — X : f is Lipschitz, f(0) = 0}
is a Banach space when equipped with the norm

FlLip == SUP{W X F#y}
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Lipschitz functions and free spaces

Let M be a metric space and 0 € M be a distinguished point, and let X be
a Banach space

Lip(M,X) :={f: M — X : f is Lipschitz, f(0) = 0}

is a Banach space when equipped with the norm

11l = sup 00 =M ey

In particular, we denote Lip(M) := Lip(M,R). For each m € M, consider
the evaluation functional d,, € Lip(M) given by dp,(f) := f(m). The space

F(M) :=span{dm, : me M} C Lip(M)*

is the Lipschitz-free space over M, and it is an isometric predual of Lip(M).
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Lipschitz functions and free spaces
Let M be a metric space and 0 € M be a distinguished point, and let X be
a Banach space

Lip(M,X) :={f: M — X : f is Lipschitz, f(0) = 0}
is a Banach space when equipped with the norm

flleip = SUP{W x #y}

In particular, we denote Lip(M) := Lip(M,R). For each m € M, consider
the evaluation functional d,, € Lip(M) given by dp,(f) := f(m). The space
F(M) :=span{dm, : me M} C Lip(M)*
is the Lipschitz-free space over M, and it is an isometric predual of Lip(M).

Example
o .F(N):El (Jnr—>e1+...—|—e,,).
) .F(R) = L1 ((5)( — X(O,x))-
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Lipschitz functions and free spaces

Let f: M — N be a Lipschitz map. Then there exists an operator
T : F(M) — F(N) such that || T¢|| = ||f||Ljp and the following diagram
commutes:

Mo LN

04 04

FM) 5 F(N)
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Let f: M — N be a Lipschitz map. Then there exists an operator
T : F(M) — F(N) such that || T¢|| = ||f||Ljp and the following diagram
commutes:
Mo LN
04 04
FM)y 15 F(N)

If N = X is a Banach space, we get

Mo X
5] 01T B

FM) 5 F(x)

where 3: F(X) — X is the barycentric mapping.
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Lipschitz functions and free spaces

Let f: M — N be a Lipschitz map. Then there exists an operator
T : F(M) — F(N) such that || T¢|| = ||f||Ljp and the following diagram
commutes:

Mo LN

04 o4

FM) 5 F(N)

If N = X is a Banach space, we get

Mo X

ol o4 B
FM) 15 F(x)
where 3: F(X) — X is the barycentric mapping.
As a consequence Lip(M, X) is isometric to L(F(M), X). In particular we
get Lip(M) = F(M)*.
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Duality in free spaces

For which infinite metric spaces M is (M) isometric to a dual space?

Moreover, is it possible to find S C Lip(M) such that S is a predual of
F(M)?
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Duality in free spaces

For which infinite metric spaces M is (M) isometric to a dual space?
Moreover, is it possible to find S C Lip(M) such that S is a predual of
F(M)?

Notice that if M is separable and metrically convex then F(M) is a
separable space without the RNP. Thus, it is not isomorphic to a dual
Banach space.
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Duality in free spaces

A natural candidate for a predual of F(M) is the so-called space of
little-Lipschitz functions:

. , : F(x) = F(y)l
lip(M) =A{f € Lip(M) : lim  sup ————=—
(M) =1 (M) €20 0<d(x,y)<e d(x,y)

=0}
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Duality in free spaces

A natural candidate for a predual of F(M) is the so-called space of
little-Lipschitz functions:

, , p [F(x) =)l _
lip(M) = {f € Lip(M) : 5|%0<ds(g,3)<s d0y) 0}
Let M be a compact metric space. Then lip(M) is a predual of F(M) in
the following cases:
o (Weaver, 1999) M C [0,1] is the middle-thirds Cantor set;
o (Weaver, 1999) The metric is of the form d®, where 0 < o < 1;
o (Dalet, 2014) M countable;
Moreover, Dalet showed in 2015 that if M is a proper metric space (i.e.
closed balls are compact sets), then

. . [f(x) = f(y)l
S(M) ={f € lip(M): lim su — =2 =0
( ) { p( ) r_ﬂ)oxoryig(o,r) d(X7 .y) }
XFYy

is a predual of (M) whenever M is countable or ultrametric (i.e.
d(x,y) < max{d(x, z),d(y,z)} for every x,y,z € M),
July, 2016 7/ 19



Duality in free spaces

Another duality result is the following. We shall denote
lip-(M) = lip(M) N C(M, T).

Theorem (Kalton,2004)

Let M be a separable complete bounded metric space. Suppose T is a
metrizable topology on M so that (M, ) is compact and for every

X,y € M and € > 0 there exists f € lip-(M) with ||f||.ijp <1 and

f(y) — f(x) > d(x,y) —e. Then the space lip-(M) is a predual of F(M).
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Duality in free spaces

Another duality result is the following. We shall denote
lip:(M) = lip(M)n C(M, 7).

Theorem (Kalton,2004)

Let M be a separable complete bounded metric space. Suppose T is a
metrizable topology on M so that (M, ) is compact and for every

X,y € M and € > 0 there exists f € lip-(M) with ||f||.ijp <1 and

f(y) — f(x) > d(x,y) —e. Then the space lip-(M) is a predual of F(M).

v

Corollary (Kalton, 2004)

Let X be a separable Banach space and 0 < av < 1. Then lip,-(Bx~, || [|)
is a predual of F(Bx~, || ||%).

v
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Duality in vector-valued free spaces

Vector-valued Lipschitz free spaces were introduced by Becerra, Lépez and
Rueda in 2015 as

F(M,X) :=35pan{dmx: me M,x € X} C Lip(M, X*)*
where 6, «(f) := f(m)(x) for every me M, x € X and f € Lip(M, X*).
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Duality in vector-valued free spaces

Vector-valued Lipschitz free spaces were introduced by Becerra, Lépez and
Rueda in 2015 as

F(M,X) :=35pan{dmx: me M,x € X} C Lip(M, X*)*

where 6, «(f) := f(m)(x) for every me M, x € X and f € Lip(M, X*).
Our goal is to get duality results in the vector-valued setting.

For which metric spaces M and Banach spaces X does there exists a
subspace S of Lip(M, X**) such that S is a predual of F(M, X*)? J

We will consider the spaces:

lip(M, X) = {f € Lip(M, X) : Iim0 sup W = 0} ,
e=Y0<d(x,y)<e )

, , [f(x) = W)
SIM,X):=<felip(M,X): lim sup ————"—=0
( ) ( ) r—=00 o yféB(O,r) d(X’ y)
x#y
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Duality in vector-valued free spaces

Let M be a proper metric space and X be a Banach space. Then S(M, X)
is a predual of F(M, X*) in the following cases:

@ M is the middle third Cantor set.
@ M is countable.
© M is ultrametric.

© The metric is of the form d®, where 0 < a < 1, and either F(M) or
X* has the AP. )
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Duality in vector-valued free spaces

Let M be a proper metric space and X be a Banach space. Then S(M, X)
is a predual of F(M, X*) in the following cases:

@ M is the middle third Cantor set.
@ M is countable.
© M is ultrametric.

© The metric is of the form d®, where 0 < a < 1, and either F(M) or
X* has the AP.

Our approach is strongly inspired in a paper by Jiménez-Vargas, Sepulcre
and Villegas-Vallecillos. The main idea is to get an identification

S(M, X) = Ky w(X*,S(M)) = S(M)®:X
and thus

S(M, X)* = (S(M)@:X)* = S(M)* &, X* = F(M)@.X* = F(M, X*).
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Duality in vector-valued free spaces

Theorem (Kalton,2004)

Let M be a separable complete bounded metric space. Suppose T is a
metrizable topology on M so that (M, T) is compact and for every

X,y € M and € > 0 there exists f € lip(M) with ||f||.ip < 1 and

f(y) — f(x) > d(x,y) —e. Then the space lip-(M) is a predual of F(M).
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Duality in vector-valued free spaces

Theorem (Kalton,2004)

Let M be a separable complete bounded metric space. Suppose T is a
metrizable topology on M so that (M, T) is compact and for every

X,y € M and € > 0 there exists f € lip(M) with ||f||.ip < 1 and

f(y) — f(x) > d(x,y) —e. Then the space lip-(M) is a predual of F(M).

v

Let M be a pointed metric space and let 7 be a topology on M such that
(M, T) is compact and d is 7-lower semicontinuous. Then

e lip-(M, X) is isometrically isomorphic to Ky« w(X*, lip-(M)).
o If either lip-(M) or X has the AP, then lip;(M, X) is isometrically
isomorphic to lip, (M)®:X.

o If the assumptions of Kalton's result hold and either 7(M) or X* has
the AP, then lip-(M, X) is a predual of F(M, X*).

v
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Almost squareness

Definition (Abrahamsen-Langemets-Lima, 2016)

A Banach space X is said to be almost square (ASQ) if for every
X1,...,Xk € Sx and £ > 0 there exists y € Sx such that

iyl <1+eVie{l,... k).
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Almost squareness

Definition (Abrahamsen-Langemets-Lima, 2016)

A Banach space X is said to be almost square (ASQ) if for every
X1,...,Xk € Sx and £ > 0 there exists y € Sx such that

iyl <1+eVie{l,... k).

Roughly speaking, we can say that ASQ Banach spaces have a strong ¢
behaviour from a geometrical point of view.

Does there exist a dual ASQ Banach space? )

We will give a partial answer to the above question by using the notion of
almost squareness.
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Unconditional almost squareness

Definition
Let X be a Banach space. We will say that X is unconditionally almost
square (UASQ) if, for each ¢ > 0, there exists a subset {x,},er C Sx such
that

@ For each {y1,...,yx} € Sx and 6 > 0 the set

{vel:|lyitx| <1+06Vie{l,... k}}

iS non-empty.
@ For every F finite subset of ' and every choice of signs ¢, € {—1,1},
v € F,itfollows || 30 & <1+e.
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Unconditional almost squareness

Example
@ The space ¢p(I) is UASQ.

Q (5,(IN) :={x € lo(I) : supp(x) is countable} is UASQ whenever [ is
uncountable.

© Given I an infinite set and U/ a free ultrafilter over I, the space
X = {x € loo(I) : limy(x) = 0} is UASQ.
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Unconditional almost squareness

Example
@ The space ¢p(I) is UASQ.

Q (5,(IN) :={x € lo(I) : supp(x) is countable} is UASQ whenever [ is
uncountable.

© Given I an infinite set and U/ a free ultrafilter over I, the space
X = {x € loo(I) : limy(x) = 0} is UASQ.

Let X be a separable Banach space. If X is ASQ, then X is UASQ.

Let X be a Banach space. Then X* can not be UASQ.
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Let M be a proper pointed metric space and let X be a Banach space. If
S(M) is infinite dimensional, then S(M, X) is UASQ. In particular, the
same results holds for lip(M, X) when M is compact.
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Let M be a proper pointed metric space and let X be a Banach space. If
S(M) is infinite dimensional, then S(M, X) is UASQ. In particular, the
same results holds for lip(M, X) when M is compact.

Let X and Y be Banach spaces, and let 0 < & < 1. Assume that X* is
separable. Then lip,«((Bx+, || ||*), Y) is UASQ.

In particular, above spaces are not isometric to any dual Banach space.
Previous result has an immediate consequence in terms of octahedrality. It
follows from previous result that F((Bx=, || ||*), Y*) has an octahedral
norm whenever X* is separable. This answers partially a question posed by
Becerra, Lépez and Rueda, who wondered whether octahedrality in
vector-valued Lipschitz-free Banach spaces actually relies on the scalar
case.
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