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Lipschitz-free spaces

pM, dq complete metric space, 0 P M.

Lip0pMq � tf : M Ñ R Lipschitz, f p0q � 0u

∥f ∥L � sup

"
|f pxq � f pyq|

dpx , yq
: x � y

*

pLip0pMq, ∥�∥Lq is a Banach space.

Consider

δ : M Ñ Lip0pMq�

x ÞÑ δpxq : xf , δpxqy � f pxq

The Lipschitz-free space (Kadec (1985), Pestov (1986), Godefroy-Kalton

(2003)) FpMq (a.k.a. Arens-Eells space, transportation cost space) is

defined as

FpMq � spantδpxq : x P Mu � Lip0pMq�



Lipschitz-free spaces

pM, dq complete metric space, 0 P M.

Lip0pMq � tf : M Ñ R Lipschitz, f p0q � 0u

∥f ∥L � sup

"
|f pxq � f pyq|

dpx , yq
: x � y

*

pLip0pMq, ∥�∥Lq is a Banach space.

Consider

δ : M Ñ Lip0pMq�

x ÞÑ δpxq : xf , δpxqy � f pxq

The Lipschitz-free space (Kadec (1985), Pestov (1986), Godefroy-Kalton

(2003)) FpMq (a.k.a. Arens-Eells space, transportation cost space) is

defined as

FpMq � spantδpxq : x P Mu � Lip0pMq�



Lipschitz-free spaces

pM, dq complete metric space, 0 P M.

Lip0pMq � tf : M Ñ R Lipschitz, f p0q � 0u

∥f ∥L � sup

"
|f pxq � f pyq|

dpx , yq
: x � y

*

pLip0pMq, ∥�∥Lq is a Banach space.

Consider

δ : M Ñ Lip0pMq�

x ÞÑ δpxq : xf , δpxqy � f pxq

The Lipschitz-free space (Kadec (1985), Pestov (1986), Godefroy-Kalton

(2003)) FpMq (a.k.a. Arens-Eells space, transportation cost space) is

defined as

FpMq � spantδpxq : x P Mu � Lip0pMq�



Lipschitz-free spaces

pM, dq complete metric space, 0 P M.

Lip0pMq � tf : M Ñ R Lipschitz, f p0q � 0u

∥f ∥L � sup

"
|f pxq � f pyq|

dpx , yq
: x � y

*

pLip0pMq, ∥�∥Lq is a Banach space.

Consider

δ : M Ñ Lip0pMq�

x ÞÑ δpxq : xf , δpxqy � f pxq

The Lipschitz-free space (Kadec (1985), Pestov (1986), Godefroy-Kalton

(2003)) FpMq (a.k.a. Arens-Eells space, transportation cost space) is

defined as

FpMq � spantδpxq : x P Mu � Lip0pMq�



Lipschitz-free spaces

Theorem (Weaver (1999), Godefroy-Kalton, (2003))

The space FpMq satisfies the linearization properties in the diagrams:

M Y

FpMq

f

δ
Tf

∥f ∥L � ∥Tf ∥

M N

FpMq FpNq

f

δ δ

f̂

∥f ∥L � ∥f̂ ∥

Thus, Lip0pM,Y q � LpFpMq,Y q. In particular, Lip0pMq � FpMq�

It is easy to check that

∥δpxq � δpyq∥ � ∥x � y∥ @x , y P M

Theorem (Godefroy-Kalton (2003))

If X is a separable Banach space, then X is (linearly) isometric to a

1-complemented subspace of FpX q.



Lipschitz-free spaces

Theorem (Weaver (1999), Godefroy-Kalton, (2003))

The space FpMq satisfies the linearization properties in the diagrams:

M Y

FpMq

f

δ
Tf

∥f ∥L � ∥Tf ∥

M N

FpMq FpNq

f

δ δ

f̂

∥f ∥L � ∥f̂ ∥

Thus, Lip0pM,Y q � LpFpMq,Y q. In particular, Lip0pMq � FpMq�

It is easy to check that

∥δpxq � δpyq∥ � ∥x � y∥ @x , y P M

Theorem (Godefroy-Kalton (2003))

If X is a separable Banach space, then X is (linearly) isometric to a

1-complemented subspace of FpX q.



Lipschitz-free spaces

Theorem (Weaver (1999), Godefroy-Kalton, (2003))

The space FpMq satisfies the linearization properties in the diagrams:

M Y

FpMq

f

δ
Tf

∥f ∥L � ∥Tf ∥

M N

FpMq FpNq

f

δ δ

f̂

∥f ∥L � ∥f̂ ∥

Thus, Lip0pM,Y q � LpFpMq,Y q. In particular, Lip0pMq � FpMq�

It is easy to check that

∥δpxq � δpyq∥ � ∥x � y∥ @x , y P M

Theorem (Godefroy-Kalton (2003))

If X is a separable Banach space, then X is (linearly) isometric to a

1-complemented subspace of FpX q.



Lipschitz-free spaces

Theorem (Weaver (1999), Godefroy-Kalton, (2003))

The space FpMq satisfies the linearization properties in the diagrams:

M Y

FpMq

f

δ
Tf

∥f ∥L � ∥Tf ∥

M N

FpMq FpNq

f

δ δ

f̂

∥f ∥L � ∥f̂ ∥

Thus, Lip0pM,Y q � LpFpMq,Y q. In particular, Lip0pMq � FpMq�

It is easy to check that

∥δpxq � δpyq∥ � ∥x � y∥ @x , y P M

Theorem (Godefroy-Kalton (2003))

If X is a separable Banach space, then X is (linearly) isometric to a

1-complemented subspace of FpX q.



Why are they important?

In non-linear analysis.

Theorem (Godefroy-Kalton, 2003)

Let X ,Y be Banach spaces, with X separable. Assume there is a

(non-linear) isometry f : X Ñ Y . Then there exists a linear isometry

T : X Ñ Y . Also, the result does not hold for non-separable X .

In optimal transport. For a finite metric space M, the norm of an

element of FpMq can be interpreted as the cost of a certain transport

problem (Wasserstein-1, Kantorovich-Rubenstein).

In computer science (“earthmover distance”).

Theorem (Naor-Schechtman, 2007)

FpR2q is not (linearly) isomorphic to a subspace of L1 � FpRq.

This provides lower bounds for the computation time of certain

algorithms related to the similarity of images.
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Holomorphic functions

X ,Y � complex Banach spaces

U � X open subset

BX � open unit ball of X , SX � unit sphere of X

A function f : U Ñ Y is said to be holomorphic at x0 P U if it is Fréchet

differentiable at x0: there is df px0q P LpX ,Y q with

lim
hÑ0

f px0 � hq � f px0q � df px0qphq

∥h∥
� 0

Equivalently, there is a sequence pPk f px0qqk of continuous k-homogeneous

polynomials such that

f pxq �
8̧

k�0

Pk f px0qpx � x0q

uniformly in some neighbourhood of x0.
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The holomorphic free space

H8pU,Y q � tf : U Ñ Y : f is holomorphic and boundedu is a Banach space

with the norm ∥�∥
8
.

We denote H8pUq :� H8pU,Cq.
Consider the map

δ : U Ñ H8pUq�

x ÞÑ δpxq : xf , δpxqy � f pxq

Theorem (Mujica, 1991)

The space G8pUq :� spantδpxq : x P Uu � H8pUq� satisfies the linearizations:

U Y

G8pUq

f

δ
Tf

∥f ∥
8
� ∥Tf ∥

U V

G8pUq G8pV q

f

δ δ

f̂

∥f ∥
8
� ∥f̂ ∥

Thus, H8pU,Y q � LpG8pUq,Y q. In particular, H8pUq � G8pUq�.
Also, X is (linearly) isometric to a 1-complemented subspace of G8pUq.

There is a recent survey by Garćıa Sánchez - De Hevia - Tradacete.
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Holomorphic Lipschitz functions
HL0pBX ,Y q � tf : BX Ñ Y : f is holomorphic and Lipschitz, f p0q � 0u

� tf P HpBX ,Y q : df P H8pBX ,LpX ,Y qq, f p0q � 0u

is a Banach space with the norm ∥f ∥L.

We denote HL0pBX q :� HL0pBX ,Cq.
There exists many non-Lipschitz holomorphic functions in H8pDq.
For instance, take tbnu � T with bn Ñ 1 and set f pbnq �

a
|bn � 1|.

Then extend f to D by the Rudin-Carleson theorem.
Indeed, we have shown that

� ℓ8 is isomorphic to a subspace of H80 pBX qzHL0pBX q Y t0u
� ℓ8 is isomorphic to a subspace of Lip0pBX qzHL0pBX q Y t0u

Note that the map

Φ: HL0pBX q Ñ H8pBX ,X
�q

f ÞÑ df

is an into isometry. Moreover, Φ is onto if and only if X � C.
Thus, HL0pDq � H8pDq isometrically.
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The holomorphic Lipschitz free space
Consider the evaluation map δ : BX Ñ HL0pBX q
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�
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The holomorphic Lipschitz free space

Thus LpG0pBX q,Y q � HL0pBX ,Y q, in particular

G0pBX q
� � HL0pBX q

For f � Id we have:

BX X

G0pBX q

Id

δ
TId

X X

G0pBX q

Id

dδp0q
TId

As a consequence, X is (linearly) isometric to a 1-complemented

subspace of G0pBX q.
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The holomorphic Lipschitz free space
Recall that the map

Φ: HL0pBX q Ñ H8pBX ,X
�q � LpG8pBX q,X

�q

f ÞÑ df

is an into isometry.

Moreover, Φ is the adjoint of a quotient map

G8pBX qpbπX Ñ G0pBX q

If X � C, we get G8pDq � G0pDq.
Also, the map

HL0pBX q Ñ Lip0pBX q

f ÞÑ f

is an into isometry. It is the adjoint of the quotient operator

FpBX q Ñ G0pBX q

δpxq ÞÑ δpxq

(FpBX q �complex Lipschitz-free space, see Abbar-Coine-Petitjean)
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Approximation properties

X has the Approximation Property

(AP) if the identity I : X Ñ X can be

approximated by finite-rank operators

uniformly on compact sets.

If the operators can be taken with norm

¤ λ then X has the λ-Bounded

Approximation Property (λ-BAP).

If λ � 1 then X has the Metric

Approximation Property (MAP).
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MAP for G0pBX q

First we show:

a) Given f P HLpBX ,Y q with ∥f ∥L ¤ 1, there are polinomials

Pn : X Ñ Y with ∥Pn|BX
∥L ¤ 1 and Pnpxq Ñ f pxq for all x P BX .

b) Assume that X has the MAP with Tα Ñ I pointwise. For each

polynomial P : X Ñ Y there are finite-type polinomials Pα � P � Tα

with ∥Pα|BX
∥L ¤ ∥P|BX

∥L and Pαpxq Ñ Ppxq for all x P BX .

Now, consider δ : BX Ñ G0pBX q. Take a net pPαq with ∥Pα|BX
∥L ¤ 1 and

Pαpxq Ñ δpxq for all x P BX .

Then TPα has finite rank, ∥TPα∥ ¤ 1 and

TPαpδpxqq � Pαpxq Ñ δpxq � Idpδpxqq

so TPα Ñ Id pointwise on spanpδpxqq. Since pTPαq is bounded, the same

holds for the closure.
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Extension of holomorphic Lipschitz functions

Theorem (McShane, 1934)

Let M be a metric space, N � M and f : N Ñ R be a Lipschitz map.

Then there is an extension f : M Ñ R with the same Lipschitz constant.

A fundamental consequence is that if N � M then FpNq can be

canonically identified with a subspace of FpMq.

The extension is given by

f pxq � suptf pyq � ∥f ∥L dpx , yq : y P Nu

However, in H8 and HL0 there is no lattice structure.

Aron-Berner, 1978

Let P : ℓ2 Ñ C given by Ppxq �
°8

n�1 x
2
n and consider an embedding

ℓ2 ãÑ ℓ8. There does not exists f : Bℓ8 Ñ C holomorphic extending P|Bℓ2
.
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When G0pBX q � G0pBY q?

If X � Y , we have a map

ρ : G0pBX q Ñ G0pBY q

φ ÞÑ pφ,
where xf , pφy � xf |BX

, φy.

ρ is an isometry ô every f P HL0pBX q has a norm-preserving

extension to BY .

We have shown that

a) If X is 1-complemented in Y , then G0pBX q � G0pBY q

b) If X is symmetrically regular, then G0pBX q � G0pBX��q.

c) If X is symmetrically regular and there is an isometric extension

operator s : X � Ñ Y �, then G0pBX q � G0pBY q.

The proof relies on the Aron-Berner extension.
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AB : H8pBX ,Y q Ñ H8pBX�� ,Y
��q

f ÞÑ f̃

is an isometry (Davie-Gamelin, 1989).

If X is symmetrically regular (e.g. c0, C pK q, H8pDq), then we get

d rf ��df for all f P HL0pBX q.
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Composition operators

Taking adjoints in the square diagram

BY BX

G0pBY q G0pBX q

ϕ

δ δ

ϕ̂

we have ϕ̂� : HL0pBX q Ñ HL0pBY q,

ϕ̂�pf qpδpxqq � f pϕpδpxqqq � f pϕpxqq @x P BX

That is, ϕ̂�pf q � f � ϕ � Cϕpf q (composition operator!).
Also,

∥Cϕ∥ � ∥ϕ̂∥ � ∥ϕ∥L

There are composition operators with arbitrarily large norm: just take
ϕpyq � y�pyqnx . Then ϕpBY q � BX and ∥ϕ∥L � n.
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Multiplicative forms

Note that HL0pBX q is a Gelfand algebra: ∥f � g∥L ¤ 2 ∥f ∥L ∥g∥L

Composition operators are multiplicative:

Cϕpf � gq � pf � gq � ϕ � Cϕpf q � Cϕpgq

When is a multiplicative operator a composition operator?
Let’s focus first on the case where φ : HL0pBX q Ñ C be a multiplicative
linear form. We have shown:

φ is continuous and ∥φ∥ ¤ 1.

If φ P G0pBX q and X has the BAP, then φ � δpxq for some x P BX .

A key fact is that the homogeneous polynomials on X separates points in
G0pBX q. If X has BAP, then it suffices to consider finite-type polynomials.

φ is the restriction of a multiplicative element in AupBX q
�.
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Multiplicative operators

Theorem (Dimant-G.L.-GuerreroViu-Procházka)

Assume X has the BAP. Let A : HL0pBX q Ñ HL0pBY q be a multiplicative
linear map (i.e. an algebra homomorphism). TFAE:

i) A is a composition operator.

ii) There is a linear continuous map T : G0pBY q Ñ G0pBX q such that
A � T �.

iii) A is τ0-τ0-continuous.

iv) A is τp-τp-continuous.

The same characterization holds for H8pBX q (Carando (2008)).
For Lipschitz spaces, there is a related characterization of normal
multiplicative linear maps (Shebert (1963), Weaver (1999)).
We get as a consequence that, if Cϕ : HL0pBX q Ñ HL0pBY q is an onto
isomorphism and X has BAP, then ϕ is a biholomorphic map from BX to
BY .
We do not know if these results hold for spaces without BAP.
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Multiplicative operators

Proof of iiq ñ iq. Assume that A � T �, T : G0pBX q Ñ G0pBY q.

Since A is multiplicative, so is T pδpyqq P G0pBY q for each y P Y .

Thus, there is xy P BX such that T pδpyqq � δpxy q.

Define ϕ : BY Ñ BX by ϕpyq � xy .

We have

Apf qpyq � δpyqpApf qq � δpyqpT �pf qq � T pδpyqqpf q

� δpxy qpf q � f pxy q � f pϕpyqq, for all y P BY .

Thus, Apf q � f � ϕ for all f P HL0pBX q.

For each x� P X �, x� � ϕ � Apx�q P HL0pBY q and so ϕ is
weakly-holomorphic, which implies that ϕ is holomorphic.

It is easy to check that ϕ is Lipschitz and ϕp0q � 0

By the maximum modulus theorem, ϕpBY q � BX .
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Compactness of composition operators

Theorem (Kamowitz-Scheinberg (1990), JiménezVargas -
VillegasVallecillos (2013), Abbar-Coine-Petitjean (2023))

Let ϕ : N Ñ M be a Lipschitz map with ϕp0q � 0. TFAE:

i) Cϕ : Lip0pMq Ñ Lip0pNq is compact.

ii) Cϕ : Lip0pMq Ñ Lip0pNq is weakly compact.

iii) ϕpSq is relatively compact for each bounded set S � N, ϕ is uniformly
locally flat, and flat at infinity.

Theorem (Aron-Galindo-Lindström (1997))

Let ϕ P H8pBY ,X q such that ϕpBY q � BX . TFAE

i) Cϕ : H8pBX q Ñ H8pBY q is compact.

ii) Cϕ : H8pBX q Ñ H8pBY q is weakly compact and ϕpBY q is relatively
compact in BX .

iii) ∥ϕ∥8   1 and ϕpBY q is relatively compact in BX .
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VillegasVallecillos (2013), Abbar-Coine-Petitjean (2023))

Let ϕ : N Ñ M be a Lipschitz map with ϕp0q � 0. TFAE:

i) Cϕ : Lip0pMq Ñ Lip0pNq is compact.

ii) Cϕ : Lip0pMq Ñ Lip0pNq is weakly compact.

iii) ϕpSq is relatively compact for each bounded set S � N, ϕ is uniformly
locally flat, and flat at infinity.

Theorem (Aron-Galindo-Lindström (1997))

Let ϕ P H8pBY ,X q such that ϕpBY q � BX . TFAE

i) Cϕ : H8pBX q Ñ H8pBY q is compact.

ii) Cϕ : H8pBX q Ñ H8pBY q is weakly compact and ϕpBY q is relatively
compact in BX .

iii) ∥ϕ∥8   1 and ϕpBY q is relatively compact in BX .



Theorem (Shapiro (1987))

Let ϕ P HL0pDq such that ϕpDq � D. TFAE:
i) Cϕ : HL0pDq Ñ HL0pDq is compact.

ii) ∥ϕ∥8   1.

Theorem (Dimant-G.L.-GuerreroViu-Procházka)
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Thank you for your attention!


