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Lipschitz-free spaces

(M, d) complete metric space, 0 € M.

Lipg(M) = {f: M — R Lipschitz, f(0) = 0}

I, = sup { P =T

(Lipg(M),||-|[,) is a Banach space.
Consider

§: M — Lipy(M)*
x> §(x) : {f,0(x)) = f(x)

The Lipschitz-free space (Kadec (1985), Pestov (1986), Godefroy-Kalton

(2003)) F(M) (a.k.a. Arens-Eells space, transportation cost space) is
defined as

F(M) =span{o(x) : x e M} < Lipg(M)*
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Lipschitz-free spaces

Theorem (Weaver (1999), Godefroy-Kalton, (2003))

The space F(M) satisfies the linearization properties in the diagrams:

M—f .y M— N

l / I I

F(M)y —— F(N)

11l = 17l 111, = 1]

Thus, Lipg(M, Y) = L(F(M), Y). In particular, Lipy(M) = F(M)*
Also, f* = C¢: Lipg(N) — Lipg(M) is the composition operator!
Theorem (Godefroy-Kalton, 2003)

Let X, Y be real Banach spaces, with X separable. Assume there is a
(non-linear) isometry f: X — Y. Then there exists a linear isometry
T: X — Y. Also, the result does not hold for non-separable X.
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The holomorphic free space
@ X,Y = complex Banach spaces

@ U c X open subset, Bx = open unit ball of X, Sx = unit sphere of X

Consider the map
6:U—-H*U)*
x o 8(x) £ {F,8(x)) = F(x)
Theorem (Mujica, 1991)
The space G*(U) := span{(S( ):x € U} c H*(U)* satisfies the linearizations:

U —> U —f> 74

5 / l{s l‘s
G*(U) G*(U) ——= G7(V)
Ifll, = I Tl 1l = 171

Thus, H*(U,Y) = L(G*(V),Y). In particular, H*(U) = G*(U)*.

There is a recent survey by Garcia Sdnchez - De Hevia - Tradacete.
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Holomorphic Lipschitz functions
HLo(Bx,Y) = {f: Bx = Y : f is holomorphic and Lipschitz, f(0) = 0}
={feH(Bx,Y):df e H*(Bx,L(X,Y)),f(0) = 0}

is a Banach space with the norm ||-|,.
We denote 'HLo(Bx) = %Lo(Bx,(C)

@ There exist many non-Lipschitz holomorphic functions in H* (D). For
instance, take {b,} < T with b, — 1 and set f(b,) = +/|bn — 1|.
Then extend f to D by the Rudin-Carleson theorem.

@ Indeed, we have shown that

» U is isomorphic to a subspace of Hg"(Bx)\HLo(Bx) u {0}
» Ly, is isomorphic to a subspace of Lipy(Bx)\HLo(Bx) v {0}
@ Note that the map

d: /HLo(Bx) - HOO(B)(,X*)
f—df

is an into isometry. Moreover, ® is onto if and only if X = C.
@ Thus, HLy(D) = H*®(D) isometrically.
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@ § is Lipschitz, indeed ||0(x) — d(y)|| = ||x — y|| for all x,y € Bx

@ § is holomorphic, since it is weak*-holomorphic (Dunford's theorem), as
fod=fforall feHLo(Bx).

We define the holomorphic Lipschitz free space as
Go(Bx) :=3pan{d(x) : x € Bx} c HLy(Bx)*

Theorem (Aron-Dimant-GL-Maestre, 2024)
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The holomorphic Lipschitz free space
Consider the evaluation map §: Bx — HLo(Bx)*

@ § is Lipschitz, indeed ||0(x) — d(y)|| = ||x — y|| for all x,y € Bx

@ § is holomorphic, since it is weak*-holomorphic (Dunford's theorem), as
fod=fforall feHLo(Bx).

We define the holomorphic Lipschitz free space as

Go(Bx) :=span{d(x) : x € Bx} c HLO(BX)*

Theorem (Aron-Dimant-GL-Maestre, 2024)

The space Go(Bx) satisfies the linearization properties in the diagrams.

By — vy Bx —f— By
ls b b
Go(Bx) Go(Bx) —— Go(By)

1, = I Tell I, = IIfl

Thus, HLo(Bx, Y) = L(Go(Bx), Y). In particular, HLo(Bx) = Go(Bx)*.
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The holomorphic Lipschitz free space
@ Recall that the map
&: HLo(Bx) > H®(Bx, X*) = L(G*(Bx), X*)
f—df
is an into isometry. Moreover, ® is the adjoint of a quotient map
G*(Bx)®=X — Go(Bx)
o If X =C, we get G*(D) = Go(D).
@ Also, the map
HLo(Bx) — Lipog(Bx)
f—f
is an into isometry. It is the adjoint of the quotient operator
F(Bx) = Go(Bx)
6(x) = 0(x)

(F(Bx) =complex Lipschitz-free space, see Abbar-Coine-Petitjean)



Approximation properties

o X has the Approximation Property
(AP) if the identity /: X — X can be
approximated by finite-rank operators
uniformly on compact sets.

@ If the operators can be taken with norm
< X then X has the A-Bounded
Approximation Property (A\-BAP).

o If A =1 then X has the Metric
Approximation Property (MAP).
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Theorem (Mujica, 1991)
X has the (M)AP < G*(Bx) has the (M)AP.
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Composition operators

Taking adjoints in the square diagram

By#BX

b b

Go(By) —2— Go(Bx)

we have ¢*: HLo(Bx) — HLo(By),
F*(F)3(y)) = F(B(3(y))) = F(3(¢(y)) = F(4(y))  VyeBy
That is, ¢*(f) = f o ¢ = Cy(f).
Also, .
[Coll = lloll = lloll,

There are composition operators with arbitrarily large norm: just take
¢(y) = y*(y)"x. Then ¢(By) < Bx and ||¢]|, = n.
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Multiplicative forms

Note that HLo(Bx) is a Gelfand algebra: ||f - g||, <2|/f|,llgll,

When is a multiplicative operator a composition operator?

Let's focus first on the scalar-valued case.

Let ¢p: HLo(Bx) — C be a multiplicative linear form.
a) ¢ is continuous and ||¢|| < 1 (indeed |p(f)] < ||f],)-

b)  is the restriction of a multiplicative element in A,(Bx)*
(Au(Bx) = algebra of uniformly continuous functions on Bx).
Thus, ¢ is not necessarily an evaluation on By.

c) If p € Go(Bx) and X has the BAP, then ¢ = §(x) for some x € Bx.

A key fact is that the homogeneous polynomials on X separate points in
Go(Bx). If X has BAP, then it suffices to consider finite-type polynomials.
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Multiplicative operators

Theorem (Dimant-G.L.-GuerreroViu-Prochazka)

Assume X has the BAP. Let A: HLo(Bx) — HLo(By) be a multiplicative
linear map (i.e. an algebra homomorphism). TFAE:

i) A is a composition operator.
ii) There is a linear continuous map T : Go(By) — Go(Bx) such that
A=TF*
i) A is To-To-continuous.

iv) A is Tp-Tp-continuous.

The same characterization holds for H*(Bx) (Carando (2008)).
For Lipschitz spaces, there is a related characterization of normal
multiplicative linear maps (Shebert (1963), Weaver (1999)).

If C4: HLo(Bx) — HLo(By) is an onto isomorphism and X has BAP,
then ¢ is the restriction of a linear isometry.
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Proof of ii) = 7). Assume that A= T*, T: Go(By) — Go(Bx).
@ Since A is multiplicative, so is T(d(y)) € Go(Bx) for each y € By.
@ Thus, there is x, € Bx such that T(5(y)) = d(x,).
e Define ¢: By — Bx by ¢(y) = x,.
@ We have

3(y)(A(F)) = d(y)(T*(F)) = T(3(y))(f)
= 604)(f) = f(xy) = f(¢(y)), forallyeBy.

Thus, A(f) = f o ¢ for all f € HLo(Bx).

@ For each x* € X*, x* o ¢ = A(x*) € HLo(By) and so ¢ is
weakly-holomorphic, which implies that ¢ is holomorphic.
@ It is easy to check that ¢ is Lipschitz and ¢(0) =



Multiplicative operators

Proof of ii) = 7). Assume that A= T*, T: Go(By) — Go(Bx).
@ Since A is multiplicative, so is T(d(y)) € Go(Bx) for each y € By.
@ Thus, there is x, € Bx such that T(5(y)) = d(x,).
e Define ¢: By — Bx by ¢(y) = x,.
@ We have

3(y)(A(F)) = d(y)(T*(F)) = T(3(y))(f)
= 604)(f) = f(xy) = f(¢(y)), forallyeBy.

Thus, A(f) = fo¢ for all f e HLy(Bx).

For each x* € X*, x* o ¢ = A(x*) € HLo(By) and so ¢ is
weakly-holomorphic, which implies that ¢ is holomorphic.
It is easy to check that ¢ is Lipschitz and ¢(0) =

By the maximum modulus theorem, ¢(By) c Bx.
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Compactness of composition operators

Theorem (Kamowitz-Scheinberg (1990), JiménezVargas -
VillegasVallecillos (2013), Abbar-Coine-Petitjean (2023))

Let ¢: N — M be a Lipschitz map with ¢$(0) = 0. TFAE:
i) Cy: Lipg(M) — Lipo(N) is compact.
i) Cp: Lipg(M) — Lipg(N) is weakly compact.

i) &(S) is relatively compact for each bounded set S = N, ¢ is uniformly

locally flat, and flat at infinity.
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Compactness of composition operators

Theorem (Kamowitz-Scheinberg (1990), JiménezVargas -
VillegasVallecillos (2013), Abbar-Coine-Petitjean (2023))

Let ¢: N — M be a Lipschitz map with ¢$(0) = 0. TFAE:
i) Cp: Lipg(M) — Lipy(N) is compact.
i) Cp: Lipg(M) — Lipg(N) is weakly compact.

i) &(S) is relatively compact for each bounded set S = N, ¢ is uniformly
locally flat, and flat at infinity.

Theorem (Aron-Galindo-Lindstrom (1997))
Let ¢ € H®(By, X) such that ¢(By) c Bx. TFAE
i) Cyp: H®(Bx) = H®(By) is compact.

i) Cp: H®(Bx) — H*(By) is weakly compact and ¢(By) is relatively
compact.

i) |¢|l., <1 and ¢(By) is relatively compact.
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The scalar case

Let ¢ € HLo(D) such that ¢p(ID) € . Shapiro (1987) proved that if
Cs: HLo(D) — HLo(D) is compact, then ||¢|,, < 1.
We prove that

If C4: HLo(ID) — HLo(ID) does not fix a copy of £y, then ||¢,, < 1.

Indeed, assume that ||¢||, = 1 and ¢ is not a rotation. Then there is
(yn) € D such that |y,| — 1, |¢(ya)| — 1 and |¢'(yn)| > 1 (Denjoy-Wolff).
We may assume (¢(yn)) is an interpolating sequence for H* (D).

C,
HLo(D) ¢ HLo(D)
d d
HP(D) ———— HO(D) ——— H®(D)
¢/
T Stym)n S(yn)n
S(étm))n g ”
oo ld o lo

M (ymy—1)



The scalar case

We obtain that, for ¢ € HLo(D) such that ¢(D) < D, TFAE:
i) Cp: HLo(D) = HLo(D) is compact.

i) Cp: HLo(D) — HLo(ID) is weakly compact.

i) Cg: HLo(D) — HLo(ID) fixes no copy of lo.

V) ol < 1.

v) Cg: H*®(D) —» H®(D) is compact.



The scalar case

We obtain that, for ¢ € HLo(D) such that ¢(D) < D, TFAE:
i) Cp: HLo(D) = HLo(D) is compact.
i) Cp: HLo(D) — HLo(ID) is weakly compact.
i) Cp: HLo(D) = HLo(D) fixes no copy of £e..
W) ol < 1
v) Cg: H*®(D) —» H®(D) is compact.
=

iii)

ii) follows also from a result of Bourgain for T: H*(D) — Y.
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The vector-valued case

Consider 0: By — Go(By). For f € HLy(By), we have

L(f)=sup |df(y1)(y2)l= sup  [{f,dd(y1)(y2))l

y1€By,y2€5y y1€By,y2€Sy

Therefore, Bg,(g,) = conv(dd(By)(Sy)). It follows that

Cyp: HLo(Bx) = HLo(By) is (weakly) compact

< #(dd(By)(Sy)) is relatively (weakly) compact in Go(Bx)

But

$(dd(y1)(v2)) = d($08)(y1)(y2) = d(69¢)(y1)(y2) = d(é(y1))(dd(y1)(y2))
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This leads to:
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The vector-valued case

This leads to:

Assume that ¢(By) < Bx. Then:
a) C4: HLo(Bx) = HLo(By) is compact if and only if ¢(By) and
do(By)(Sy) are relatively compact.
b) If C4: HLo(Bx) — HLo(By) is weakly compact, then ¢(By) and
do(By)(Sy) are relatively weakly compact.

c) If ¢(By) is relatively compact and d¢(By)(Sy) is relatively weakly
compact, then Cy: HLo(Bx) — HLo(By) is weakly compact.

Let X = /3 and ¢: X — X be given by ¢(x) = (£x]) with ¢ > 0 small
enough. Then ¢(Bx) is relatively compact but d¢(Bx)(Sx) is only
relatively weakly compact.

Thus Cy: HLo(Bx) — HLo(Bx) is weakly compact but not compact.
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We obtain that for ¢: Y — X linear operator with ||¢|| < 1, TFAE:
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@ ¢ is a compact operator and ||¢|| < 1.



The vector-valued case

In some cases, we can get rid of the hypothesis ¢(By) < Bx.

We obtain that for ¢: Y — X linear operator with ||¢|| < 1, TFAE:
o Cy: HLo(Bx) — HLo(By) is compact.
@ ¢ is a compact operator and ||¢|| < 1.

Let ¢: lo — (5 be given by ¢(x) = x/2. Then ¢ is a weakly compact
operator but Cy fixes the subspace

oo
Z={fi(x) = > anx}:a€ly} < Hio(By,)
n=1

that is isometric to £y.




The vector-valued case

In some cases, we can get rid of the hypothesis ¢(By) < Bx.

We obtain that for ¢: Y — X linear operator with ||¢|| < 1, TFAE:
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@ ¢ is a compact operator and ||¢|| < 1.
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The vector-valued case

In some cases, we can get rid of the hypothesis ¢(By) < Bx.

We obtain that for ¢: Y — X linear operator with ||¢|| < 1, TFAE:
o Cy: HLo(Bx) — HLo(By) is compact.
@ ¢ is a compact operator and ||¢|| < 1.

Let ¢: lo — (5 be given by ¢(x) = x/2. Then ¢ is a weakly compact
operator but Cy fixes the subspace

oo
Z={fi(x) = > anx}:a€ly} < Hio(By,)

n=1

that is isometric to £y.

Let X = T* be the original Tsirelson space and ¢(x) = x/2. Then
Cs: HLo(Bx) — HLo(Bx) is weakly compact but not compact.

The key point is that every continuous polynomial P: X — X* is weakly
uniformly continuous on Bx (Gonzalo-Jaramillo). Thanks to that, we can
show that Cy: H*(Bx, X*) —» H*(Bx, X*) is weakly compact.



The vector-valued case
We have the commutative diagram:
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We have the commutative diagram:
Co
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Iterates of composition operators
Let ¢ € HLo(Bx, X) with ¢(Bx) < Bx. Denote ¢ := ¢po---0¢
These iterates always have norm 1 when acting on H*(Bx). However,

ICoo

- oo
L{HLo(Bx),HLo(Bx)) L

We have shown that [|dp(x)|| < ||¢ll, + 2|9, - [Ix]]-
Thus, if [|¢]|., = r <1, then Hgb(Q)HOO < r? and

|46@ (0| < ldot@eHIdo0ll < (r + 2016, r)(r +2],)
Iterating this argument, we get that H(b(”)HL — 0. Thus:

The following are equivalent:
i) There is some n € N such that H(;S(”)HOO <1
i) limnooo [|¢(7]|, = 0.

If dim(X) < o0, this is also equivalent to:

i) ¢(C) E C for all & # C < Sx.
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