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1. Introduction and notations

Littlewood conjectured in 1948 that for any trigonometric polynomial Fy(x) = Z,’:’Zl age™X where 0 <ny <ny <
---<nn, N>2,and |ag| > 1 for 1 <k < N, there holds the estimate from below

2

/|FN(x)dx| > ClogN
0

where C is an absolute constant (see [6]).

Cohen’s inequality [3] was the first result on the way to the solution of this conjecture. Later, inequalities of this type
have been established in various other contexts, e.g., on compact group (see [5]).

In [12] Markett proved such inequalities for classical orthogonal polynomial expansions in the appropriate weighted
LP spaces, here in terms of the highest coefficient. The main purpose of this paper is to extend these results to discrete
Laguerre-Sobolev expansions. More precisely, we obtain such inequalities, in the appropriate weighted LP spaces, for Fourier
expansions in terms of orthonormal polynomials with respect to an inner product of the form

o N
1 : .
g = — X)q(x)x%e X dx MipW@ g (0), 1
(P, a)s F((x—i—l)/p()q() +Z ip?V(0)g" (0) (1)
0 J=0
where o > —1 and M; >0, j=0,..., N. Such inner products are called of discrete Sobolev type.

Recently in [4], the authors Fejzullahu and Marcellan obtained Cohen type inequalities for orthonormal expansions with
respect to the above inner product in the case N =1, i.e. at most two masses in the discrete part. In this particular
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case, the authors benefit from the fact that there are explicit formulas for the connection coefficients which appear in the
representation of discrete Laguerre-Sobolev type polynomials in terms of three standard Laguerre polynomials (see [9]). For
a general discrete Laguerre-Sobolev inner product, we only know that these coefficients are a nontrivial solution of a system
of N + 1 equations on N + 2 unknowns (see [8]). If the system is solved, we get an intricate expression with which it is
difficult to work. Our contribution in this paper is that we can assure that there exists limit of these connection coefficients
and this is enough for our purpose.

Let {LY (x)}n>0 be the sequence of Laguerre polynomials, orthogonal on [0, co) with respect to the probability measure
du(x) = ﬁx"‘ e *dx where o > —1 and normalized by L¢(0) = (":a ) We denote the orthonormal Laguerre polynomial

of degree n by

Ly (x)

L7l

where |LY]% = [° LY (x)? dju(x).

Let {Q }n>0 be the sequence of discrete Laguerre-Sobolev orthogonal polynomials with respect to the inner product (1)
and such that Q% (x) and LY (x) have the same leading coefficient. We denote by

Iyx) =

—-1/2

a0 =(Qy. Q) Qe
the orthonormal discrete Laguerre-Sobolev polynomials. From now on, for simplicity we write Q,(x) = Q¥ (x) and gn(x) =

dn (X).
Laguerre expansions have been investigated mainly in the following two sets of weighted Lebesgue spaces, namely in
the classical spaces [2,10]

Ly (1 dx) = { {f: Jo7 1f ()e™/2|Px¥ dx < oo}, if1< p <oo:
{f; €SS SUPpx<o0 |f(x)e_x/2

for « > —1 as well as in the spaces

Ly (P2 dn) = [ £ Jo” 1f e 202 P dx < o), if 1< p < oo;
: {f: esssupg _yoo | f (X)e™/2x/2| < 00}, if p =00,

| <oo}, ifp=oo,

fora>—% ifl<p<oocand x>0 if p=o0c.

In order to unify the two results we are going to prove, we introduce an auxiliary parameter 8 which means either o or
ap/2.

We consider the class Sg, 1 < p < o0, defined as the space of measurable functions f defined on [0, 00), such that there
exits f®(0) for k=0,...,Nandif 1<p<oo

N
||f||§§ =IFI] o gy + 2 Mil @) < 00,
i=0

where
oo
I o 0 = / |foe™?PxPdx, 1< p <o,
0

and if p=o00

FO....[fN0)]} < oo,

1Fllge = max{l] fllL, o a)»

where
”f” €SS SUPp<x<oo |f(x)eix/2|, lf,B =q;
B dx) = ‘
Loo (xP dx) €SSSUPgx<o0 |f(X)e_"/2xa/2|, if g =ap/2.
(If some M; =0 the corresponding derivative does not appear in the maximum.)

Let f € Sg, 1 < p < oo, then the Fourier expansion in terms of orthonormal discrete Laguerre-Sobolev polynomials
{gn}n>0. is

Y Flogex)
k=0

where F(k) = (f,qi)s.
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In the following, [S‘g] denotes the space of all bounded linear operators T from the space Sg into itself, endowed with
the usual operator norm,

1751l
IT|

sup

8 .
[sp1 oxfest 1fllss

Let 1 < p < oo. For a family of complex numbers {cyn};_q, 1 € NU {0}, with |cpn| > 0 we define the operators T,‘{”S
Sh— sb by

TES(f) = cunf R)qw.
k=0

Let us denote qg = 231‘]1 for B =« and qop =4 for B = pa/2, and let py be the conjugate of qo, i.e. 1/po + 1/q0 = 1.

Now, we can state our main theorem, which extends the ones given in [12] and [4].

Theorem 1. Let 1 < p < oo. There exists a positive constant C, independent of n, such that:

Fora > —1/2
2042 _ 2043
noroor, if1<p<po;
,S 2041
I3 [1s2) = Clennl { (logn + 1), if p = po, p = qo:
2041 _ 2042 .
nz " r, fgo<p<oo

Fora > -2/pif1<p<ooanda >0ifp=o0

2 3
nr 2, if1<p < po;
,S 1
[ T2 | spe) = Clennl § dogn+1)%. if p=po. p =qo;
1
n2p, fgo<p<oo

This theorem will be proved in Section 3. In Section 2, we obtain some new results for discrete Laguerre-Sobolev polyno-
mials, which we will use to establish Theorem 1. More concretely, we prove a technical lemma that will be used to deduce
a Mehler-Heine type formula for Laguerre-Sobolev polynomials and a sharp estimation for their norm in the appropriate
weighted L, spaces.

In the sequel we use the following notation, a, ~ b, means that there exist positive constants ¢; and c;, such that
€10y < by < c2ay, for n large enough, while a, = b, means that the sequence E" converges to 1. Throughout the paper, the

values of the constants may change from line to line.
2. Estimates for discrete Laguerre-Sobolev polynomials

Consider the standard Laguerre polynomials LY and the Laguerre-Sobolev polynomials Q, with the same leading coeffi-
cient.

Let us recall some properties of Laguerre polynomials for o > —1 (see [14]). The evaluation at x =0 of the polynomials
L% and its successive derivatives are given by

@0 D rm+a+1)
) O =@tk eNUoh

and their Ly-norm is

a2 _ 1 i a2t ox g, T+ +1)
|1 _F(a+1)f(L”(X)) xe Tdx= nfe+1) (2)
0

As usual, we denote the derivatives of the nth kernels of Laguerre polynomials by
ak+h IHPRAH™ )

(k,h)
K x,y) = —Kn(x, —E

with k, h e NU {0} and the convention K,ﬁo‘o)(x, y) =Kn(x, y).
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In the next lemma, we obtain an asymptotic estimate for Q,gk) (0), that will play an important role along this paper.

Lemma 1. Let Q, be the polynomials orthogonal with respect to the inner product (1). Then the following statements hold:

(a)

Qrgk)(o) ~ [ WT“’ for k such that My, > 0;
LH®(0) Cr, otherwise,

where Cy, is a nonzero constant independent of n.

(b)
(Qn, Qu)s = 1],

Proof. If all the masses in the inner product (1) are zero the result is trivial because Q, = L. We will prove the result by
induction concerning the number of positive masses in the inner product (1).

We take the first mass which is positive, namely M;j, (j; > 0), and consider the sequence of polynomials {Qpn 1}n>0
orthogonal with respect to the inner product

1 . .
(P, @)1 = TatD / P(qx)x*e ™ dx + Mj, pY1 (0)g!" (0).
0

The Fourier expansion of the polynomial Qp 1 in the orthogonal basis {L7},>0 leads to

Qna®) = L¢®) — M;, QP 0KV (. 0).
Therefore
M, (L§)Y(0) KD

Qui (0 =L (0 — G0 0 gy Tt O 3)
14+ M;, K7 (0,0)

and
2 (L)Y (0))?
(Qn1. Q)1 = L5 " + My, — @
1+ Mj K. ;77(0,0)
These relationships are very well known in the literature of discrete Sobolev type orthogonal polynomials.
Taking derivatives k times in (3) and evaluating at x = 0, we obtain
R (0) M;, k00,00 (12)0n(0)
o k o (k (5)
wH® ) ~ 1My, KU1 (0,0) (LH® ()
Applying the Stolz criterion (see, e.g. [7]), we have
(k 11) a (k) a (1)
0,0 L 0)(L 0
lim ( )_im (Li_ 1) (0)( ?_1) 0) o, )
n n“+’<+11+1 no LY 112 (a + k4 ji + Dna ki
and therefore
k, j ; . i .
KEM0,00 1)) L @+2ji+1) AEDPO) 19O _ a+2ji+1 -

KU10(0,0) PO — (@ +k+ji+1 Li_piv©) LHPO) —a+k+ji+1°
Thus, from (5), (6) and (7), we have
QY (0) 1 e
LI ~ 14 My, kIF0(0,0)  neF2in

and for k # j;

k .
QMO _ a+2ji+1

—_— T = -_—- 0
(LH®(0) atk+it17
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So, we achieve (a) for Q1. Besides, taking limits in (4) and using again the size of derivatives of Laguerre polynomials, we
get (b) for the polynomials Qp 1.

If there are no more positive masses, since Q; 1 = Q, we have concluded the proof. Otherwise, suppose that the results
(a) and (b) hold for the sequence of polynomials {Qp s—1}n>0 orthogonal with respect to the inner product

o0
1 . ) . .
P D1 =0 fp(x)q(x)x"‘e"‘ dx+ Mj; pIV(0)gUV(0) + - - + M, pUs=(0)g!s-1(0),
0

where ji < j» <--- < js—1 and all these masses are positive. Now, we have to prove the result for the polynomials Qs
orthogonal with respect to

o0
1 B . . . .
P, s = T@asD f p(X)qx)x*e *dx + M;, pY (0)gVV (0) + - -- + M, pY (0)g"*(0),
0

where Mj; > 0. Since (p,q)s = (p,q)s—1 + Mj,pUs)(0)q"*)(0) we can work as before. Then the Fourier expansion of the
polynomial Qs in the orthogonal basis {Qp s—1}n>0 leads to

‘S 0’ ‘S
Qus(®) = Qus—1() — Mj, Q% O K1) (x,0),
where Ky s—1 denotes the corresponding nth kernel for the sequence {Qps—1} and
(k) (h)
(k.h) _ Qi 1 (0Q; ()
Kn s—1 (X’ y) - Z
' (Qis—1, Qis—1)s—1

i=0

, k,heNU{0}.

Therefore, in the same way as in (3) and (4), we get

(s)
M;, QY (0) ,
! (””) KO8 (x,0), (8)

1+ MK 0,00 7

,S

Qn,s(x) = Qns—1(%) —

and

(Qns—199(0))?

(Qn,s» Qn,s)s = (Qn,s—L Qn,s—])s—l + IVIjS Gssds) . (9)
1+ Mj, Knj’lfsfl 0,0
Taking derivatives k times in (8) and evaluating at x =0, we obtain
k k,js is
QRO _ Qi © [ MK 15100 Q. (m] 10
7 = ; - i > .
LH®©O) (LY D(0) 1+ Mj51<£17]{s)71(0’ 0) Qé’;il(o)
Applying the Stolz criterion and the hypotheses (a) and (b) for {Q s—1}n>0, We can obtain
. o+k+js+1 : : ; .
I(ék_s]]sl_l(070)g{ckn'7k s %fk?é].],...,].s_l, (11)
: Ckns—, ifk=j1,..., Js—1,
where Ci is a nonzero constant. Indeed, for k # j1, ..., js—1,
(k. js) (k) (Js)
lim anl,sfl 0,0 — lim anl,sfl 0) anl,sfl 0)
n not+k+js+1 n (Qn-15-1- Qn-1.5-1)s—1(cx +k + js + 1)na+k+j5
k is 4
. Q,(,,)LS,] ) . Q,Eﬂ%,sfl(O) . (Lg_l)(k)(o)(L,f;t_])(Js)(o)
=lim — . lim — . lim — 5 : e (12)
no(LY_H®©) n (Ly_NUD0) o ILY_ (12 (e 4 k 4 js + 1)nokts
and, for k= jq,..., js—1,
(k. js) (k) (Js)
lim anl,sfl 0,0 — lim anl,sfl ) anl,sf] ©)
n nis—k n (Qn-1,5-1> Qn—1,5—1)s—1(s — k)n]5—1<—1
i (k) (s)
i EDPOUE DO Qi © QR0 )
L P (s — et T L p®© n (1F PUIO)
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Then, from (10), (11) and the hypothesis for Q, s—1, we have

Qo Q0 1 _ G
(LHUDO) — IHYUPO0) 1 4+ My K2 0,00 neHE

with Cj; a nonzero constant. Moreover, for k # js, taking into account (12), (13) and the hypothesis for Q,s_1, we can
deduce

K100 000 Kitfy10.0) 0,550 w)®0) (151 ©0)
K95 0,000 0 k20,00 IHUPO) %) (o) UHP(0)

. +2js+1 : : : .
(L9 (0) (Lg_l)(k)(o) { oﬁ-Tjjs-H’ ifk #j1,..., js—1;
a+2js+1

Tis—k

C Ly U0 (LH®(0)

ifk=ji,...,js—1,

a+2js+1 : : i .
N { ariigr fk#ji. s

=] at2js+1 . . .
ok ifk=j1,..., js—1.

Thus, taking limits in (10) and (9), we get (a) and (b) for the polynomials Qp_, i.e.
(k) Cy . . .
Q s(0) 2{na+2,k+17 ifk=ji,...,Js;
(La)(k) ) Cr, otherwise,

and

(Qus» Quo)s = L]
Hence the result follows. O

Observe that the part (a) of Lemma 1 is also true for the ratio of the corresponding orthonormal polynomials, and
therefore there exists

a%0) _ { 0, for k such that My > 0; (14)

1 ®(0) (lg)(k) 0) | Ck£0, otherwise.

Consider the following representation of the orthonormal polynomials g, in terms of the orthonormal Laguerre polyno-
mials [} (see [8, Section 9])

N+1

G (x) = Z bj (XX (o). (15)

For the inner product (1) with N =1, the coefficients bj(n) was explicitly obtained in [9], and their estimation was
essential to obtain the result in [4].

Now in the general case, using Lemma 1, we can prove that there is always limit of the connection coefficients b;(n) for
an arbitrary N.

Lemma 2. Let {bj(n)}{]V+l be the coefficients in formula (15). Then, there exists
limbj(n)=bjeR, je{0,...,N+1}.
n

Moreover, the first index j such that b # 0 corresponds with the first j such that M; = 0 in the inner product (1). (We understand
that if all the masses are positive, then the unique coefficient b different from zero is the last one.)

Proof. Taking derivatives k times in (15) and evaluating at x =0, we deduce

q®(0)

k
k\ .
o0 = jzobj(n)<j)1mj(k, n), kelo,...,N+1}, (16)

where Ag(k,n) =1 and

20 k=D 0y (1 . "
Aj(k,n)z(”‘f) © _n F(oz+l<+1)<1“(a+21+1)>

9Oy T Ia+k+j+1) T +1)
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Since there exists lim, Aj(k,n) # 0, applying recursively (14) and (16) we can assure there exists lim,bj(n) =bj, j €
{0, ..., N+ 1}. More precisely, for k =0 we have

llrgl‘l bo(n) = 111511 50) ~

Now, from (16) for k=1, (14) and (17) we get

1 (g B
ligbr () _I'P’m(aﬁ)’(m _bO(")> =

qn(O)_b _|o, if Mg > 0;
= 1c=0, ifMy=0.

Observe that

b — 0, if Mg > 0and M7 > 0;
'Z1c#0, ifMo>0andM;=0.
In this way, recursively, if MogM1 ... M; >0 and M;;q =0 we can assure that
_fo. ifo<j<i
T c#0, ifj=i+1,
and we obtain the result. O
As a consequence of the above lemma, we can establish a Mehler-Heine type formula for general discrete Laguerre-
Sobolev orthonormal polynomials. This formula shows how the presence of the masses in the discrete part of the inner
product changes the asymptotic behavior around the origin. Moreover, it supplies information on the location and asymp-

totic distribution of the zeros of the polynomials in terms of the zeros of known special functions.
We recall the corresponding formula for orthonormal Laguerre polynomials (see [14])

1@%#")) =T (a+1)x%?],2Vx) (18)

uniformly on compact subsets of C and uniformly for k € NU {0}, where J, is the Bessel function of the first kind.

Proposition 1. The polynomials q, satisfy the following Mehler-Heine type formula:

N+1
1ip%=\/r(a+1)ijx—“/2]a+2j(2ﬁ) (19)
j=0

uniformly on compact subsets of C.
Proof. The proof is a straightforward consequence of formula (15), Lemma 2 and (18). O

Remark. According to Lemma 2, the first Bessel function which appears in (19) corresponds with the first index j such
that M =0, in the inner product (1). We want to highlight that this result generalizes the one obtained in [1, Theorem 3],
where the authors only deal with inner products with a unique “gap” in the discrete part.

The above proposition allows us to deduce a lower estimate of ||qn\|Lp(X5dx), for 8 =« and B = ap/2, that will play an
important role in the proof of Theorem 1.

Proposition 2. Let 1 < p < oo. Then, the following statements hold:

Foroo > —1/2
ol g 5 ¢ | 0B INYP i p =
q L o dx) = .
nlliLp(x*dx) ne/2=@+/p lf‘z‘gf]‘ <o

andforo > —2/pifl<p<ooanda >0ifp =00

n~'/4(logn+1)"P, ifp=4;

. >
gnllL, err2a0) = € { n-1/p, if4<p<oo,

where C is an absolute positive constant.
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Proof. Assume 1< p < oo. Then,

oo 1/yA S
IanIpr(xﬁdx)=/|qn(><)e"‘/2|pxﬂd><> / an(X)e"‘/zlpxﬂdX>Cn‘ﬁ‘1/an(t/n)lptﬂdt‘
0 0

According to formula (19), Ing € N such that Vn >nyg

i

N+1
/|qn(t/n)|"rﬂdt>6np°‘/2/ th /2], 12i2VE) tf‘dr
0
and therefore Vn > ng
2nl1/4 N+1 p
10117 5 ) > CnP/27P7 f w2 PN b i) du
0 j=0

Working as Stempak in [13, Lemma 2.1], we can prove that for « > —1, and A > —1 —«ap

2nl/4

N+1 .
ifr<p/2—-1;
b d
/ ]ZOJJ‘”Z’(”) u {log(n—i—]) ifA=p/2—1.
0

Thus, if 1 < p < 0o, we obtain the first and the second result for 8 =« and B = pa//2 respectively. The results for p =
can be deduced from the previous one by passing to the limit when p goes to co. O

It is worth to noticing that these lower bounds are sharp in the following sense.

Proposition 3. Let 1 < p < oo. Then:
Fora >0,

||QT1||Lp(x°‘ dx) ™~
o/2—(a+1)/p 4o+4
/ P if 5051 <P <

{ n~"4(log(n+ 1)/, zfp—;‘gr},
<

and fora > =2/pifl<p<ooanda > 0if p= o0,

n~4(logn+ 1)VP, ifp=4;
||CIn||Lp(x“P/2dx) ~ n—up ifd<p<oo

Proof. From Lemma 1 of [11] it can be deduced that for & >0

oo

+ ~p/4 + i __ 4a+4.
/ }lea Zj(x)e_x/z}pxa dx ~ {n g log+(n b, ifp= 2a+1°
" 2—(a+1 do+4
0 nap/2—(a ), if 23 1<p<

and fora > -2/pif1<p<occand ¢ >0 if p=o0

o0
je+2j o x2.a/2(p 4, | nTP/Alogin+ 1), ifp=4;
/}x I e 2x¥2 | dx ="7]7 if4 < p < o0

261

o0

Thus, using the representation formula for the polynomials g, (see (15)), and the fact that the connection coefficients are
bounded (see Lemma 2), we get one of the two inequalities. The other one has been proved in Proposition 2 and therefore

the result follows. O

3. A Cohen type inequality

In this section we prove a Cohen type inequality for the Fourier expansions in terms of discrete Laguerre-Sobolev
orthonormal polynomials with an arbitrary (finite) number of mass points. So we extend the result due to Fejzullahu
and Marcellan which deals with a discrete Laguerre-Sobolev inner product with at most two masses in the discrete part

(see [4]).
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Proof of Theorem 1. Let us consider the following test functions which were already used in [12] and later in [4]

@ oy — i | 10 ey n+1DHn+2) Lo+ }
&n (X)—X |:Ll’[ (X) \/(n+a+]+1)(n+a+1+2) I’H—Z(X)

with j e N\ {1,..., N}. Notice that

(&) =0, i=0,....N. (20)

These functions can be written as (see formula (2.15) in [12])

) j+2
2l 0= anj(@. LY, (1)
m=0
with
r i+ 1
ao’j(a’n) — w =~ J

rm+a+1)
From (20), (21), and 0 < k < n, we have

o0
_ , . ‘ )
gl = (g0, ai)s = TasD / 2 O (e % dx

j+2

1"(0{—1—1) Zam i, n)/ n+m(X)‘1k(X)e *x*d

By the orthogonality of Laguerre polynomials, we obtain

fo<k<n—1;

gg’j(k) = o o —X,0 ;
r(a+1)a01(0‘ n fo° LYX)gn(x)e*x* dx, ifk=n.

Thus, from Lemma 1(b), the estimate of ag j(c,n) and the value of the norm of Laguerre polynomials (see (2)), we can
deduce

o, 1 o Qn(®) —x.
£n ](n) F( +_1)00]((X n)/L (X)Tn_ls/ze x* dx
=ag (o 11)7“”;(||2 ag,j(e, m)||LY | = 7#%/2
BT CES

Observe that Q, and LY have always equivalent norms, and, therefore this estimation does not depend neither on the
number of positive masses, nor on the existence or non-existence of any gap in the inner product.

Applying the operator Ty’ 5 to the functions g¥) we get

T;?’S(ggy )—Cn ngn (n)Qn,

and therefore

150y > (e )~ 1T (en ) s = (i)™ ICnnllgnj(mlll%llsﬂ

—

> (l&n 7 56) ™ ennllgh™ @|lan e, o an-
On the other hand, for j > o —1/2 —2(o + 1)/p we have

. n=1/2+@+1/p ifg=a;
len’llss <c 24j—1/2+1 :
p na/ +J /+/P7 lfﬁ:pa/z

(see formula (3.3) and formula (1.19), (2.12) in [12] respectively). Thus, by Proposition 2 we get:
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For B =« with o > —1/2

2041,
[T o > Clenn] | 10801+ D)%, if p=qo:
[Sp] ’ ne+1/2=2@+1/p, if go < p < 00.

For B =pa/2 witha > —-2/pif 1<p<ooand @ >0 if p=o0,

.5 (logn+1)"4, ifp=4;
| “[sg“/z] > Clennl {nl/Z*Z/P, if4 < p < oo.

Hence, by duality the theorem follows. 0O
Remark. In particular, for M;j =0, i=0,..., N, the above theorem extends Theorem 1 in [12] to negative values of «.

In the particular case of ¢y, =1, k=0, ...,n, the operator Tﬁ"s is the nth partial sum of the Fourier expansion, so, we
can assure the following result.

Corollary 1. If p is outside the Pollard interval (po, qo), we have
”S””[Sg] —> 00, N—> 00

where S, denotes the nth partial sum of the Fourier expansion.
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