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Abstract: To specify an econometric model with time series data, it is important to determine 

the order of integration of the variables in the model. We compare the behaviour of two tests of 

stationarity using the estimator of the long-run variance, developed in Sul et all. (2005), to 

decide which is the best. The purpose of this paper is twofold. First, we assess the small sample 

properties of a stationarity test proposed in Xiao (2001) but using the long-run variance 

estimator developed in Sul et al. (2005) that is based on a prewhitening method with a 

boundary condition rule. Second, we compare the performance of this test of Xiao to that 

proposed in Kwiatkowski et al. (1992) using the same long-run variance estimator. In both 

cases, we use Monte Carlo simulation procedures and, since the null hypothesis of these tests is 

not simple, we follow two approaches. Firstly, we prespecify the size and calculate the 

empirical size distortion corresponding to different values of the parameter under the null 

hypothesis and the power for  = 1. Secondly, we determine the critical value of each test in 

such a way that the power of both tests coincides at some prespecified value and, then, we 

examine the size of the tests for some values of the null parameter. The results show that, in 

most cases, the performance of the modified version of the Kwiatkwoski et al. (1992) test 

improves that of Xiao. 
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1. Introduction 

 

Testing stationarity in time series econometrics has received a great 

amount of attention in the last three decades and the debate as to whether 

economic time series are best characterized as stationary or integrated 

processes continues nowadays. 

In order to discriminate between stationary and integrated processes, 

two broad approaches can be followed: unit root tests and stationary tests. In 

this paper, we focus on stationarity tests. 

Among the stationarity tests proposed in the literature- see Nabeya and 

Tanaka (1988), Kwiatkowski et al. (1992), Saikkonen and Luukkonen (1993), 

Leybourne and McCabe (1994) and Xiao (2001)- in this paper, we compare 

two of them: the KPSS test developed in Kwiatkowski et al. (1992) and the Sn 

test proposed in Xiao (2001). The asymptotic distribution of both tests is 

derived in the corresponding papers, to which the interested reader is referred. 

A widely accepted result in the literature is that both tests are oversized 

in the presence of highly autoregressive processes and it is also well known 

that the overrejection depends on the estimator of the long-run variance used. 

Recently, Carrion-i-Silvestre and Sanso (2006) compare the performance of 

different long-run variance estimators and conclude that the estimator proposed 

in Sul et al. (2005) outperforms other estimators used in their comparison such 

as those proposed in Choi and Ahn (1995) and Kurozumi (2002). 

The objective of this paper is twofold. Using Monte Carlo experiments, 

we first want to study whether the modified Sn test, SnM henceforth, with Sul et 
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al.’s (2005) boundary rule improves the behaviour of the original Sn test. Then, 

if this is true, we want to compare which of the two modified tests, the KPSSM 

or the SnM, shows the best finite sample properties in order to make 

recommendations for future empirical research. 

The paper is organized as follows. Section II introduces the KPSS and 

the Sn tests, both with the new modification proposed by Sul et al. (2005). In 

Section III, we report some finite sample simulation results to compare the 

behaviour of the criteria. Finally, some concluding comments are provided in 

Section IV. 

 

2. The modified KPSS and Sn tests  

 

As in Xiao (2001), we use the following data generating process (DGP, 

hereafter): 

1

1, ,t t t

t t t

y d u t T

u u v 

  

 
      (1) 

where 
td  is a deterministic term. We consider three cases: 

 
0td  (not 

deterministic terms) td  (constant) and tdt   (constant and linear 

trend). We assume that the disturbances tv  follow a stationary process whose 

coefficients satisfy the summability condition given in the assumptions of Xiao 

(2001). 

 Following Sul et al. (2005), the nonparametric estimation of the long-

run variance entails the stages below. First, define ˆˆ
t t tu y d  where ˆ

td  is the 
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MCO estimator; then consider the following autoregressive model for these 

OLS residuals: 

tptpttt uuuu   
ˆˆˆˆ

2211 
     (2) 

where a given statistical criterion is used to determine the value of p. 

 Once expression (2) is estimated by OLS, a first estimate of the long-

run variance is: 

  
 2 1 2 1

1 1 1

ˆ ˆ ˆ ˆ2 ,
T

t t t s

t s s

T T s     



  

   
    (3) 

where  ,s  denotes the kernel function and   is the bandwidth parameter 

chosen automatically according to Andrews (1991). In a second stage, the 

estimated long-run variance based on t̂  is recoloured as: 

      2
2

2

1ˆ

ˆ
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    (4) 

where,   1
ˆ ˆ ˆ1 1 p      . Finally, Sul et al. (2005) propose estimating 

the long-run variance by using the following boundary rule to ensure that the 

resulting test is consistent. 
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 The modified version of the KPSS test is: 
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where 
tS  is the partial sum process of the OLS residuals of the regression of 

ty  on the deterministic term, 

1

ˆ
t

t k

k

S u


 .
 

 The modified version of the Xiao’s test, SnM, is: 

   
1/21, ,
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1 1
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      (7) 

where v̂  denotes the square root of the long-run variance calculated in (5). 

 

2. Size and power of the modified tests in finite 

samples 

The Monte Carlo study that we have developed in this paper has two 

objectives. First, to see if the proposed modification to Xioa´s test based on the 

estimator of the long variance developed in Sul et al. (2005) improves the 

behaviour of the Sn test of Xiao (2001). And, if this is true, the second 

objective is to compare the two modified versions of the KPSS and Sn tests in 

order to conclude which one has the best small sample properties. 

The DGP used in the experiments is the following: 
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  (8) 

As we indicated in the previous section we consider three models, 

depending on the form of the deterministic term: Model 1 ( 0    ); Model 2 

( 1; 0   ) and Model 3 ( 1, 1   ).  In both tests we use the demeaned and 

detrended OLS method. The values considered for  are 0.85, 0.90, 0.95, 0.97, 

0.99, 1, values close to unity because many macroeconomic time series contain 
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a large autoregressive root. Three processes are considered for tv ; first, a white 

noise, second, an autoregressive process with several values of the parameter 

0.2,0.5,0.8   and thirdly, a moving average process with 0.2,0.5,0.8  . 

Three different sample sizes are used, 500 and 100,50T and this study is 

based on 2000 replications. The nominal size is set at the 5% level of 

significance.  For the kernel function, following, Kwiatwoski et al. (1992) and 

Xiao (2001), we use the Bartlett kernel. The BIC criterion of Schwarz (1978) is 

employed to select the lag length in (2). 

In a first experiment, we compare three versions of the Sn test. In the 

first two versions, Sn(4) and Sn(12), the long-run variance has been estimated 

using two different bandwidth parameters, 1/44 int[4( /100) ]l T
 

and 1/412 int[12( /100) ]l T , respectively, where “int” means the integer value. 

For the third version, the SnM test, we have used an automatic bandwidth as 

described in the previous section, with the condition rule proposed in Sul et al. 

(2005). 

In Table 1, we provide the empirical size ( 0.85,0.9,0.95)  and power 

( 1)   of the Sn and SnM tests for the three models and for the three sample 

sizes mentioned above for the case of a white noise disturbance. For reasons of 

space we do not present the results of the cases of autoregressive or moving 

average disturbances. These results are available from the authors upon 

request. 
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Table 1: Size and power of the tests when the disturbance term is a white noise 

  Model 1 

0    

Model 2 

1; 0    

Model 3 

1; 1    

T   Sn(4) Sn(12) SnM Sn(4) Sn(12) SnM Sn(4) Sn(12) SnM 

50 0.85 0.10 0.00 0.00 0.18 0.00 0.00 0.02 0.00 0.00 

50 0.9 0.12 0.00 0.02 0.27 0.00 0.02 0.02 0.00 0.00 

50 0.95 0.14 0.00 0.07 0.38 0.00 0.07 0.04 0.00 0.00 

50 1 0.06 0.00 0.23 0.53 0.00 0.23 0.06 0.00 0.00 

100 0.85 0.19 0.00 0.00 0.27 0.00 0.00 0.21 0.00 0.00 

100 0.9 0.26 0.00 0.00 0.38 0.01 0.00 0.28 0.00 0.00 

100 0.95 0.35 0.00 0.07 0.54 0.02 0.08 0.44 0.00 0.00 

100 1 0.23 0.00 0.44 0.76 0.04 0.44 0.57 0.00 0.04 

500 0.85 0.29 0.06 0.01 0.30 0.07 0.02 0.39 0.07 0.01 

500 0.9 0.44 0.08 0.00 0.46 0.11 0.01 0.58 0.12 0.00 

500 0.95 0.68 0.20 0.01 0.72 0.25 0.01 0.83 0.27 0.00 

500 1 0.75 0.36 0.85 0.99 0.84 0.85 0.99 0.75 0.57 

 

As we can see from Table 1, especially for Model 1 and for all sample 

sizes, the SnM test has higher power and smaller size than the Sn test, whatever 

the bandwidth parameter used. For a model with a constant, such as Model 2, 

Sn (4) presents a higher size distortion and compared to the SnM and to the 

Sn(12) tests, in general, the modified test has a higher power and less or similar 

empirical size, depending on the sample size. For a model with a linear trend, 

such as Model 3, Sn(4) also has a high distortion size and the Sn(12) and SnM 

tests’ behaviour is similar in small samples (T = 50, 100) but the result is not so 

clear when the sample is big (T = 500). So, in general, we think that the size 

and power trade-off is better for the modified SnM test. 

In the following three tables, we provide the empirical size 

( 0.85,0.9,0.95)  and power ( 1)   of the KPSSM and SnM tests for the three 
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models, depending on the deterministic term, and for the three processes of the 

perturbance term, white noise, autoregressive, AR(1), and moving average, 

MA(1).  

Table 2 shows the results when tv  is a white noise process. Tables 3 

and 4 show the results for an autoregressive and a moving average process, 

respectively. For reasons of space, in Tables 3 and 4 we only present the results 

for an intermediate value of the autoregressive or moving average parameter, 

( , 0.5)   . The rest of the results are available from the authors upon request. 

 

Table 2: Size and power of the tests when the disturbance term is white noise 

  Model 1 

0    

Model 2 

1; 0    

Model 3 

1    

T   KPSSM SnM KPSSM SnM KPSSM SnM 

50 0.85 0.05 0.00 0.03 0.00 0.01 0.00 

50 0.9 0.14 0.02 0.07 0.02 0.01 0.00 

50 0.95 0.39 0.07 0.17 0.07 0.03 0.00 

50 1 0.75 0.23 0.40 0.23 0.06 0.00 

100 0.85 0.02 0.00 0.02 0.00 0.02 0.00 

100 0.9 0.05 0.00 0.04 0.00 0.02 0.00 

100 0.95 0.28 0.07 0.17 0.08 0.07 0.00 

100 1 0.79 0.44 0.55 0.44 0.20 0.04 

500 0.85 0.03 0.01 0.04 0.02 0.04 0.01 

500 0.9 0.03 0.01 0.03 0.01 0.04 0.00 

500 0.95 0.04 0.01 0.03 0.01 0.04 0.00 

500 1 0.93 0.85 0.88 0.85 0.72 0.56 
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Table 3: Size and power of the tests when disturbance term is an AR(1) process
 
( 0.5)   

  Model 1 

0    

Model 2 

1; 0    

Model 3 

1    

T   KPSSM SnM KPSSM SnM KPSSM SnM 

50 0.85 0.13 0.02 0.08 0.02 0.01 0.00 

50 0.9 0.27 0.07 0.16 0.07 0.02 0.00 

50 0.95 0.51 0.16 0.29 0.16 0.06 0.00 

50 1 0.80 0.35 0.50 0.35 0.08 0.00 

100 0.85 0.16 0.06 0.13 0.06 0.11 0.02 

100 0.9 0.33 0.22 0.31 0.22 0.28 0.11 

100 0.95 0.65 0.54 0.62 0.54 0.53 0.31 

100 1 0.93 0.82 0.87 0.83 0.70 0.52 

500 0.85 0.03 0.01 0.04 0.01 0.04 0.01 

500 0.9 0.04 0.01 0.04 0.01 0.05 0.00 

500 0.95 0.28 0.27 0.31 0.27 0.39 0.24 

500 1 0.99 0.98 0.98 0.98 0.97 0.95 

 

Table 4: Size and power of the tests when the disturbance term is a MA(1) process
 
( 0.5)   

  Model 1 

0    

Model 2 

1; 0    

Model 3 

1    

T   KPSSM SnM KPSSM SnM KPSSM SnM 

50 0.85 0.20 0.05 0.24 0.10 0.24 0.03 

50 0.9 0.26 0.04 0.28 0.11 0.29 0.04 

50 0.95 0.34 0.02 0.34 0.12 0.33 0.04 

50 1 0.64 0.06 0.44 0.13 0.35 0.04 

100 0.85 0.09 0.04 0.13 0.07 0.19 0.06 

100 0.9 0.08 0.02 0.12 0.06 0.18 0.04 

100 0.95 0.08 0.01 0.10 0.03 0.14 0.03 

100 1 0.56 0.09 0.27 0.10 0.13 0.02 

500 0.85 0.07 0.05 0.08 0.05 0.11 0.06 

500 0.9 0.06 0.03 0.08 0.04 0.10 0.04 

500 0.95 0.05 0.01 0.07 0.02 0.08 0.01 



10 

 

500 1 0.77 0.51 0.62 0.52 0.27 0.06 

 

Examining the results presented in these three tables, some points are 

worth noting: 

 First, the KPSSM has a higher probability of rejection of the null 

hypothesis than the SnM test. These differences decrease when the sample size 

is large, T = 500. This implies that when the sample size is small, say, T = 50, 

100, the KPSSM presents higher power but also higher empirical sizes than the 

SnM test. 

Second, the presence of deterministic terms in the models leads to 

smaller values of the power function, pointing in the same direction as in 

theory. In the case of the KPSSM test, this happens when we allow the model 

to have any of the deterministic terms. In the case of the SnM, the smaller 

values of the power function are only appreciated when we consider a model 

with a linear time trend. 

Third, when the disturbance follows an AR(1) process, the probability 

of rejection of the null hypothesis of both tests is higher than in the case of a 

white noise. 

Fourth, these conclusions change dramatically when the disturbance 

follows a moving average process. The probability of rejection is  smaller in all 

cases, even with a large sample, and the presence of a linear trend has a more 

perverse effect than when the disturbance is either a white noise or follows an 

AR(1) process.  

As, in all the situations, the KPSSM test exhibits higher power but also 

higher empirical sizes than the SnM test, it is not clear which test has the best 
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small sample properties. .So, in the following experiments, we are going to fix 

the critical value in such a way that the power of both tests coincides. We 

chose the  value of 50% as in Ayuda and Aznar (2011). The results can be seen 

in Figures 1, 2 and 3. 

When the disturbance is a white noise -Figure 1- it can be seen that 

when the sample size is large (T = 500) both tests perform similarly. When the 

sample size is small (T = 50) the KPSSM test outperforms the SnM test when 

the model has no deterministic terms. However, there is no difference in 

performance when the model has deterministic terms.  

Similar results are obtained when the disturbance follows an AR(1) 

process with  = 0.5, as can be seen in Figure 2. 

However, the results change dramatically when the disturbance follows 

a MA(1) model with  = 0.5. As can be seen in Figure 3, in all cases, the 

KPSSM test outperforms the SnM test, especially when the model has no 

deterministic terms and the sample is small. 

Fig.1.-  tv is white noise: 
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Fig.2.- tv follows an AR(1) process with 0.5  :  
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Fig 3.- tv follows a MA(1)  process with 0.5  :  
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4. Conclusions 

 In this paper, we have compared two procedures to test for the null 

hypothesis of stationarity against the alternative of the presence of a unit root, 

namely, the KPSS test proposed in Kwiatkowski et al (1992) and the Sn test 

developed in Xiao (2001). In both cases we have used the estimator of the 

long-run variance proposed in Sul et al. (2005), because in a first Monte Carlo 

study we concluded that this estimator improves the finite sample properties of 

the original test of Xiao. In general, the conclusion we have obtained is that the 

modified version of the KPSS test shows a better performance in terms of the 

trade-off between size and power than that of the modified Xiao test. And this 

better performance is bigger when the disturbance follows a MA(1) process 

than when the disturbance is either a white noise or follows an AR(1) process. 
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