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» G: abelian group,

» L: finite dimensional G-graded semisimple Lie algebra/F
(algebraically closed ground field of characteristic 0):

L= c,, [Lg, Lh) C Lan Vg, h € G.
geaG

» W: finite dimensional £-module with a compatible G-grading:

W=EW,,  LW,CWy Vg he.
geiG

By complete reducibility, W is a direct sum of simple graded
modules.

35
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(Q1) What the simple graded modules look like?
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(Q1) What the simple graded modules look like?

(Q2) Which £-modules admit a compatible G-grading?
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Graded Brauer group
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Let R be a finite dimensional G-graded associative algebra/ F:

R=E R,

geaG

~
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Let R be a finite dimensional G-graded associative algebra/ F:

R=E R,

geaG

If R is graded-simple, then
R = Endp(W),

for a graded division algebra D and a G-graded right D-module W.

~
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Graded simple associative algebras
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» W is unique, up to isomorphisms and shifts of the grading.
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Moreover,
» W is unique, up to isomorphisms and shifts of the grading.

» The isomorphism class of the G-graded algebra D is
determined by R. This class is denoted by [R].

» R = My(D) = M(F) ® D, where M(F) is endowed with an
elementary grading: there are g1,...,gx € G with

deg(Ej) = gigj -

(A grading induced by a grading on its irreducible module.)

[M,(F)] =1 if and only if the grading on M,(F) is elementary. |
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Graded division algebras

Let D be a G-graded division algebra/F.

9/35



Let D be a G-graded division algebra/ .
Then the support is a subgroup T < G and
D=span{X;:te T}

where
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Let D be a G-graded division algebra/ .
Then the support is a subgroup T < G and

D =span{X;:te T}
where

> X X¢ = o(s, t)Xs for a 2-cocycle o : T x T — F*.

> X X¢ = B(s, t)XeXs, where §: T x T — F* is an alternating
bicharacter, uniquely determined by D.

» D is simple (ungraded) if and only if 5 is nondegenerate.

» [D] is determined by the pair (T, ).
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Graded Brauer group
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If R1 and R, are simple G-graded associative algebras, then so is
R1® Ry, so we may define a product:

[R1][R2] := [R1 ® Ra].

10/35



If R1 and R, are simple G-graded associative algebras, then so is
R1® Ra, so we may define a product:
[Rl][Rz] = [Rl ® Rg].

We thus obtain an abelian group: the graded Brauer group of F.
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G-gradings and G-actions
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Assume, without loss of generality, that G is finitely generated.
Then its character group: G := Hom(G,F*) is a quasitorus.
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Assume, without loss of generality, that G is finitely generated.
Then its character group: G := Hom(G,F*) is a quasitorus.

The G-gradings on a vector space W (resp., an algebra A)
correspond bijectively to the homomorphisms G — GL(W) (resp.
G — Aut(A)), as algebraic groups.

> If A= (P, Ag, then the formula
ay(a) = x(g)a, forany g € G and a € Ag,

gives the homomorphism G — Aut(A) : x — Qy.

» Given a homomorphism G — Aut(A) : y @y, then
./4 = @gEG Ag with

Ag ={ae A:a,(a) =x(g)aVx € G}.
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G-actions and bicharacters
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Let R be a simple G-graded associative algebra:
R = M (D) = My (F) ® D, where D is a simple graded division
algebra, D =span{X;: t € T}.
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Let R be a simple G-graded associative algebra:
R = M (D) = My (F) ® D, where D is a simple graded division
algebra, D =span{X;: t € T}.

Any y € G determines an automorphism «, of R, which is the
conjugation by an element of the form

Uy = diag(x(gl), ce X(gk)) ® Xt.
Then

Uy Uy, = /B(X17X2)UX2UX17 with B\(Xla X2) = /B(tlv t2)-

B G x G —F*isan alternating bicharacter: the commutation
factor for the action of G.
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Graded Brauer group and commutation factors
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T and 3 are recovered from  as

> T = (radﬁ)L (z {gcG:x(g)=1Vxe radﬂA}),

> B(t1, t2) = B(x1, x2), where X; is any character such that

A

5(7/%)(/) = ¢(ti) for any @ZJ € Gv I = 1a2
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T and 3 are recovered from  as

> T = (radﬁA>L (z {gcG:x(g)=1Vxe radﬁ}),

> B(t1, t2) = B(x1, x2), where X; is any character such that

A

B(q/}aXI) = ¢(ti) for any ¢ € Gv I = 1a2

Then the class [R] in the Brauer group can be identified with the
pair (T, 3), and with the commutation factor 3.

If [Ri] ~ fi, i = 1,2, then

[R1][R2] = [R1 ® Ra] = B1f.

13 /35



Brauer invariant
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G-action on modules
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Let £ be a semisimple finite-dimensional G-graded Lie algebra.
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Let £ be a semisimple finite-dimensional G-graded Lie algebra.
Consider the associated homomorphism

G — Aut(L) (% Aut(U(c))) DX oy
(Hence ay(x) = x(g)x for x € Lg.)

Let W be a module for £ endowed with a compatible G-grading,
and let ¢ : G — GL(W) : x — ¢y, the associated action.

The compatibility condition is equivalent to:
Oy (xw) = ay (x)py(w) forany xe L, we W, x € G.

That is, ¢, is an isomorphism W — W“x, so any module with a
compatible G-grading must satisfy W = W for any x € G.

15/35



Induced action on isomorphism classes of modules
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Aut(L) acts (on the right) on the set of isomorphism classes of
L-modules: for any o € Aut(£) and £-module V, V¢ denotes the
L-module defined on the same vector space V/, but with the
‘twisted action’:

x.v = ax)v forany xe Land ve V.
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Aut(L) acts (on the right) on the set of isomorphism classes of
L-modules: for any o € Aut(£) and £-module V, V¢ denotes the
L-module defined on the same vector space V/, but with the
‘twisted action’:

x.v = ax)v forany xe Land ve V.

If a € Int(L), then V* = V/, so the action of Aut(L) factors
through Out(£) = Aut(L)/ Int(L).

16

35



Induced action on dominant integral weights
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Fix a Cartan subalgebra and a system {aq,...,a,} of simple roots,

and let AT be the set of dominant integral weights.

Then we get a ‘bijection’:

{Action of Aut(L) on isomorphism classes of irreducible
L-modules}

!

{Action of Out(£) on AT obtained by permutation of the vertices
of the Dynkin diagram}
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Action of G on A*
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Then G acts on the isomorphism classes of irreducible £-modules
and, for any x € G, the automorphism «, € Aut(L) projects onto
some 7, € Out(L).
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Then G acts on the isomorphism classes of irreducible £-modules
and, for any x € G, the automorphism «, € Aut(L) projects onto
some 7, € Out(L).

For any dominant integral weight A € AT consider the inertia group

Ky:={x€G:r(\) =}
={x€G:V\= (V™

K) is (Zariski) closed in G and [@ K] is finite.
Therefore, Hy := (KA)L is a finite subgroup of G, of size

|Hy| = |§A| (the size of the orbit of \), and K}, is isomorphic to
the group of characters of G/H,.

18 /35



Irreducible modules do not admit in general a compatible

G-grading, but ...
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Let V) be the irreducible £-module with highest weight A,
p: U(L) — End(V)) the associated representation.
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Let V) be the irreducible £-module with highest weight A,
p: U(L) — End(V)) the associated representation.

We cannot expect V), to be endowed with a compatible G-grading.

However:

» There is a representation (as algebraic groups):

Ky — Aut(End(V)\))
X o Oy,

where @, (p(x)) = p(ay(x)) for any x € U(L), which

corresponds to a compatible G := G/H,-grading on End(V)).

(Recall that K}, is isomorphic to the character group of G/H,.)
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Brauer invariant and Schur index

20/35



The class [End(V4)] in the (G/H;)—graded Brauer group is called
the Brauer invariant of .

(Notation: Br()\))
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The class [End(V4)] in the (G/H;)—graded Brauer group is called
the Brauer invariant of .

(Notation: Br()\))

The degree of the graded division algebra D representing Br(\) is
called the Schur index of A.
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Brauer invariant and Schur index
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Proposition

The L£L-module (V\)* admits a G = G /Hy-grading that makes it a
graded simple L-module (where L is endowed with the natural
induced G-grading) if and only if k equals the Schur index of \.
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Proposition

The L£L-module (V\)* admits a G = G /Hy-grading that makes it a
graded simple L-module (where L is endowed with the natural
induced G-grading) if and only if k equals the Schur index of \.

This grading is unique up to isomorphism and shift.

Sketch of proof: End((Vy)*) 2 M(F) ® End(Vy). If k is the
Schur index of A and D represents Br()), then DP = M, (F).
Thus End((V4)¥) admits a G-grading with

End((Vy)¥) = D ® End(V)) = D ® M, (D).

Hence [End((V)\)¥)] = 1, so the G-grading on (V) is elementary,
i.e., it is induced by a G-grading on (V).
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Solution to the main questions
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Induced graded vector space
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Let H be a finite subgroup of G, G = G/H, and let
U= @geé Uz be a G-graded vector space.
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Then K = HL is a finite index subgroup of G and
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is a é—module; i.e., a G-graded vector space.
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Let H be a finite subgroup of G, G = G/H, and let
U= @geé Uz be a G-graded vector space.

Then K = HL is a finite index subgroup of G and
W = IndS U := FG @k U

is a é—module; i.e., a G-graded vector space.

If Uisa G-graded £-module, then W is a G-graded £-module:

x(x ®u) = x ® a,-1(x)u.
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Graded simple modules: (Q1)
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For each G-orbit @ in A*, select a representative \.

If k is the Schur index of V), equip U = (V,)* with a compatible
(G/H)\)—grading and consider

Theorem

Up to isomorphisms and shifts, the W(Q)'s are the graded-simple
finite dimensional L-modules.
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Modules admitting compatible gradings: (Q2)
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Theorem

An L-module V admits a compatible G-grading if and only if for
any A € N the multiplicities of V), in V, for all the elements 1 in

the orbit G A, are equal and divisible by the Schur index of \.
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Theorem

An L-module V admits a compatible G-grading if and only if for
any A € N the multiplicities of V), in V, for all the elements 1 in
the orbit G A, are equal and divisible by the Schur index of \.

In particular, for A € A*, V) admits a compatible G-grading if and
only if Hy =1 and Br(\) = 1.
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Brauer invariants for the representations of the classical simple Lie
algebras
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Given A € AT, the computation of Br(\) can be reduced to the
computation of Br(wi),...,Br(w,), where wi,...,w, are the
fundamental weights.
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Given A € AT, the computation of Br(\) can be reduced to the
computation of Br(wi),...,Br(w,), where wi,...,w, are the
fundamental weights.

For the simple Lie algebras of types Gy, F4 and Eg, these Brauer
invariants are always trivial.
Therefore, any module admits a compatible grading.
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Type A: inner
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L = sl,1(F) and assume that the image of G — Aut(L) is
contained in Int(L).

o1 &%) Qr_1 O

35



L = sl,1(F) and assume that the image of G — Aut(L) is
contained in Int(L).
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In this case the G-grading in L is induced by a G-grading on
R - Mr+1(F).
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L = sl,1(F) and assume that the image of G — Aut(L) is
contained in Int(L).

o1 &%) Qr—1 Oy

In this case the G-grading in L is induced by a G-grading on
R - Mr+1(F).

Forany A =>"7_; mjw; € AT, Hy =1 and

Br(A) = i,

where 3 : G x G — F is the commutation factor for the action of

GonR.
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Type A: outer
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L = sl,11(F) and assume that the image of G — Aut(L) is not
contained in Int(L).
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Then there exists a distinguished element h € G of order 2 such
that the induced G = G/(h)-grading on L is ‘inner’: H,, = (h).
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L = sl,11(F) and assume that the image of G — Aut(L) is not
contained in Int(L).

Then there exists a distinguished element h € G of order 2 such
that the induced G = G/(h)-grading on L is ‘inner’: H,, = (h).

Forany A =>"7_; mjw; € AT,
> If m; # m,;1_; for some i, then Hy = (h) and

Br(\) = fXi=1mi,
where 3 is the commutation factor for the action of (G/(h>)A

on R.

> If r is even and m; = m,41_; for all i, then Hy =1 and
Br(\) = 1.

» If ris odd and m; = m,;1_; for all i, then Hy =1, but Br(\)
may be nontrivial (the description is quite technical).
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L= 502r+1(F), r>2.
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L= 502,+1(F), r>2.

&3] a Qr_2 Q1 ar

Then the module V,, is the natural (2r + 1)-dimensional module,
fori=2,...,r—1,V,, = /\inl, and V,,, is the spin module (i.e.,
the irreducible module for the even Clifford algebra €l5(V.,,)).
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L= 502,+1(F), r>2.

&3] a Qr_2 Q1 ar

Then the module V,, is the natural (2r + 1)-dimensional module,
fori=2,...,r—1,V,, = /\inl, and V,,, is the spin module (i.e.,
the irreducible module for the even Clifford algebra €l5(V.,,)).

The G-grading on L is always induced by a compatible G-grading
on V.

Forany A =>"7_; mjw; € AT, Hy =1 and
Br(A) = 4™ (it depends only on m,!)

where 4 is the commutation factor of the induced action of G on
Cl5( Vi, ).
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L= 5p2r(F), r> 2.
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The G-grading on L is induced by a grading on
R = My, (F) ~ End(V.,, ).
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The G-grading on L is induced by a grading on
R = My, (F) ~ End(V.,, ).

Forany A =>"7_; mjw; € AT, Hy =1 and

Br(\) = X ma

where B is the commutation factor of the action of G on R.
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L =s0y,(F), r >5 ().
Qr—1

Qy
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Qr_1

Qr

Then the module V,, is the natural 2r-dimensional module, for
i=2,...,r—2, V,, =A'V,, and V,,_, and V,, are the two
half-spin modules (i.e., the irreducible modules for the even Clifford
algebra €l5(V.,,)).
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Qr_1

Qr

Then the module V,, is the natural 2r-dimensional module, for
i=2,...,r—2, V,, =A'V,, and V,,_, and V,, are the two
half-spin modules (i.e., the irreducible modules for the even Clifford
algebra €l5(V.,,)).

The G-grading on L is induced by a grading on

R = My, (F) ~ End(V.,, ). R

It is said to be inner if the image of G — Aut(L) is contained in
Int(L); otherwise it is called outer.
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Type D: inner
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Forany A =>"7_; mjw; € AT, Hy =1 and:
» If m,—1 = m, (mod 2), then Br(}) depends only on the
commutation factor of the action of G on R.

» Otherwise it also depends on the commutation factors of the
induced action of G on the two simple ideals of €l5(V,, ).
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Type D: outer
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Here there exists a distinguished order 2 element h € G such that
the induced G = G/(h)-grading on L is inner.
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Here there exists a distinguished order 2 element h € G such that
the induced G = G/(h)-grading on L is inner.

Forany A =>"7_; mjw; € AT:
» If m,—1 # m, but m,_; = m, (mod 2), then Hy = (h) and
Br(A) =1 (in the G/(h)-graded Brauer group!).
> If m_1 # m, (mod 2), then Hy = (h) and Br(}) is given in
terms of the commutation factor of (G/(h)) on €l5(V,,).

» If m,_1 = m,, then Hy, =1 and

Br(A) = A% M,

where 3 is the commutation factor of the action of G on R.
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That's all.

Thanks
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