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@ each point of X has a neighbourhood basis of convex sets.

@ Let (X,]| ||) be a normed space. Then X endowed with the norm topology is
a l.c.s. Moreover, X endowed with the weak topology is also a l.c.s.
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Locally convex spaces

Definition

A locally convex space (l.c.s.) is a vector space X endowed with a topology T
such that:

@ the maps (x,y) — x+y and (A, x) — Ax are continuous,

@ each point of X has a neighbourhood basis of convex sets.

@ Let (X,|| ||) be a normed space. Then X endowed with the norm topology is
a l.c.s. Moreover, X endowed with the weak topology is also a l.c.s.

@ Let K be a compact Hausdorff space. Then (C(K),7,) is a l.c.s.

@ The space of sequences £,, 0 < p < 1, endowed with the metric
d((xn), (¥n)) = D_, |Xn — yn|P is not a l.css.

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col September 15, 2016 2 /12



Extreme points, exposed points and faces

o
L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly co

=



Extreme points, exposed points and faces

Definition
Let K C X be compact and convex.
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Extreme points, exposed points and faces
Definition

Let K C X be compact and convex. We say that a closed subset F C K is
a face if there is a continuous affine function w : K — R such that

F={xeK:w(x)=sup{w,K}}.
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Extreme points, exposed points and faces
Definition

Let K C X be compact and convex. We say that a closed subset F C K is
a face if there is a continuous affine function w : K — R such that

F={xeK:w(x)=sup{w,K}}.

We say that a point x € K is an exposed point of K if {x} is a face of
K. We say that a point x € K is an extreme point of K if x is not an
interior point of any line segment lying entirely in K

y

Each exposed point of K is an extreme point of K.
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Lower semicontinuous functions
Definition

A function f: (X,7) — R is said to be continuous if for every

x € X and € > 0 there exists an open neighbourhood U of x such that
f(x)—e < f(y) < f(x)+eforevery y € U.
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Lower semicontinuous functions
Definition

A function f: (X, 7) — R is said to be lower semicontinuous if for every
x € X and € > 0 there exists an open neighbourhood U of x such that
f(x)—e<f(y) for every y € U.

Equivalently, f is lower semicontinuous if and only if f~(—o0, c] is closed
for every c € R.

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col

September 15, 2016 4/12



Lower semicontinuous functions
Definition

A function f: (X, 7) — R is said to be lower semicontinuous if for every
x € X and € > 0 there exists an open neighbourhood U of x such that
f(x)—e<f(y) for every y € U.

Equivalently, f is lower semicontinuous if and only if f~(—o0, c] is closed
for every c € R.

\4

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col

September 15, 2016 4/12



Points of continuity

Theorem (Raja, 2009)

Let K be a convex compact subset of X and let f : K — R be a bounded convex

lower semicontinuous function. Then ext(K) contains a dense subset of
continuity points of f.
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Points of continuity

Theorem (Raja, 2009)

Let K be a convex compact subset of X and let f : K — R be a bounded convex

lower semicontinuous function. Then ext(K) contains a dense subset of
continuity points of f.

Is it possible to replace ext(K) by exp(K) in the above theorem?
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Let K be a convex compact subset of X and let f : K — R be a bounded convex
lower semicontinuous function. Then ext(K) contains a dense subset of
continuity points of f.

Is it possible to replace ext(K) by exp(K) in the above theorem? J

Let f: X — R be a convex lower semicontinuous function which is bounded on
compact subsets. Then for every compact convex subset K C X and every open
slice S C K, there is a face F C S of K such that f|k is constant and continuous
on F.
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Let K be a convex compact subset of X and let f : K — R be a bounded convex
lower semicontinuous function. Then ext(K) contains a dense subset of
continuity points of f.

Is it possible to replace ext(K) by exp(K) in the above theorem? J

Let f: X — R be a convex lower semicontinuous function which is bounded on
compact subsets. Then for every compact convex subset K C X and every open
slice S C K, there is a face F C S of K such that f|k is constant and continuous
on F.

v

Let X be a locally convex topological vector space and let : X — R be lower
semicontinuous, strictly convex and bounded on compact sets. Then for every
K C X compact and convex, the set of points in K which are both exposed and
continuity points of f|k is dense in ext(K).

v
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The class SC

Definition
We denote by SC the family of compact convex subsets K of a l.c.s. such
that there exists a function f : K — R which is lower semicontinuous and

strictly convex.

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col September 15, 2016 6 /12



The class SC

Definition

We denote by SC the family of compact convex subsets K of a l.c.s. such
that there exists a function f : K — R which is lower semicontinuous and
strictly convex.

Theorem (Hervé, 1961)

Let K be compact and convex. Then K is metrizable if, and only if, there
exists a continuous strictly convex function f: K — R.
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Embeddings into duals

K € SC if and only if it is linearly homeomorphic to a weak® compact
convex subset of a rotund dual Banach space.
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Embeddings into duals

K € SC if and only if it is linearly homeomorphic to a weak® compact
convex subset of a rotund dual Banach space. }

This result compares to these others
@ K is uniformly Eberlein if and only if it embeds into a uniformly
convex Banach space endowed with the weak topology.

@ K is Namioka-Phelps if and only if it embeds into a dual Banach
space with a LUR norm endowed with the weak* topology.

o K is descriptive if and only if it embeds into a dual Banach space
with a weak®-LUR norm endowed with the weak™ topology.
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Ordinal indices

A function p: K x K — R is said to be a symmetric if satisfies
p(x,y) = p(y,x) and p(x,y) =0 if and only if x =y.
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Ordinal indices
A function p: K x K — R is said to be a symmetric if satisfies

p(x,y) = p(y, x) and p(x,y) = 0 if and only if x = y. We have a natural
notion of diameter associated to p defined by

diam(A) = sup{p(x,y) : x,y € A}
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p(x,y) = p(y,x) and p(x,y) = 0 if and only if x = y. We have a natural
notion of diameter associated to p defined by

diam(A) = sup{p(x,y) : x,y € A}.
We consider the following set derivation:

[K]. = {x € K : x € S slice of K = diam(S) > ¢}, [K]™™! = [[K]]

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col September 15, 2016 8 /12



Ordinal indices

A function p: K x K — R is said to be a symmetric if satisfies

p(x,¥) = p(y, x) and p(x,y) =0 if and only if x = y. We have a natural
notion of diameter associated to p defined by

diam(A) = sup{p(x,y) : x,y € A}.
We consider the following set derivation:

[K]. = {x € K : x € S slice of K = diam(S) > ¢}, [K]™™! = [[K]]

L.C. Garcia-Lirola (Universidad de Murcia) Compact convex sets that admit a strictly col

September 15, 2016 8 /12



Ordinal indices

A function p: K x K — R is said to be a symmetric if satisfies

p(x,y) = p(y, x) and p(x,y) = 0 if and only if x = y. We have a natural
notion of diameter associated to p defined by

diam(A) = sup{p(x,y) : x,y € A}.

We consider the following set derivation:

[K]. = {x € K : x € S slice of K = diam(S) > ¢}, [K]™™! = [[K]].

The following assertions are equivalent:
i) KeScG,

ii) there exists a symmetric p on K such that for every € > 0 there is n
so that [K]? =0
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Convex hull
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Which conditions guarantee that K = convext K?

If K is not closed...
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Which conditions guarantee that K = convext K?

Theorem (Minkowski, 1911 — Caratheodory, 1930)

Let K be a compact convex subset of R". Then K = convext K.
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Which conditions guarantee that K = convext K7

Theorem (Minkowski, 1911 — Caratheodory, 1930) J

Let K be a compact convex subset of R". Then K = convext K.

This result is no longer true in infinite dimensions.
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Krein—Milman theorem
Theorem (Krein—Milman, 1940) J

Let K be a compact convex subset of a |.c.s. Then K = convext K.
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Krein—Milman theorem
Theorem (Krein—Milman, 1940) J

Let K be a compact convex subset of a |.c.s. Then K = convext K.

Assume that K € SC. Then K = conv(exp K) )
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